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On Finite Element Algorithm of Transient

Heat Conduction Equation *

Xiao Ding Quyang Huajiang
(Dalian University of Technology)

To eliminate oscillation and overbounding in numerical solutions of transi-
ent heat conduction equation, the authors have proposed several criteria in(1],
For 1-D passive heat conduction with constant parameters and boundary con -
ditions, lower-and upper bound formulas for 4r can be derived. Computation
indicates that the lower bound obtained in{1]Jcan not be released while the
upper bound can be quite higher than that in(1]).The authors will prove that
there exist higher upper bounds and give a highcr upper bound formula for 4r,

Consider the following heat conduction equation
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Its finite element algorithm is
[A]q"“ = [B]q" +At(GF™ + (1-0)F™); (A)=(M]+041(K];
(BY=(M)+(6-Dar(K); (M]= 2 Il N7 N (x)dvs
(K)= 2 i, aV NT(x)VN(x)dv+Z s aﬂNT(x)N(x)ds,
F= fof fNT<x)dv+fo dﬂTgNT(x)ds. (2)
Here ¢" is temperature vector at time step t,, N(x)is element shape function
matrix, 0,5<¢<(1,0ther symbols are defined in [1].
One general criterion is
(417 (BI=0, (A1 ' >0 (3)
Under certain conditions, a lower-and upper bound formula can be derived
from Eq. (3).
—mm(M,,/(&K,,))/At/mln(M,,/((1 HKi)), e  (4)

14:1
The authors are to prove that there exist higher upper bounds for 4 than

that given in Eq, (4). Note that Eq, (4) stems from Eq. (3 ) under certain co-
nditions, Accordingly, the proof should be derived from Eq, (3) either,
Rearrange the first formula of Eq, (4 ).

(AY'(B)=U])-(AY'"(K)dr =(AY' M)+ (0 - 1) (AT'(KI>0, (5)
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thus

At (ATVK)=((1)-[AT'IMD/6, (6)
Substitute Eq. (6) into Eq, (5) and yield
(A" IMI>a-6)U], (7)

Since [A)7' >0, (M 1>0,then ((A)'(M));>(1—-86) is enough for Eq, (7) to hold,
Resolve positive-definite (4] into

(A= (DX -(PDHDIV?, (8)
where Dy =A;, D, =0,P; = —A;//D: D;; >0.

(A = (DY™A I~ (P D= (D) VAU I+ (P +(PI +-) (DI M 9)
Since the maximum eigenvalue of [PJis less than one
CATIMDy = ((MI+TPIM I+ (PIAIM I+ ++)i /Dy >(1-60),  (10)
If taking only the first two terms of the infinite series in Eq, (10),the authors
derive
Ar<min (M / (Ki (1-6)) + 3, ( —AM i/ A A ) (K (1-60))), (11
which shows that the upper bound can be greater than that in Eq. (4). In fa-
ct, if laking only the first term, the upper bound given in Eq, (4)is'derived.
Consider a 1-D heat conduction problem, the left boundary is adiabatic,
the right boundary is convective; § denotes convective factor, Using linear
element with equal length 4x, an explicit upper bound is derived
rel1/ (3 (1 =0)(1+Bdx)) +J2r (r— 1/66’)/(12j (1+r/3)(1+BAx +r/3))" (12)
where r=adr/4x*,Since r>>1/66 (the lower bound in this case’), this upper

bound is .greater than the explicit upper bound of the same case given in(1].
Since an infinite series is involved in Eq- (10) Vyhich is identical with

Eq. (3), upper bounds that are still greater exist,Let dr—»oco, than [A4)-»co, that

is to say (4)'>0,Eq.(7)can not holid, This mean that although the upper bou-

nd can be much greater, it approaches a finite limit and can not be an infin-

ity. ,
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