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Uniqueness of Best L Approximation

For Continuous Functions™

Shi Yingguang (# J1#)

(Computing Center, Academia Sinica)

This paper deals with the problem of uniqueness of best L approximation
for continuous functions. In this paper we use a new method to establish a
kind of characterization theorems and a sufficient condition for unicity space-
an n-dimensional subspace of C(a,b), from which every function f in C(a,b)
has a unique best L approximation.

1. This paper discusses the problem of uniqueness of best L approximation
for continuous functions. :

Setting the notation, X will denote an interval (a,b]), and C(X) will be
the space of all real-valued continuous functions f on X with the L norm

LA =0 10 1ro ax writ

2(f) ={x €X: f(x)=0}, z,(f)={x €X: f(xX)>0}, z_(f)={x eX: f(x)<0}.
Let V be an n-dimensional subspace of C (X). V is said to be an unicity
space if every function f in C(X) has an unique' best L approximation.
Strauss {1, 2] and others have given characterizations for 'unicity spaces .
Using a new method we are going to establish another kind of characterization
theorems (Section [I) and a sufficient condifion (Section 1) for unicity spaces.
II . In [ 1),Strauss defined by H, the set of all functions in C(X) such
that for every h in Hy there exists a » in V satisfying |h(x)|=|p(x)| for x €X.
We want to describe it using another method.
Definition |. Let y ¢V. (Z,,Z_) is said to be an H-partition to p if it
satisfies that
(a) Z,UZ =X\Z(v)s
(b) Z, and Z_ are open subsets in relation to X, i.e.,for every x ¢Z,
(corresp.Z _) there exists a >0 such that (x—¢, x+¢)(\XCZ, (corresp.Z );
(¢) Z.NZ =¢.
ThE folowing lemma points out the relation between an H-partition to p ¢V

*Received Oct.4,1985,

— %61 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



and a function 4 in the set Hy corresoonding to p.
Lemma |. Let » ¢V. (Z,,Z_) is an H-partition to », if and only if, there
exists an A2 in Hy such that
Z,=Z (h), Z =Z (h) and |h| =]
Proof. Let (Z_,,Z ) be an H-partition to ». Set
lo(x)]|, x €Z,
hix)=¢ —o(x)|, x €Z.
10, x eZ ().
Of course, we have that Z, =Z (h), Z =Z (h) and |h|=|p
prove h ¢Hy it only suffices to show that A ¢C(X).
Since h(x)=|p(x)|on Z, and Z, is open in relation to X, h(x) is conti-

. Therefore to

nuous on Z,

The same conclusion is also true for h(x) on Z .

Let r ¢Z(»). It means that A(r)=p(t) = 0. Whence,

|t + 4t) — k() | = [kt + 4D | = ot + 4p) [~ [p(1) | =0

as At—0. So h(x) is also continuous at ¢,

Conversely, suppose that h ¢Hy satisfying |&|= |v| and 2 ,=Z (h), Z _=
Z (h). It is easy to see that (a), (b) and (¢) in the definition are satisfied.
Thus (Z,,Z ) is an H-partition to ».

Now using this lemma we can establish the main result of the section.

Theorem 2. V is an unicity space,if, and only if, there exises no noptrx—
vial function 2* in V and H-partition (Z,,Z_) to v*such that

”z”f fzv?l<sz_!u|‘, voev. | (1)

_ Proof. Theorem 3 in [ 1 ] says that V is a unicity space, if and only if,
there exists no nontrivial function 2 in Hy satisfying

Ifxv sgn thU”" ve V. (2)

Now, by definition, for every h in Hy there exists a ¢* in V such that |Aa|=
l*!. Of course, We have Z(h) =Z(»*). Lemma | claims that (Z,,Z ) is an
H partition to p*, where
Z =Z . (h) and Z_=2 (h).

Conversly, Lemma 1 also claims that for every »* in V and every H-parti-
tion (Z,,Z ) to p*,there exists an & €Hy such that Z,=Z (h), Z_=Z _(h) and
7] ={:"!, the last one of which implies that Z(h) = Z (*). Therefore, there
¢kisis no nontrivial function 4 in Hy satisfying ( 2 ), if and only if , there
exists no nontrivial function »* in V and H-partition (Z,,Z ) to p* satisfying (1).

This proves our theorem.

—262—

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



Definition 2. (Z,Z,,Z ) is said to be a generalized H-partition to p in
V if it satisfies that

(a) X=2UZ,UZ_,

(b) Z is a ciosed subset and Z+,'Z_ are open subsets in relation to X;

(¢)ZNZ,=ZNZ =Z,NZ_=¢;

(d) ZCZ(v). _ (3)

Theorem 3. V is a unicity space, if and only if, there exists no nontri-
vial function »* in V and generalized H-partition (Z,Z,_,Z ) to p* such that

|£”“f”|<£|v|, veeV. (4)
+ z_

Proof. It is easy to see that if (Z,,Z ) is an H-partition to »*, then (Z,
Z,,Z ) is a geveralized H-partition to »*, where Z =Z (¢*). Thus the sufficicn-
¢y of the thecrom follows directly from Theorem 2.

For the necessity of the theorem suppose, to the contrary, that there exists
a nontrivial »* in V and a generalized H-partition (Z,Z,,Z_) to p* satisfying

(4). Let Z*=2(*),Z*=Z 2" and Z*=Z \Z"*, Obviously, (Z*,Z*) is an
Hpartition to »*. Moreover, from (3) and (4) it follows that for any € V

[ lot=[lol=Jtot+ [ Jol+ [ lol= | Jo- o] ﬁr o] + f[lv!
Ze®) z z z,Nnz* z'nze Z, 'z “tzAz* z Nz*
= [o- [ o-Jor [ol=| [ o= [ s]=|]e- s
z, z.N2*  Z_ zNnz* z\z* Z\Z" 2zt 7!

Nz \Z
This shows that ( 1) is satisfied. By Theorem 2, V is not a unicity space, a

contradiction.

This completes the proof of the theorem.

From Theorem 2 and Theorem 3 we can easily obtain the following, corci-
laries . v

Corollary 4. Let every nontrivial function » in V be nonzerd
almost everywhere. Then V is an unicity space, if and only if, there exists no
nontrivial function »* in V and H-partition (Z,,Z ) to »* such that

‘ J‘viz Jv, voEYV
zZ Z

Corollary 5. Let every nontrivial function » in V have only a number of

~

finite zeros. Then V is a unicity space, if and oniy if, there exists no noatri-
vial »* in V and k points,
a :x0<xl <x2<"'<xk<xk+lv =b ’ ' . (5)

such that
v (x)=0, i=1,2,k ‘ (6)
and
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ﬁ(](—n" [Mh=0, voev. (7)

Xl
Proof. Sufficiency. Suppose on the contrary that V is not an unicity space.
By Theorem 2 there exists a nontrivial function »*€V and an H-partition (Z_,
Z ) to p" such that (1) holds. By Definition 1 we have Z NZ CZ(").
under the assumptions of the corollary we can suppose that Zﬁf =Xy, Xy, 00
,Xx;} and, furthermore, suppose that (5) is satisfied, Then in this case (1)
becomes (7 ) and (6 ) is valid,This is a contradiction,
Necessity. If not and suppose that there exists a nontrivial function »* in
V and k& points ( 5 ) satisfying (6 ) and (7 ). Denote
Io= Cxop X)), Ly = (xy x5 ) yome, Ly = (g x), L= (g, X003
Z={x;,X55% X}, Z,= Uly;, Z = U L.
i<k J<L =D
Then (Z,Z,,Z ) must be a generalized H-partition to »*. Moreover, (4 ) fol-
lows from (7). Applying Theorem 3, V is not an unicity space, a contradic-
tion.
This proves the corollary.
[ . This section provides a sufficient condition insuring L-uniqueness which
is as follows,
Condition H. There exists, for every nontrivial » in V and every H-parti
tion (Z,,Z ) to p, a nontrivial function w in V such that the following holds,
“=0 on Z(p) almost everywhere, '
wix) >0, x€Z,, (8)
1‘ <0, x€7Z .
Now we state the following
Theorem 6. If V satisfies Condition H, then V is an unicity space.
Proof. Let », (Z,,Z ) and w be defined as in Condition H,. Since w
satisfies (8),

[[w=[w]= [ Iw>0and [ |wi=0.
Z, z z, Uz

Z(n)
This means that m does not satisfy (1) .By Theorem 2, V is a unicity space.
To conclude this section we present an equivalent condition to ConditionH.
Theorem 7. Condition H is equivalent to the condition,For every nontrivial
h in Hy,there exists a nontrivial function w in V such that

wh >0 (9)
and
w(x) =0 on Z(h) almost everywhere, (10)

Proof. (). By the definition of Hy, for a nontrivial h¢ Hy there exists
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a nontrivial » in V such that |4| = |p|.Put
Z.=Z (h), Z_=Z _(h). (1)
By Lemma 1, (Z,,Z_) is an H-partition to p. By Condition H, there exists a
nontrivial w in V satisfying ( 8).Thus (9) and (10) follow from (8) and (11).
(). Lemma 1 tells us that for a nontrivial »€V and an H-partition (Z,,
Z ) to p there exists a nontrivial hg Hy such that
Z.,=Z.(h), Z =Z (h) and |h|=o
By the assumptions of the theorem there exists a nontrivial w in V satisfying
(9) and (10). From (9), (10) and the above relations, ( 8 ) easily follows.

This means that Condition H is satisfied.
Remark. In comparison with Condition A in [ 2 ] the following assumption,
which is necessary there, is avoided in Condition H. every function » in V

has only a finite number of separated zeros.
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(from 266)

(a) Xg=¢; (b) peG; (c) |F(+,p) |>|F*|. Moreover,if p is a minim-
um to F, then each of them implies that p is the unique minimum to F.
Theorem 3 Let p ¢K. If fi<f,andf, </ <f <f,then p is a unique mini-
mum to F in K if and only if F possesses a generalized alternation system.
Theorem 4 Let F(x, y) satisfy Assumptions (A) and (C),and [, f ¢
C(X) .Suppose that for each x, F(x, y) is convex with respect to y. If F has
a unique minimum in'the L _norm, then F has a unique minimum in the L,

norm.
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