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Abstract In this paper for a Jordan domaon D with | +¢ (¢3>0) smoothness
the degree of approximation in L°(aD), 0<p< +oco, of rational interpolating- func-
tions at the Fejer points of meromorphic functions with finite poles in D is obtai-
ned.

| . Introduction

Let D be a Jordan domain with its boundary I and z=}‘(‘.(w) is the function
conformaly  mapping |w|>1 onto the complement of D with the conditions
P(o0) = o0, ¥/(c0) >0, it is well known that function z=¥’(w) can be extended
into the boundary |w|=1 and realizes the one to one continuous map between
the |w|=1 and I'. The points:

=y 2k k= (1.1
z”k"” (exp(m_)), ( —0,1,'°" n) 1.1

are called the Fejer interpolation points .

In 1988 Shen and Zhong obtained the fc;llowing theorem ‘concering the appro
ximation by interpolating polynomials at Fejer points (see [1 1):

Theorem A Let D be a Jordan domain with its boundary I' and has 1+¢ smoo
thness, >0, it. means that ' has a parametric equation z=z(r), z’(t) eLipe. De-
note by A(D) the class of functions, analytic in D and continuous on D. Then
for each p, 0< p<+occ and each natural number n.

J1r@ - L,y 2) Mdz [} <Col £, (1.2)

where C is a constant, L (f, z) is the Lagrange interpolating polynomlals of deg-
ree at most n of f(z)¢A(D) at the Fejer points {z,}, 0<k<zn and o(f,0) is
the modulus of continuity of f(z) on D:

o(f,6)= sup |f(z+h) - f(z)] (1.3)
|k |6 .
zeéD, z+heD
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Here and after we denote by C constant, no matter how large it is,

From the procedure of proof we can see that if we use the equivalent pro-
perty between the modulus of continuity of gw)eA(|lw|<1) on |w|<1 and |w]|
=1 and the property of mapping function _

0<C, <|?'m |<C, , w1 (1.4)
where z=@(w) )is the function conformally maping|w|<1 onto D, then the modu-
lus of continuity defined by (1.4) is equivalent to the modulus of continuity on
the I,

0 (f,6)= sup |flz+h)- f(2)] \1.5)
fh <o
zel, z+hel’

(see [ 2]). Hence we can substitute the right-hand side of (1.2) by Cwl(f,—’lT).

It is natural to generalize Theorem A to the meromorphic functions in the
domain D,

We denote by M,(E) the class of functions analytic in D except for y poles
{a,}, 1<i<v and continuous on D except for these points.

Let {ﬂj}, 1<j<m be the different points in {q;}, 1<i<v and the number
of appearence of g, in {q}, 1<i<v, is denoted by p,. It is obvious that

épﬁv. (1.6)

Q,(z) = (z_ﬂl)""’Qp,(z) = (z- g)h

Let

Qp w2 = (1 (2= 8™ (2= B Y 1<i<n-1,0<j<p,). (1.7

Hence from (1.6) and (1.7) we have

m pk
Q,(z)= _|=l1 (z-B,)". (1.8)
p,(2) . . ‘
We denote by r, ,(2)= the rational function, the numerator p,(z) of

q.z)
which is a polynomial of degree at most n, and the denominator q,(z) is a poly-
nomial of degree at most v.

In this paper we will prove the following theorem.

Theorem . Let the boundary I' of simply connected domain D is belonging
to class C'™,¢>0, f(z) €AD) . Then

o - . . . p,(2)
1°. For sufficient large n there exists a rational function r, (z)= 2

q,(2)

which interpolates f(z) at(n+v+ 1, Fejer points z,,, , 0<k<ln+v (see (1.1)),
i.e.
Puo(Zyey 1) = f(2, 0, )5 0<Kk<n+v; (1.9)
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2°. For any compact in the complex plane
llmq(z)—Q<z> (1.10)

n—~+oo
is valid uniformly;
For sufficient large n,r,,(z) has v poles a,”, 1<<k<v such that
lim & =a,, 1<k<v; (1.1

n—4co

3°. For any p, 0<p< +oo and natural number n we have

(Jlr-r, (D) ldz] < Colfits (1.12)
4°. _
11m r,.(2) = f(z) (1.13)

is valid uniformly inside D except for {g,}, 1<j<m.
Remark If D is the unmite circle [z|<<1; Then 1°. for p=2 (1.13) was obtai-
ned in [ 4]; 2°. for any p, 0<p<+oo
‘ ' llmf If(z)—r J2)] }dzl

B 00

was obtained in [5] 1t is obvxous that all these cases are our spec1a1 cases .
2 . Preliminary lemmas

Lemma | . The modulus of coninﬁity of functions f(z) and Q,(2)f(2), 1<
i<v, defined by (1.7) are equivaient. ' ‘
In fact it is easy to get Lemma 1 only if we use
0<C,<1Q(2) |<C,, zel, 1<i<v
and the definition of modulus of continuity (1.5).
We denote by E (D) the class of functidns f(z) analytic in D and satisfy- .
ing '
lim lf If(z) [?ldz )! ?< + oo, .

(see [3]), where T, is the equxpotatlonal line Y’(le—l——) It is known that
if f(z)¢E/(D) and the boundary of D is a closed Jordan rectlflable curve, then
f(z) has angular boundary values on I' almost everywhere and

1Pl agh” = lim ([l 1’ lazp” < + oo,

Lemma 2. Let the boundary I' of D is belonging C'™, ¢>0, f(2) €E, (D) 0<
p<+oo., Then for any compact FCD we have

|2 |<C ) ([1fo) IPlagh , zeFCD, L (2.1)

where C(F) is a constant, only depending on F.
‘Proof For p>>1 using the Cauchy formula (see [3])
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__ 1 f($)
f(Z)————ZM. -2 d¢, zelfcb,
inequality '

dist§§,2)>0

e, ze
and the Holder inequality we can get (2.1) immediately .
For 0<p<1 and FCD there exists an equipatational line such that F is con-
tained inside I ., . Thus we have

m

_ 1 Ni¥9)
f(z) = P rl_,;,é"z d¢, zeFCI‘l_%.v (2.2)

Consequently by using (see [3])

Yw) —¥(1)
wW—

0<C,< -

[<cus i<, ki<t

we know
. dist (&, z22C>0,

gely - L zel, 7.
Hence by applying (1.4), and (2.2) we get
' lf@|<cE)f Irolal<cE [ IftE@Illdel, z=¥(e).
d

1 o k=i
By using inequality between different norms (see formula (3) in [6], § 3)
from (2.3) it follows

1 1
|f(2) |<C(F)mp l{f' LE@IPlde)y?

“3m

' i 1
<C(F) {f,,,zllﬂEWT)J Plazly» <CF) ([ | ££) I1d¢ ¥, z¢F,

where the last inequality is obtained in virtue of' (1.4).
This completes the proof of Lemma 2,

Lemma 3 For sufficient large n there exists a polynomial of degree v:

q,(z2)=Q,(z) + ;a,‘{')Qk_,(Z)-,,QO(z) =1, C(2.4)
=1 :

such that the Lagrange interpolating polynomial L, (4,0,f;z) of degree at most
n+v of q,(z)Q,(z) f(z) at n+v+1 Fejer points (1.1) can be divided by Q (2) and
lim ¢/(z)=0Q,(z) . 2.5)

n— +oo

is valid uniformly on any compact in the complex plane,
Proof We have

L. a0 fizn)=L, (Qfiz)+ Y a’L, (Q, ,0,f2). (2.6)
’ n+v = v k k
Hence if we choose a{® such that ' _ |
LY)(q,Q,£iB)=0, j=0,1, p—1, (2.7)
—wo— *'
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so L,,,,,(Q,Q,f; z) can be divided by Q,(z). Thus from (2.6) and (2.7) we get

)4

Z: a,”’L, (Q, 0, f:ﬁ )=~L, (@£ 8)

= n+v

14

LA 0,,0.080 - LA Gi i p,

3 a4"L,.(Q,,Q, fib) = - L, (Q.fi )

(")Lillf:vl)(Qk IQvﬁﬂz) = _L(Pz‘l)(szf; ﬁz)’

i1 n+v

v

2o L@, fi B = = L, (013 B.),

Ldrrn e, Fb = LTV @ 8,

==
[

From Theorem A, Lemmas 1 and 2 it follows that the coefficients of  linear
equation (2,8) and the right-hand side have the limits, . .
lim =L Q2 fsB) = -LQI N BPI=0 (2.9)

n-» +o00 (jzl’z’...,m; 'szo’l,---,p,-"l)
and |
lim L:::V(Qk_lgvf! ﬂj) = (Qk;lQVf)'(S)(ﬁj) ) e

(k: 1,2,"'9 mi j = 1,2’...’ m’ §= 0’11.."pj_ l’)

. ji-1 i~ Vi .
It is obvious that for k- 1<y, p0<s<p,—1 and ﬂp,<k—1<i§:p,, s>k -1-
i=1 i=1 i=1
ST " B ) ey
ﬁn,. , (Qk;lq,nf’f )(ﬁj)ifo; and for Ii p,<k- 1<i§: b, s<k-1 f_Z%’P, and
=1 ) i=1 =1 _ EEE N

k- 1>f: s (@ Q)8 =0.
=1

It follows that when 7 theds to +oothe determinant of coefficients of linear
equation (2.8) tends to
| . e,
JIRS! Q0,1

k= pt1
i=1

J

5

e

(B;,)+0. 2.0

Thus according to the Cramer criteria we know that for sufficient large n the

equation (2.8) has a solution a(, |<k<y and from (2.9) and (2.11) it follows

lim a” = 0, 1<k<v.

n-—»+oo

Hence from (2.4) we: know
lim ¢,(2)=0Q,(z)

n—+oo
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is valid uniformly on any compact in the complex plane.
Lemma 3 is proved completely.

3 . Proof of the main theorem

At first from Lemma 3 we know that rational function

r (2= L,.,(q0Q,6/2)
nyv - quv
has its numerator as a polynomial
L, q,Q, /52
P - n+y |4 |4
(2) 0.(2)

of degree at most n and from (2,5) its denominator ¢,(z) is a polynomial of
degree at most v and doesn’t have any zeros on I'. Consequently, r, (z) is the
rational interlolating function at n+v+ 1 Fejer points (1.1). This completes the
proof of 1° in the Theorem. ’
From Lemma 3 we can get (1.10) in 2°of the Theorem.
Besides, from Theorem A we have
~ <Ca,(fi—4-)
([ IL,.40,,0.5 2 - 0,0, fllaz |’ _ (3.1)
<Colf, )
where 1<k<v+1. :
Thus for p>>1 using Minkowski equality, and for 0<<p<1 using the follo-
wing equality;
(lal+[6"<lal*+ 6|
and applying (3.1) we get
L. 0,0,/ 2 - 4,0,/ "ldz])' "
<C{J IL,.(@ fiz) - Q. fPldz ]}

+C 2l 1L, (@010, /1) - €010, S17Maz 17

<Cof,ily. (3.2)
Hence by using (2.5) and (3.2) we have
1n+v(quvf§Z) P 1/p o 1 A
== ~f('143"' "< Cof, D). (3.3)

This proved the 3°in the Theorem.
From (3.2) and (2.5) we can easily get
([IL,.(9,0 2 -@ s|’laz|}' "
<C{[IL,.(q,0f2~q,0,f|"ldz|}'"*
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+C{fla,-Q,le, f1"laz |} "0
Consequently we have
Ln+v(quv f’ z)

. . K4 V/p_
nilgo_{jr 0.2 Q,(2) f(z)["|az|}' "= 0, (3.4)
Hence by applying Lemma 2 from (3.4) we know
s Ln+v(quv f; Z) —
nEer 0.() =Q(z) f(z) (3.5)

is valid uniformly on any compact inside D.
From that it follows that. for sufficient large n the numeretor P,(z) of r, (2)
doesn’t have {8;}, 1<j<m, as its zeros. Hence r, (z) has its poles at zeros
- of ¢g(z). From that by using (1.10) we can prove (1.11) in 2° of the Theorem.

At last in virtue of (3.5)and (2,5) we can easily get 4° of the Theorem .
Theorem is proved completely;
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(op B IR K 44 RUBF 52 42 B

RE EFX hERTE N + ¢ Blordan KIED,: >0, BRI TERBANRAFTRA KR
RS K37 Fejer B XA LA HBMEREMLOD) Z )P HEHEER, 0<p<

+ oo,
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