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§ 1 Introduction

In recent year, the reaction diffusion system has aroused the great interest
of many authors, Applying semigroup methed Franz Rothe {!7 discussed problem
(2.1)—(2.3) with first and third boundary conditions, Paul, D, Norman proved
the existence of the solutions of problem (2,1)—(2.3)(M =0) with linear boun
dary conditions®2% (37 In this paper, we investjgate the existence-uniqueness of
the solutions of coupled system (2.1)—(2.3) With nonlinear boundary condition,

The outline of this paper as follows; In section 2, we state the assumptions
and prove the comparison- existence theorem, In seetion 3, we prove the uniqu-
eness of the solution of problem (2.1)—(2.3).In section 4, we discuss the large
time behaviors of the solutions,

§ 2 Existence and Comparison Theorem of Coupled System

We consider the following coupled reaction-diffusion system

ui’:.f;(’9 X, u1, ”2""’ uN), i:]-’""M’
EW, T, xEQ (2.1
U, —Lu; = [t X5 s Uys oy y)si=M+ 1,00 N,
together with the boundary and initial conditions
du,
B,y ]=a,-(x)#—g,-(t, Xy Uy o uy) = h(t, x), i= M+1,%, N, 2.2
t€(0,T]), xcdR
1, (0, x) =g, (x), i=1,, N, X€EL (2.3)
where Q is a bounded domain with smooth boundary 4Q in R" g,(x) >0 are
continuous functions on 09,}‘7 is the outward nomal (or conomal) derivative on
#/Q and ¥, (i=M+1,++, N) are uniformly elliptic operators in the form
- ~ iy oy Oy 8
g,._l_;j 7 (@l k(x> 33 )+j§a, <x){)xj , i=M+1,+, N, (2.4)

and there are constants ¢, >0 such that

* Receiped Sept.15,1986.
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n i n
h 0}.;3<x>§,_;§ki_>a,-2 Sti" (2.5)
ivk=1 j=1

for all x 2 and n-dimensional real vector &= (&, ,e,¢,).

We denote u;(1, x) = (i« ty s> U ), w, (1, X) = (uys Uyys oy bk k;=N-1),
1708 ¥y = ity s Ui 5 >0y Uy 1y Wit x)= (ui;, Uys oo ui[)( i, + if(z N-1) and (1, x) as a
~»mponent of the vector {(u, u,,+-+,uy) does not appear in the vectors z (1, x),
<t x), V,ity, x) and W, (t, x) . We rewrite the boundary value problem (2,1)—

:2..) as the following form:

{"{;,-‘—'f_,-([, Xy U3 Uiz W) i=1,%, M, 1600, T, x€Q (2. 1)
X Z s X .
u_,-,—f,.u,:f;(t, X, ll,-)l),;w,-)’ i:M+19"',N9 ’ ’
. u
B,[Lf,)'—'}:l" --g..-(t,x,u,;Vi;W,-):h,-(t.X)- i:M+1,"'9Ny tE(O,-TJ,xéﬁg, (2.2)
U, x) =g, (x), i=1,, N xeQ. (2.3)

Assume that for each i= M + 1, +», N, the coefficients of the operator ¢,
are smooth on €; A (1, x),p,;(x) are smooth functions; f; is a Holder continuous
function in R" xQ x R¥, where R"=(0, >0).9,(x) and A,(1, x) satisfy the compa
nbility condition at ;= 0.For convenience,we set D, =Qx (¢, TJ, D, =Q x (0. T).
=92 (0, T), where T< oo, but can be arbitriary large,

Definition | For each i=1,+-, N, the function f(1, x, u,; 9,5 w,) is said to
be guasimonotone nondecreasing (resp.nonincreasing) in a subset S of R” if
f it x, w543 w,) is monotone nondecreasing (resp nonincreasing) in w;, = (u,,

t, «**, ) and there exists a constant M, >0 such that M,u, + f(t, X, 43 4,5 w;)
is monotone nonincreasing in (w5 0) = (Us ) « Uy o> U )

The definition of monotone property of the boundary function g (1, x, u;
¥ . W, are similar,

De Finition Let U= (a,, lys **s i) s U= (1, 2" tdy) be smooth functions
with velue in a bounded subset of RY, [7, v are’called upper and lower solution
of the problem (2.1)—(2.3) respectively, if the following inequalities hold

f 4 ./r("'\f’""”’;‘,lf’i N P fict Xy U3 U3 W), i=1,e, M, (1, x)€ D,
{

G, Y H - SO X T D W0 0y = il = SO X 3 05 We ) (2.6)
i~ M+1, N (I? x)ED,
,)[," - o ) du, ~ '
‘;)‘—».». - &y X U V. u’.i );'_'h,'(t, x),c\"_)—‘\—"— gi(fs Xo U; 3 Vi‘ W,' )y I= M+t N, (2.7)
v ! o~ dy ~' o~
w0y XY @ (X w0, X)), i=1,o N, x&Q. (2.8)

For given the reaction function f;(t, x, 4 ; ;3 w;) and the boundary function
gt x, u;3 V,3s W) and a subset S in RY, we assume that there exists an order
pair of upper and lower solutions U= (u;, tuys*** ty), U= (U, Uy, *++, uy) and de-

finite

— 64 —
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- S(Dy) = {(uyy uyy***y uy)s y, eC(Dy), w (6, )< (ty X)<U, (2 X),i=1,%, N}.(2,9)
If S(D;) is contained in S, then it suffices to take S= S(k,).
In order to ensure the uniqueness, we also assume that there exists co» -
stants ¢, , C, such that for each i=1,2,+*, N

N .
N N N AN
| fiCts xy 1y s gy ooss uy) = [i(t 2 Uy Uy ooy i) <€, X | uy— u; s (2.1M
j=1
VAN A . . A , .
|g,~(t,X,u1,u2,'",uN)—g,(t, x,lll,uz,"';u‘v)lg_c,"_'_, iuj_uji' {(2.11)

i=1
U=y s Uy ooy Uy, B= (L) yy oo, Uy) €S(DL),

To establish an existence comparison theorem in terms of upper and lower
solutions, we consider the sequence {U ¥} = { (1‘*" s>, uy'*)} (k=1.2, ) obtai
ned from the linear system

ui'(l() + M, ui(l(J: Mi u:('l) + f,( X, ui(k—l); vi(k—l); wi(k—l)), i=1, e M.
{u,,( k) _'9'7,' ”s(“‘* Mi ui(k) - M,u,(k““+ fi(t9 X ui(k—l)‘ui(kf b, Wi(k_l))- 2

i=M+1,ee, N, (1, x)ED;,

5 (k>
du; k)
- . — k-1 k- (k-1) (k-1 s 1S

v + K,u, —K,.u,( )+Gi(t’ X ui( “; V’, I;Wi )),1:: M+ 1,0, N,

(1, OE Iy, (2,13

u, (0, x) =9, (2), i=1, N, x€Q, (2.4
k=152, where G, (t, x, 43 Vs W,) =g,(t, xs us V,3s W;) + h(t, x), K, is a con-
stant (as M, in definition 1) in the definition of the quasimonotone property of

the boundary function g,(t, x, 4;3 V,;3 W,). For each k, the above system consists
of N linear uncoupled initial problem of the ordinary differential eguations and

initial boundary value problem of the partial differential equations and there-

fore the existence of {(u, ¥, u,®, e, uy*)) fallows from the standard existence

theorem of the ordinary differential efquation and partial differential equation,
To ensure that {(u,*, u,'®, =, u$¥)} is a monotone sequence and it converges
to an unique solution of the problem (2.1)—(2.3),it’s necessary to choose a

proper initial iteration.By using (&, i, *=s uy) and (u,, uy,*=*,uy) as two di-
stinct initial iteration we can construct two sequences {U ‘©} = {(u'*, 1, ", o

Uy, {UP) = {(uP, e+, uy")} obtained from the linear system

—k ~(k k-1 k-1, k-1 (k=1)y s _
W+ Mou'" =M,y + fi(ty x, 4, 3 0, s W, )yi=1,M, (1, x) €D,

4

{_(k) k) (k) _ Tk-1) TTk-1D, L (k-1 (k- 1)
u,, - sV + M u =M, u, + [i(t x4, 3 Y, 3 W )y

i=M+1,°, N; (2.15)
_— 0’,;;(1()

o kiuP=K,u®* VGt x, 4,0, VU, wEDy s My 1, e, N,

(t, x) €l ps (2.16
ui(k)(O, x)=@,(x), i=1,% N, x€Qs (2.1D
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and
(/() X3 (k-1) (k-1 (k-1 =5(k-1) .
{ +M,; u —Mu + it x5 4 3 o 5 W, Ysi=1,,M,
(/()

yv ll(k)'f‘AI u . Mﬂi(k'l)+f;(t’ x,f!i(k*l);l)i(k*'l);w’i(kvl)),I-:M+1,...’ N,
(ty x) cDT, , (2.18)
(!
dg.’/,“ K uP = Kiil,‘(kw“+Gi(t9 X, Llf(k»n;!i(k-l),W,-‘k' R
i=M+ 1, N, () €l (2. 19)
w0, 0 =9,(x), i= 1, N, x€Q, (2.20)
respectively.

Lemma 2. Let U,Q be a pair of upper and lower solutions of the pro-
blem (2.1)—(2.3).Then the maximum sequence {U ‘*’} is monotone nonincreasing

(’"} is monotone nondecreasing, Moreover,

and the minimal sequence {U
, <u! )S"'éﬂ.‘(hﬁ_’i’-(“1)_<""£Ei(k+“§l7i(k)g"éai“)g";f’ i=1, . N, (2.21)
Proof From (2.12)—(2.14) and (2.6)—(2.8) we obtain

6, +M6, =Mu, +f(r. X U5 v W) = (uyy + M) >0,i=1, %, M,(1,x)ED,,
{ , - Y u + M8, urf(t,x,u;v;W) Cuyy — S, + M, u;) >0, (2.22)

I‘M'*’l eon N;(l. X)ED'r’

%’*~ < KB = K+ G, (1 X, 43 Vs W) —<%v’—+K,.g,.>2o,

=M1y, NoGrx) €15, (2.23)
.00, x):q)i(x)—_u,-( 0, x)>0, i=1, N,x€Q, (2.24)
where ¢, = 4/ '’ — u,'"'=4'"’ - &, , The maximum principle shows that ¢, (s, x)>0,

so that <u,‘“ Similarly, we prove @, ‘!’<<ua, .we show that /<%, 1t fol-
lows from (2.15)—(2.20) and the definition of quasimonotone of f,., . that
O, + MO, =M, —u)+ [ x, w505 w,) = f[i(t,x w5 55 w,))

~

'f'}:[/,( I, X, His ooty U 5oty ‘_1},) _J(,:([_q x’ﬂ«"”"ﬁi y Ut W )j
T ;

*2__:[!,((9 Xy U3 030 ‘;‘f/‘"'") - f,-(l, Xy Uis U5y Wﬁ,"')],
Jy

i 1y M, (1, x) €Dy s Similarly,
6., 4.0, M4, - 1’&![(17, -u,) +[fi([,x,[]i'; Ei; w, )~ fi(t, Xy Uy 5 s Wi)jzo,
i M+1, N, (1, x) €D,
a¢ . o~ -
«2}7—+K6’ = K. (i, —u) 4 (G, X, s Vs W) = Gt Xy u;s Vis W)

*L[G(I,X U5, [ ....W) G (b Xy U5t 14,',»'"311/,-)]

+2[Gi([’ Xy U3 Vi:."ui' gote) — Gi(t’ xo_\l«fl,-;‘l/,-;"" I;;/’ 9'")];)0,

l/

I*M)rl e ,(lq'\')él‘fe

6,00, %) =0,
where ¢, = '’ —u,"’, the quantily in the brackets represent the variation of the
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v functions f; or G, which fallows from the variation of one component u, (or
i 5 Uy etc) of the vector (g s Uyy oty Uy) only, then by maximum principl we
prove 6,20, i.€, *
w<uV<Lu'V<u i=1,2,,N. (2. 25)

We assume, by induction, that u/*" V< u{P<u{P<u/*"V,i=1,", N, k=1,2,",
k,. By the same argument as in the proof of the relation (2,25), we get gj"‘o’g
wh TV gt D (k) j= 1, eee, N, This completes the proof of Lemma,

We now state the main result in this paper as the following:

Theorem 2.2 Let U= (i, iy, *** iiy), U= (45 Uys =5 Uy) be a pair upper and
lower solutions of the problem (2.1)—(2.3) for fi(#t X, uy, uys ***5 uy)(i=1,2,
NY, G, (ty X5 uyy Uy, oy upy)(i=M+1,+-, N) on S(D,),Suppose that conditions

(2.10),(2.11) hold, then the sequences {U ¥} = {(&®, W\, e, 7} and iU '*) =

- {I.ﬁ(k),llz(k),""u;vk)} converge monotone ‘from above and below,respectively,to a
unique solution of the problem (2,1)—(2.3).
Proof 1In viewof Lemma 2.1 the pointwise limit
gimﬁi""( txX)=u (1, X), lkimg,.‘*’< ty x)=u,(t, x), (1, x) €D, (2.26)
exist and
U (4 x)<u (1, x)<u,(ty )<t (t,x)y (t, x) €Dy, i=1,2,%, N.(2.27)
For M =0, N=2, paper (3 3},( 2] has proved that the limit function Cu, u,, >,
uy), Uy s uys =+, uy) is a solution of the problem
u, = fi(ts X 4,5 0,3 W, i=1,, M
_fr f -: s U, ] _1)9_ . ’ ’ ’ (t, X)EDT, (2.28)
Uiy — g’iui = f;(’, X ui;Di; l),')y 1= M+l,"',N,
Gt % T Vs W, i= Mt Lo, Ny (400 €Ty (2.29)
- 40, 0 =9,(x), i=1,,N, xeQ, (2.30)
and
w, = [t Xy u;3 0,5 w,) i=1ye, M
{*' 5 == oo T (1, x) €Dy, (2.31)
Y, — Ly = [i(ty x, w5 B3 W), i= M+ 1, e N,
d‘v’ =G, (1, x, us Vis W), i=M+1,+, N, (1, x) €l (2.32)
_u,'(O’ x):¢,-(x)’ i:—’l,"‘,N, xEQ, (2-33)
respectively, The proof in the case M >0, N>2 has not essential difficults and
we omit it here,
In next section, our main objective is to prove that (u,, u,, =, uy) = (U4, u,,
*=s, uy) and uniqueness of the solution of the problem (2.1)—(2.3).
-

§ 3 Uniqueness of Solution
In this section, we shall prove the uniqueness of the solutions of the pro-
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blen:(1.1,— (1.3 . For this, we consider the following problem,
,”Vn:_/;"(& x, W . ;V29"'9Ww)a i=1,%,M; N+1,,N- M, (f, x) €
! s X C T
&“/ir - _(/f*;’// = fi([vx’ W,]9 Wiy oo 2N)s i=M+1,o,N; N+ M+1,++,2N, 3.1)

Iw,
E_')T_.—;G(b xQW]Q u29". 2N)9 i:M+l"'°9N; N+M+1’."’2N’(I’x)erT’\S'Z)
Wy, x)=9¢(x), i=1,, N, N+1,+,2N, xeQ, (3.3)

where W= (W), Wy, oo, W) = (U o0 Uy, gy uy) €S(Dy) x S(Dy);
L x,u 503 w), i=1,yM, M+1, N, 3.4)
fitty xy ;5,5 W), i=N+1,* N+ M, N+ M+1,*+,2N
G (1,6 u3 VisW,), i=1,, M, M+1,+-, N,
Gt xyu3 Vs W)y i=N+ 1oy N+t M,N+M+1,+42N,
P =gn () =@ (x),i=1, Ny 1= Fu., = ¥ i=M+1,N. (3.6)
Let W=(W,, Wy, W,) and W= (W,, W,, =, W,y) be two solutions of the
problem (2.1)—(2.3).Set ¥, =W, -W, (i=1,++,2N). Multiply both side of ith

LRt x, Wy Wy ony Wop) = {

GHCtx Wy Wy oo W) = | (3.5)

1

equation by ¥, and integrat it over D, =Qx (0, ) for any 0 < <IT to obtain

M v, IVy.
El/l_ VN+1 - N'

— Jdxdr

g

=\ {' WM e W) = M, W)+ V(1,6 W) ~ [, x W) dxdr, (3.7

-1'D

il dl/ N¢l -[!\ . Y
A LV, = T *VNH “Jdxdr—3 fu/i i Vi+ Vy, i & Vi, ) dxdr
i=M+1 D

[
'_7M+1fw

N . ~ = .
=3 WV, x, W)= [Ra, x, I+ Vy, (ST, 5y W)= ff(1, x, W)J}dxdr, (3.8)

M<1D
From (3.7),¥,( 0, x) =0(i=1,++,2N) and the Lipschitz condition (2.10).(2.11),
we gel
?I'S_:J V2, x)+V~+,(t,x)]dx<Z Cf[ |V, |[|W-W |+ |V,,, HW_ledXdT

A ) c} 2

= (—)I[V, + Vi, I]dxdr+2 —z—f | W~ W [Pdxdr

i-1 “D i=1

A e 2, 2 2, 12

"Nyl © >; V+VN,)dxtt+Zle(K+VN,)dxdz. (3.9)

i1 /- D

Using the divergence theoremand condition (2,5), we have
N N
5 X WV 0 W i 0)dx+ 3 a, [ UV R+ [V, 1P )dxd
“f M+ Q i=M+1 D:
v, V.. N . N v, n 4
|‘ [[V SV et ddsdr + 3 [V, a0 Yy S e S Jdxde

z
M1 0 i=M+1 D k=1 J k k=1
N

+ 3 r {V,(/;'*(Tg X,W) - f,'-“(‘(q Xy W)]+ VNHE/;‘(T’ x9W) - fi‘(T’ X, W:']}dxdl’
i D |

<
N
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ol +1

* == 2+13o (3-10)
We estimate each term of the right side of (3.10).The boundary conditions
show
N .
|Il ’: | Z JV(ILS)[V"[gi(T,S,W)_gi(T,soW)]+VN+i[gi(Tvs’W)-gi(T’s’W)}dXdT'.
i=M+1
N
<3 C H[VMV}W Jdsdr.
i= M+1

Applying the inverse imbedding theorem (see [ 5] ) for any u,(x) e HXQ),
' K,
f“%dgfi,[)lv”l fdx+ ',_J la, [ dx,
40 i
Where ¢, >0, K, >0 is a constant depending only on Q and 4Q, we obtain

~ 2 - 2 i 2, 2
IL1< Y Cle J[lvl/l Pt IV V| ]dxdf*‘rj‘ (V' + Vi, Jdxdr},
i=M+] b, i D

a
Choose ¢, = —

[Ia— ’ hen

N 4CIK,
|, 1< Y {"—'——[[1\7V,|l+ |V Vy,, Pddxdr + ——— [ (V7 + V2, Jdxdry (3. 1D)
=m+1 4 D a; D

i=

Next, we estimate /,,

|1, I* 2 IE v !(Z la,” |2)1/2 Vv |+ lVN+l !(Z la,” B)VE [Py, 1‘] dxdr

(3.12)
» —1—max<2 Ia“’lz)l/zi(V2+V;;,,i)dxdr.
M+1ai

+1

V\.

ﬁ 4J LIV, P+ |V Py, F)dxdr+

=M+1 i=

Fmally, as the argument in the proof of the equality (3.9) it s clear that
N
- 1< 5; (i+ pol < )‘£<V2 VNE.dedH(— Z)Z[V2+V}v+,]dxdr. (3.13)
"M i
Instead of the nght side of (3.10) by the estimates (3.11),(3.12) and (3.13),
and combine with the same terms, we get

N
i [V, o + Vi, (1 x)]dx+-— a, l£[|K7V [+ |VVy., Fldxdr
2, M+Lg 2: M+1
N 4C,2 n i i
< & (KL Loma(5 (0 pre(Le 85 D Y [0 v, daxer
1=M+1 i a; k=1 2 W D, )
L Z Cz)Zf [V,+VN+,jdxdr. (3.14) ‘
Addmg above inequality to the inequality (3.9), we have the ‘estimate
N ~
- ",ZIIVZ(” x)dx+% ) j[[vV, P+ | Vs PIdxdr
=~ Q i=M+ -

gi(% }Af D) [ (V2 + Vi) dxdr

t
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N 8SCCK., ", ) ) N
+ 3 LE__a: '+;I_Z~max(;_ lal”1) Y2+ (1 + 2

i=M+1 & -1 Js M+

c) [ (vE+ v, ddxdr.
! D,
Dropping the second term in the lefrt side, we get

IN 2N

S2 Ve, x)dx<o ij)gj)vfu, x) dxdr,

i-1q i-1
here

M 8CI K, " i N
o= max{(s +/¥1 ch, — +ailn.ax(;1 lal™ )i+ (1 f§4+lC§),i:M+1,...,N} )

The Grownwall’ s inequality impiies
e’"’('zzNi1 fV,-z(t, x)dx) <0, vy 0<1<T.
19

Therefore V,(t, x) =0,1.e., W, = W, yi=1,+,2N.This proves that the problem
(3.1)—(3.3) has at least one solution,

Suppose W =(W,, W,,+, W,,) is a solution of (3.1)—(3.3), The function U =
(Uyy ooy Uyy Uy, =+, 4y) is also a solution of (3.1)—(3.3).By uniqueness, U= W,
On the other handsby the same argument as in the proof of (3.1)—(3.3), the
problem (2,1)—(2.3) has at least one solution u= (u, u,,**, uy .Clearly U= (u,,
st Uy, Uy, v, Uy) is also a solution of problem (3.1)—(3.3) and therefore U=W =
U.This lead, w, = u, = u .Hence (u;, =, uy) = (4, uy) is an unique solution of

tie original proviem (2,1)—(2.3).This completed the proof of Theorem,
§ 4 Large Time Behavior of Solution

In this section, we consider large time behavior of the solution of the non-
linear reaction diffusion equation

n

"T‘L:&%V( D(x, )N u) +;1—Z A (x, t)d—éL* Jex, ), (x, 1) €EQ=Q X (0,00)(4.1)

vl 1 X;

du _ d‘u‘ ) _ SN = 9
an’|r.‘0’ (Pan+Q”) ’rz‘o’ I, =0 < (0020002152, (4.2)
ulx, |, _,=@(x), xeQ, (4. 3)

where §Q, ([ jd2, =ds2, mesgt2, >0, D x, 1), A(x,t), P=P(x, 1), Q= Q(x, t) are con-
uuuous N x N tuafrix-valued functions on (x, 1) €Qx[(0,o) and D(x, ) is a
positive definite matrix, We denote ( < d<d(x, t) the smallest eigenvalue of the
inairix D(x, 1) and M, :gmffﬁ)l A Xy D ouCxy 1) = Cuy( Xy D)y yty( Xy ), fx 1, 1) =
CHCxs 1y 1)y omey frlx, t,0)) and @(x) = (g, (X)), (X)) are N-dimensional

vector- valued functions, Assum f(x, 7, u) satisfies the Lipschitz condition
) . N .
LG 1y uy sy uy) = [0 o o 00) (<K (3 u;— 0, Y2 (404)
j=1
for all a1 2Q and every u, 0= S, where S is a bounded set in RV, Set
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- K:(ﬁ k)Y, M=(3 M) 12,
- i=1 i=1

In ovder to prove the main resitlt, we need
Lemma 4.1 Let QCR",0Q=4Q,|JIQ,, where mes 9Q,>0.Assume u(x, ) €

H2(Q) and
du B
gl =0 (Phv 0], -
where (307 is outward directional derivative on 4Q.If detQ-0, then there exists

a constant y>0 depending only on Q such that
f I\ u(x, t)[zdx>;¢f [u(x)[Pdx
(see (8 J,Lemma 3.6.4)."
Theorem 4.2 Let ¢>( be smallzsuch that

~ 20 = du- M- 1 2K)>0. (4.5)
Assume f(x, t,0) =0 and condition (4.4) be satisfied. If
DQ'P>0 onT, (4.6)
then
luC s Ol e < lo luae = 4.7)

Proof Let u= (u,+, uy) be a solution of the problem (4.1)—(4.3) . We su-
fficiently prove it for the smooth veetor function., Set
_ 1
(1) _7£<u, uydx,

w here (u, p) denote by the inner product of the vectors u,». By (4.1) and (4.2)

we have

dfb(t)

N
=] w1 )dx= [V, D7wdx+L 50 [ .d”
Q ¢ j=1q
Y
+§{ Cuy flx 1 u))dx+s—£—d£ <u,Dd—u';)ds.

Since d(x, )>d>0 and (4.4) we get
dq)(t)

<- 2j<w,w>dx+—j |u|(2 |4, PV u|dx

Emz

g——‘f—j [V u Izdx+—.1—(nf |V uPdx+ Z—(i z)f lu Bdx) +Kj |u|?dx.
Q ¢ Q i=1 a a
d
2 b4
-~ do(ny d 2 M? 24
dr — 26‘2 §£ |vu|d‘X+(2d +K)J; |u| X

Using Lemma 4.1, we obtain

_ _1 du ~1p OU
+§£|u[f(x,t,u) fix, 1, 0)|dx 2J<0n’DQP n>ds
1

=

Choose y = then

— 71 —
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-1 M 2 A
a7 < 2_82_(‘1” 5(d+2K))£|u|dx— D).

Hence (4.7) hold.
(4.7) shows that the solution of the problem (4.1)—(4.3) are in asymptotic
state,

We now consider the Neumann boupdary value problem

du, v

—3_; =D (x, DNV u;) + [i(x b w)s (x,0€EQ=Qx (0, 0), (4.8)

du,

7’1:0, (x,I)EF=JQX(O,OO)s (4.9)

(X, 0 |, o=@ (), XEQ, i=1,*, N, (4.10)
Suppose D,(x, n>>d>>0 are continuous on Q, f,(x, t, )(i= 1, -+, N satisfy condition

(4.4).

Lemma 4.3 Suppose i is the smallest positive eigen value of the problem

{ N (DVu) =0,
o lr:O'
then
“\/“”Lzm/ Allu=uliag)

Where u-—mfu(x) dx(see the Appendix in [ 6 )).

Theorem 4,4 Suppose that f,(x, 5 u)< 0 for all (x, PEQ x( 0, =) u=
(Uyy sy uy) € SCRY Aussum f,(x, t, u(x, 1)) € L*(Q) .If the problem (4.8)— (4. 10)
has a solution u(x, r) € HX(Q) = L*((0, <), HX(Q)) for ¢(x)€ L*Q).Then there
exist constants

1 R
¢ = @;(x)dx+ Sfilxy1, ulx,7))dxdr (4. 1D
= Tard Tl led |
such that
fu,C <5 0 =c; [ 2q=0 as r>o0, i=1,, N. (4.12)

Proof Denote spatial average of the functiony (x, ) and g,(x) by
%0 = g4 [ ux ndr, q;—,.:ﬁlljw,u)dx, i=1,% N, (4.13)
Q Q

respectively, Integrating over Q, applying the divegence theorem and using the
boundary condition (4.9), we abtain

=T,-<’):T§1”|fﬁ<x, tou(x, 0)dx, i=1,e, N, (4.14)
Q

Since f,<0,s0 that f (<0 and u (#) is a nondecreasing function in ¢, Therefore
- there are N constants c,,++, ¢, such that limg () = ¢ (i=1,+, N).Fromthis and
twoo !

the equality

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



. _ - 1 o
~ u () =g, + S; (xy tu(x, 1)dxdr
i Q J‘Ofl-
ensures that the integral
fwff,-(x, 7, u(x, 7)) dxdr
0Q

exists, and that

o 1 Y . ;] — oss
=@, +_‘—I|Q ‘I‘Oﬁ[.f;(X9 ts M(X9T))dXdT’ i=1, s N.
We set

D) :-é—(!(u—i u—uydx,

then by (4.8).(4.9) and divergence theorem we get

d¢(t) J‘(u ,“E)dx

[’jz

i=1

[ Cuy ~ a7, (D, u—~w) Ydx+ [ Cu-u, f- Hdx
Q Q
N

J<v<u - %) DN (uy —u))ydx+ [ |u-w|| f- T |dx
Q

-2 dﬂ. —2 1 2
g—dg Ve Fdx+ =5 Ju-Tlia + g [ 1/~ TP dx.
Lemma 4.3 implies

d dA
(p(t)é- A”“ “"L(m*‘zdlf | f- [ Fdx

- - d/l¢( t) +2_Ej" "f— f"Lz(Q)o
Integrating this differential inequality, we obtain

luCe\ D -uln "i‘m)ée_dh loC *)-o i + i .[ I f- j'L(n)e_dl('-')d‘r;M. 15)
We will prove that
[1=Tliage  "d=0 as 1> +oo. (4.16)

In fact,giving ¢>>0, then by f, € L*(Q) there exists T large enough such that

17T de <

and

T J—
[ 1= Tlbqe 4 d< e T | £~ Tlhigdi<S when (>2T,
Thus

T —_ 0, — )
- LIS Tle™ 40 [T} £ Tlinaye™ * de+ [ £~ Tle %4 de<e

when 7>27T.Here we have used the following estimate
J‘ I f- T”L @€ d“"”dr_<_f0 If- T”i’(md"'<2ﬁ|f“ Lo dr
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<2 1TV @ea [ | S gy dr <o

From (4.15) and (4.16) we have
Hm [ ute ) U0 || p2g) = 0. (4. 17)
> 00

so that

i=

N N _ N
Zl ¢ s —¢, | L’(Q)ggl ;o5 0 —ui(n) ”L%g)"’_zv__j1 la:(0) = ¢ |l Lagy

N
= JuCe, w0 3+ QgD -c¢ [0 as r—+oo.
‘ i=1
The proof of Theorem4,4 is completed.
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