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| . Introduction

Consider the linear periodic system
X=ADX, (+=-5), (L.P)

where Xe¢R", teR, and A(t) =(a,(+)] is an nx n real value continuous matrix
function of r, satisfying A(r) = A(t +®) for some o> 0.

It is well known that characteristic exponents play important roles in study-
ing system (L.P). But, to determine the Characteristic exponents of (L.P), is
an extremely difficult prodlem, so far people only know very little about it
except the scalar second order equations and, more generally, the Hamiltonian

b

and canonical systems, This is because there is no obvious relation between the
characteristic exponents and the matrix A(s){13,

In this baper, we consider a class of particular linear periodic system which
we call the commutative type of linear periodic system (Definition 1. ) and
briefly denote as (C.L.P). For the (C.L.P) we explicitly expounded the
relation between characteristic exponents and matrix A(¢), a simple method of
determining the characteristic exponents of the system is given.

Papers [4], [ 5] have also employod commutative condition and explored
the stabilities of general linear system. But, the relation between characteristic

exponents and matrix A(z) is exposed in this paper by first time.
2 . Primary results

Definition | A linear periodic system (I.P) is called a commutative type
of linear periodic system (C.I.P), if the cofficient matrix of (I.P) satisfies
A(1) A(s) = A(s) A1) for all ¢,s¢(0,0],
Lemma | The fundamental matrix solution of (C.I.P) is

X (1, 1) =exp[ [ A()ds),
o
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and the solution of (C.L.P) satisfying the initial value problem (zq, x,) is
t -
x(t,14,x) =exp[ J'mA(s)ds] X,

Proof Omitted .
In order to prove our theorem, we generalize the result of (2; p104])to the

function matrix.
Lemma 2 If A(¢) is an nxn e-periodic function matrix,

Alt+o) = AQ) for some >0,
then there exists an nXn scale matrix B and nXn w-periodic function matrix

P(t) such that

[ A(s)ds = Bt + P(1)

holds for all 1¢R, where P(1) =P(1+a), B=—["""A(s)ds.

1
Proof If we set P(I):J"A(s)ds—%fmwA(s)ds, then P(r) satisfied P(1+o) =
1, I
P(r). In fact,

P(r+te) = J'H‘”A(s)ds - %—I'W)A(s)ds
,0 ’0

:J',:A(s)ds+f,”mA(s)ds —f’:"mA(s)ds-ﬁ.J;:"MA(s)ds

&y

- L phte =
_J‘on(S)ds ("'j"o A(s)ds = P(¢r) .

It follows that,
4 !t __t_ Lhte _L Lhte _
J;OA(s)ds—J"oA(s)ds + Lo A(s)ds - f’o A(s)ds = Bt + P(1),

and the lemma is proved.
Lemma 3 If the periodic function matrix A(r) is commutative, namely
A(1) A(s) = A(s) A1) for all ¢,s¢{0,@]), then
BP(r) = P(t)B
holds for all t¢ R, where B and P(z) are defined by lemma 2.

Proof In fact,
BP(1) =—["" A du- ([ A(s) ds —L [ " 4(s)d
o, J;o s wf,° s)ds)

:_wl_f"‘*”A(u)du.f”A(s)ds—wizf"'*”A(mdu.j'“”"A(s)ds

1, Iy [

=~j—j’:f':“+'”A(u)du-A(s)ds-i J',:"MA(s)ds-J""wA(u)du

w? f
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1t [ __I plte . tota
-7J’GA(s)ds-J" A(u) du wsz,, A(s)ds Lo ACu)du

’0
Lt o 1 ~tote
= (J":A(s)ds—wifto A(s)ds) —a)—.[,: A(u)du =P(t)B.

this proves lemma 3.

Theorem Characteristic exponents of the (C. L. P) system are the eigenva-
lues of the scale matrix B which is given by lemma 2.

Proof We know from lemma 1 that the fundamental matrix solution of (C.
L.P) system is

X (1, to) =exp[f’:A(s)ds] .
Also, lemma 2 allows
[lAs)ds=Br+ P(),
where B and P(r) are given by lemma 2. Using the lemma 3, we have
X (1, to) =exp|:_[:A(s)ds] =exp[ P(1) + Bt} =F(t)exp( Bt],

where F(r) =exp( P(1)). It is clear that F(t) = F(t+w) for all teR.

This result accords exactly with the Theorem of Floquet-Lyapunov. There-
fore, the eigenvalues of the matrix B is the characteristic exponents of (C.L.P)
systeml 3), and the proof of Theorem is completed.

For the convenience of calculating, we also need the following concept.

Definition 2 If the scale function a(#) is o-periodic function, and satisfies
I”'"a(s)ds=0 for all ¢ R, then function a(z) is called the fundamental periodic
1

function.

Corollary | Let A(z) be the nxn cofficient matrix of the (C. L. P) system.
If A(t) can be written as A(s) = A, + A(t), where 4, is a real scale matrix and
"A(1) is composed of fundamental periodic functions, then the eigenvalues of A4,
are the characteristic exponents of (C. L.P) system.

Proof It is obvious that 4,=B, where B is given by lemma 2.

If the matrices B and A, are given by lemma 2 and corollary 1 respectively,
then we also have ‘the following conclusion.

Corollary 2 The trivial solution of (C.L. P) system is uniformly asympto-
tically stable if and only if all eigenvalues of matrix B (A4,) have negative real
parts.

In particular, if this is the case and X(r) is a matrix solution of the (C.L.
P) system, then there exist constants k>>0,a >0 such t/hat
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| X ()X '(s)|<kexp{ —a(t—s)] for >s.
The proof of corollary 2 is referred to Chapter 3 of [ 1].

3 . Example

Let us consider the 2x2 (C.L. P) system

X=ADX (1)
where
[ —1+acosw:-sinot acos’t +a
A —[ —-asin’ot—w —1—acoswt-sinot :]

X=(x1,x)", a,e are constants .
The coefficient matrix A(z) satisfied the commutative condition and can be
written as A(1) = Ay + A(t), where

_ a a . a
1 o+ 7 . 2 sin2e t 5 COoS 2wt
Ay = A(r) =
ey — A _ 2 —a
1) 9 1 2 cos 2wt 5 sin2wt

The matrix A(z) is composed of fundamental periodic function. By corollary 1,

the eigenvalues of matrix A4, are the characteristic exponents of system (1),
and the eigenvalues of A4, are

_ o a +2
/11'2— i B

)

From corollary 2, it follows that the trivial solution of system (1) is exponen-
tially asymptotically stable.
References

{11 Hale, J.K., Ordinary Differential Equation, Wiley - Interscience New York (1969).

L2 kiIEF% MorREREL, #¥HKRME (1985).

(3] b, BhRERBiL SHH, MHEHEE, (198D .

[41HW.M. Byane : Ovonxoit teopeme Epyruna, nnddepeHumansime Ypashenws oomasps 2156—2162(1972) .
5] 4, —RTREINESHEDBREN, B ¥R 5iFie, Vol.3, No.4, (1983), 63—70.

— R EHRYPREHFEER

5% BEK
w =

BB, R B TR BRI R, P MR SR I SR M B PR
WOLE AR BT R S, R ROV T, BT SRR, B
4 AL, BIRBER A T— B AW IS R R M2 R A EEX R,

AT — R HRIRIE R, RATHRZ TSR R, B B Pl
KM ARANE, HTRHRLE, RIOABL “TH R% RIRENGERRS AR
ZEMBER R, ML T B SR R o5 SR — R T IR,

— 186—

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



