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Abstract

In the present remark we prove that the Mahler’s and Gelfond’s transference
theorems of linear forms are equivalent essentially, i.e. they are implied eachother

except varying some unessential constants,

In ihe diophantine approximation theory the proposition concerning the rela-
,tionshib between two different approximation problems is generally called transfe-
rence theorem. For the simultaneous homogeneous approximation the most impor-
tant result is the Mahler’s transference theorem of linear foims (see ref. [1]).An
useful variant of this theoremis as follow (see ref.[2]).

Theorem A Let s>2 be an integer, and x= (x;,+-,x,). Let

fk<x>=j2;fk,.x, (k=1,eny8) (1)
and

g.(x) =I; 8rjX; (k=1y05)
be two sets of linear forms in variables x with real coefficients such that the
determinants of coefficients det(ﬁj.); det(g,;) =d all are nonzero and the bili-

near form . .
' D(x, y) :kzl [0 gy = Zlh,.jx,-yj
= =

has integer coefficients h;; (1<(i, j<s). Furthermore, Let >0, If the inequalities

[L(O|KA k=1, 000,09 , (3)
are soluble vwith integral x>=0, then the inequalities -
| < (s DA DYC™ ) (k=1 00, 5) (4)

are also soluble with integral y*+ao.
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In 1960s Gelfond established another transference theorem of linear forms by
Siégel’s analytic method (see ref.[3]). We restate it as the following
Theorem B Let s>>2 be an integer, and x=(x;,*,x,). Let
s (5)
Ak(x):j;aijj s (k=100 9 ’
be a set of linear forms in variables x with real coafficient such that the de-
terminant of coefficients det(a,;)=A is nonzero. Denoting the inverse of the

matrix (a,;) by the matrix (b,;), we put the linear forms in variables x.

N
Bk(X):ijkxj s (k:].’"',5>- (6)
. j=1
Furthermore, let ¢ ,++,7,,p,7 be positive real numbers satisfying
1 1 2 6 ’
0<p< 14 -2 \/4s+1 (7)
and v
1ty e 8, >—2 (8)
142 s TIAI
If the inequalities
' A0 [SE— k=1, 9) (9)
k .

are soluble with integral x5=(Q, then the inequalities
[ By |1y, (k=1,00,8) (10)
are also soluble with integral y=*0.

In the bibliography Theorem A and Theorem B are independent each other.
But in the appl'ication these two theorems often appear to have the same power.
For example, the well-known Khintchine’s transference principal is an imme-
diate consequence of Theorem A (see e.g.ref.[2]), but Gelfond was succesful
in deducing it from Theorem B (see ref. [3]). Furthermore, by means of ather
Theorem A or Theorem B ones could generalize the Khinchin's trasference princi-
pal (see refs. [4] and [5]). Another such an example can be found in ref, [6].In the
present remark we prove that the Mahler’s and Gelfond’s transference theorems
of linear forms are equivalent essentially, that is the following

Theorem C Theorem A and Theorem B are implied each other except var-
ying the constants on the right sides of the inequalities (4 ) and (10).

Remark In the application the constants mentioned above are unessential.

Proof First prove that Theorem A implies Theorem B. Using the matrix
denotation,. let the matrices 4= (a,;) and B=(b,;). Then we have AB=1 by the
hypothesis of Theorem B, where I is the unit matrix. It is clear that

(A, (X)), A(X)) = AX, (B, (y),-,BWY)) = BY ,

and so the bilinear form
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o(x, 4 =/;1A"(X)Bk(y)

= (A (X), 000y ALK (B (Y), oo, B(Y)) = xA’By’=kakyk ,
: =1
In Theorem A taking
ot
fi=—=2A4,, @=LB, (k=1 ),
P T

and d=p°/(t, +»» t,A), 1=1, then we deduce that the inequalities
l_ﬁ_Bk(y)'g(s_l)psl(s~l)(tl oo IS(A')‘I/(S‘I)

are soluble with integral y7* 0. Thereby, noticing the inequality (8 ), the ine-
qualities ' :
1B < (5= D/ Vg, (k=1 w0, 5)

are soluble with integral y# (. Here the constant on the right side of the ine-
quality is (s— 1)7/“"? which replaces the corresponding constant 1 in the set of
inequalities (lg) . -

Next we prove that Theorem B implies Theorem A.

First we assume that the constant d and the parameter 4 satisfy '

|d|A <1y, 1p

1 . 1 s | 6
To= 7 a 45+ 1 ) 4s+1

F=(f,), G=(g,), H=(h,).
Then the bilinear form

D(x, y)zkz1 flx)gy)=xF Gy .

where

Denote the matrices

But it can be represented as xHY by the bypothesis of Theorem A, hence
we have ’
H=FG. - (12)
Since both detF and detG are all nonzero hence detH#0. Let w= (W yeee, W)=
xH. Then w is integral when x is integral, and w#(Q when x#0. We define
the linear forms in variables w
fw) = S wH ™) (k=1, e, 5).
From the inequalities ( 3 ) we deduce that the inequalities
(FlW) <A k=1, 00, 9 (13)
are soluble with integral w=(Q. By the matrix F denote the matrix of coefficients
of the linear forms ﬁ(w) (k=1,%-,5. We have
(Fi(W), eee, FA(W)Y=Fw'
On the other hand, we have
(f(WH ™), eee, fAwH )Y = FWH 'Y =FH'W
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hence F=FH"'. And so we obtain FG =1 by (12), i.e. the matrix of coeffici-
ents of the linear forms g, (y) (k=1,+-,s) is the transpose of the inverse of the
matrix of coefficients of the linear forms ]:( w) (k=1, 5.
Now in Theorem B taking the constant =17, and
p:TBl,/(rl)(‘dMs)l/(s-l) ,
.and the parameters -
[ =1y= o= 1= 1V Dd| DY (14)
by (11) we have
0Cp<1g, 1, 1, = t,=pld]|/14.
Furthermore the inequalities (13) can be rewritten as
| Jlw |4 k=1, ).
Thus from Theorem B we deduce that the inequalities
e | <<t /0| DY k=1, v, ) (15)
are soluble with integral y# Q.
If the inequality (11) does not hold, then |d|A*>7;, and so it is easy to see
that the parameters 7, ,+,#, in(14) satisfy
oty et =1 TV (d| )Y
— ldrl'as/(svl)(Id'ls)l/<rl)>Id’Tas/(S-I)(T(S))l/(rU: ’d

By the Minkowski’s theorem of linear forms (see ref.[2]) the inequalities (15)

also have integral solution y=+Q.
Notice that the constant 7,1’V in (15) replaces the constant s—1 in (4).

"In paticular, for large s this new constant is smaller than the old one.Q.E. D.
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