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Refinements of the Mathieu Inequality

By Wang Chunglie( £ % #) and Wang Xinghua( %3t %)

Abstract

In 1890, E, Mathieu conjectured the following inequality

.
S<—+
where S=) T.,2n(n*+¢*)~% and c is a positive number, In 1952, i. Berg proved

the conjecture. In 1976, P. H. Diananda refined the result to

for integral c. This result was extended to real ¢ by J. G. Van der Corput and L.

C. Heflinger in 1956.
. Now, further refinements of the Mathieu inequality are possible because for

any positive integer k, we. have.

B,, 2% -1 zﬁﬂ(zk>a By
o j

1
S =“E'T>:5:é( - 1) cirt (=D ”é’z’('"‘v\l + i 22k \ , ) okt
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where |9:|<1 and B,, are Bernoulli numbers.
Setting k=1,2,3, we obtain

S = of -(1+ 2 91>8c4

R

c 6ct 8
1 1 1 35 \ 8
S =0T = get T T30c° —(1+ 16 03/ 128¢?

From the aboVe, it is readily seen that the case k=1 yields the result of Van der
Corput and Heflinger, the case k=2 yields the inequalities

1 1 23 1 1 7
CZ - 6C4 - 25608 <S< c2 - 6C* + 25606

which in turn refines the result of Diananda thoroughly, and the cases k>3 pro-

vide an abundant source of refinements of the related known results.
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