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1. Introduction

In 1976, C.P. May (1] introduced the exponential—tyf)e operators L,(f;z). For f €
C(A, B)

La(f;2) = //;B w(n, z,u) f(u)dy,

where B
w(n,z,u) >0, / w(n,z,u)du = 1. (1)
A

dw(n,z,u)  n
oz ¢¥(z)
and C(A, B) denotes the set of continuous and bounded functions defined on (A, B), (4, B)
may be [0,1],]0, 00] or (—o0, +00) etc.

In 1978, E.H. Ismail and C.P. May [2] pointed out that for ¢*(z) = az®+bz+-c, there are
only six essential exponential-type operators: Gauss-Weierstrass operator W,(f; z), Szasz-
Mirakjan operator S,(f;z), Bernstein operator B,(f;z), Baskakov operator V,(f;z),
Post- Widder operator P,(f;z) and Ismail-May operator T,(f; z).

In 1988, V. Totik [3] studied the uniform approximation by all of the above opera-
tors. Recently, Z. Ditzian and V. Totik [4] investigated the uniform approximation by the
combination of exponential-type operators: B,(f;z), Sn(f; ), Va(/;z) and P,(f;2) and
give the direct and inverse theorems and the characterization. In {5], we discussed the
uniform approximation by the combination of W,(f;z). Here, we shall study the uniform
approximation by the following combination of Ismail-May operator Ty(f; z).

Let T,.(f; z) denote Ismail-May operator:

w(n,z,u)(u — z),

2n—2

Tfie) = o+ e) T [ e T2+ e, (2)

and T, .(f; z) denote a linear combination of T,(f; z):

Tor(fi2) = 3 Gi(n)Toil 3 ). (3)
=0
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Where n; and Cy(y,) satisfy

(a) n$n0<n1<:--<nrgkn,

(b) EizolCi(n)I<C, "
(C) E::O Cf(n) =1,

(d) XizoCi(n)n;? =0, p=1(1)r.

In this paper, we shall prove the following results:

Theorem 1.1 For f € C(_o, ), we have

I TarlH) =11 < M[WB(Hn )40 | £]], (5)
Korp(fin™) < | Tup(f) = £ | +M(k/n) Kargp(£,E7), (6)

and for 0 < a < 2r
| Tos() = f lI= O(n=2/%) <= w(f;h) = O(h%). (7)

Where || - ||=sup || - |, M denotes a constant independent of f, n and z, (in what follows,
M will always denote different constants).

wip(fit) = A | a%1(2) |l

o (z) = 1+ 27,
and

wf(z) = Z( 1)*f(= +—~kh),
K, (f,t) denotes the k—th functional
Krp(f,ty) =inf{]| f — g || +¢" | 0 ") |1}, (8)

where
9€D={g]9€Clacoco),g" Ve AC. loc N 7™ |l< oo}

2. Lemmas

To prove Theorem 1.1, we need some Lemmas.

Lemma 2.1 For f € C(R),
[ Tar( NS ML (9)

Proof From the definition ( 3 ) and || 7,,(f;z) ||< 1, we have

I e < S 1 Gim) - | T3 2) 1< 32 1 Clm) N1 £ 11

i=o0 i=o0
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By (4),(9)istrivial. O
Lemma 2.2 For f € C(R)
I > T (f52) I< Mn™ £ ] (10)

Proof Let
2n—2

e R I IC [2+i50) [Fenasrtane,

W(n,z,u) =

From ( 1), we have
oW (n,z,u)

B2 ot (2, w)n(u — ), (11)
by derivating ( 12 ) and from ( 1 ), we have
*W(n,z,u _
fgaﬂ )= ()W (n, z,u){[n(u - 2)]* = n(u - )20’ - np?).

Since p? = 1 + z?, then 2p¢' = 2z, therefore

3*W (n, z,u)

dz? = (‘P—z)ZW("’za w){[n(u — 2)]2 - n(u — z)2z ~ np?}.

Generally, from ( 1 ) and by simple calculations, we have

.a_z_r.v_v_a(;L’u) (‘0-—2)2"[”(“ _ x)]Z'W(n, z, u)
2r—1
+ Y @) )Wz, (2)

Where Q;(n,z) is a polynomial in n and z with constant coefficients, and satisfies

-2)\2r M oyrti
| (p™3)¥Qi(n,z) |< C(;E) /e, (13)
where C is a constant.
Therefore
rr(2r OFW (n,z,u
T | = | [ S ) g

< | / o™V W (n, z,u)(u — 2)¥" f(u)du |

+ |/°° i ) 2"Q,(n m)(u—z)' (n,z,u)f(u)du |

>

L+ D
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Let A;(n,z) = n' [® W(n,z,u)(u— z)' du. By [1], [4] we have

d
Ap=1, A1 =0, Apyi(y,z)=mnp®A,_1(n,z)+ wzﬂAm(n,x),

A2r("’ z) < C‘P2r "

So we ggt ' ‘
| Ll f 1 @7 Age(n,2) S M| | 0"

Using ( 13 ), ( 14 ) and Cauchy-Schwartz inequality, we obtain

AN

Il < 7 2§ 2rc( )rﬁ/z{/-o:ow(n,x, U)(u—:z:)Z"}l/2

2r—1

IA

From (15 ), (16 ) ( 10 ) is trivial. 0O
Lemma 2.3 For f~U e A.C. loc.,

| Taf(£) = £ 11 M7 ([ ¥ FE ([ 4[] £ 1))
Proof Expanding f(u) by Taylor’s formula: |
2r—1
f( )— Z f (x) x)‘.+R2r(f)uyz)7

where Ry, (f,u,z) = [} %ﬂ( t)(2r=1) dt, therefore

| Turlf) ~ 1 5; P, (- 252 |

+ Tor(Ror(f,u,2);2) 2 J1 + Ja.

Using ( 13 ), and by a simple calsulation, we have

[l < M@)o ) Z s | [ Wm0 (u - 9 du

= M| ")) || o) (e ZIC | 07 Agr(n, z)

IA
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r+if2
171 erren(Z) i <M
1=0

M || ¥ f@)(z) || (-7 n"soz' = M| ¢*(2) f*)(z) [ n",

(14)

(15)

(16)

(17)

(18)

(19)



by [1],

A;(n,z) is a polynomial in n of degree [i/2] and in z of degree 1, therefore,

2r—-1 (; z o .
1l = zf )ZC( ) [ W,z 0)(u - 2 du

2r—1

_ Z f '). z) ZC (n)C; (z)n_,+[./2] |

2r—1

(' T
— | Z f )C'( )ZC (n)n i+[s/2]‘

=0

Using (4) (a), for1 =1,2,---,2r — 1, we have 2 5=0 Cj(n)n="*[/2] = 0, then

From ( 18

Lemma

J1=0.
)=( 20 ), we can obtain
| Tnr(f) = £ 1IS Mn7™" || ¥ fO7) < Mn~" (II e O ||+ | f H) :
2.4 For fr-1 g A.C. loc.,

I TE(f) ll< M || ™ 7O |

Proof Using Taylor’s expansion, we can get

TN < 167@ [ 3 g w!

il (”C)( — z)idul

a2r ,
I <p2'f(2r) Il [_oo | pyr | W(n,z,u)(uv— z)2 du |

>+

K+ K.

By [1], we have K1 = 0. Using ( 13 )

Since

(Kol < MU [T 2 Wm0 du

< MU [ (= 2 W (n, 5, ) du

+ I/—°° "‘ _2)27Q‘-(n,z)W(n,z,u)(u_x)2r+i | du |}.

oo
/ (™) n¥ (u— )" W(n,z,u)du = @ 'n ¥ Ay(n,z)
® M(p—4 n —2r 2r 4r_M

IA
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Using ( 13 ) and Cauchy-Schwartz inequality, we have

oo 2r—1 .
[ X 1™ Qutn, )W (2, w)(u - )7 | du

% =0
‘ 2r—1 0 . 1/2 )
< M) (/ W(n,z,u)(u - a:)‘"”'du) (n/ )i/
i=0 7
2r—1 .
< M Z(n/wz)r+d/2n—-(2r+i)n(2r+i)/2p2r+e < M.
=0

Therefore | K; |< M || 0% {07 || and || o T (f) [|<| K1 | + | K2 [< M || 0% £@) ||
3. The proof of Theorem 1.1
Let D be a weighted Sobolev space

D={g |g€ C(R),g(z'“l) € ‘A.C.loc || ¥ g(?) |< oo}.
for a g € D. Then we have
| Toe(f) = FNSH Tor((f —9)i2) 1 + 1 F =g | + || Tor(gs2) —g || -

By Lemma 2.1, we have
| Fnr((f —9)iz) IS F -9l -

By Lemma 2.3, we have

1 Tnrlg) — g 1< Mn" ([ %9 ||+ 1 g ]]).
Therefore N
I Tar() = FlIS2] f =gl +Mn7" || ¥ g®) [ +Mn™" | £ .
Take in f for g on two sides, we have

I Ta g (f) = £ IS MEarp(f;n™) + Mn™" || £ |
By [4] '
Kanp(fin7") ~ W2 (f;n~13), (23)
then ( 5 ) follows.
Write f = f — Tk, (f) + Tkr(f), we have
Karg(f;n7 ) <|| £ = Tip () | 407 | 2 TE (1) ) (24)
Since || 0?7, (1) 1<l @ T3 (F = 9) || + 1| 0¥ T{E)(9) |, where g € D. By Lemma 2.2

| *TE(f —g) I< MK || f —g .
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By Lemma 2.4,
| ¥ TE(g) ||< M || % gt || (25)

Therefore, we have
n TN < MO/ | - g | +Ma P |
Mk/n) (I £ =g | +K" | ™9 ).

IA

Taking inf for g on two sides, we obtain
n LTS (f) IS Mk/n) Kar (1K),
from ( 24 ), we have
Koro(f,07%) || f = T (1) Il +M(k/n) Karo(f; K77).
Thisis ( 6 ).

Since

” Tk,r(f) - f ”SH Tn,r(f) - f “ + ” Tn,r(f) - Tk,r(f) ”) (26)

using ( 5 ), we have
1 T (£) = T () 1€ M@ (Tip (£)in™2) + M || Tip (£) | 07",

by [4], we have wi’(Tk,,(f);n"I/z) < Mn™". by (10), we'havé I Te, (F) I £ -
Therefore
| Tnr(f) = Trr () IS M| ] - (27)

To replace ( 27 ) to ( 26 ), we obtain
| Thr (f) = NS To(£) = F LML f || 27"
Using ( 6 ), we have
Karp(fin™") < T r(£) = F UM || f || 277 + M(k/n)" Koro(f,577).
By the Berens-Lorentz Lemma [4] and ( 5 ), for 0 < a < 2r, we have

Korp(fin™) < || Tar(f) *{’ll +M || f 27"
< MWF(finT )+ ML e,

from ( 23 ), then

| | Tarkf) = 1 l|= O(n™2/%) <= Wy (f;h) = O(h%).

This completes the proof of Theorem 1.1.
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% F Ismail—May EF-EMESH—FEL

OB A
GIFIL R0 %, 312000)
B ¥
# P, (0 RB MR Y Ismail —May 31
T.(f32) = "—"2;‘—1-'(] + z)77F Jn e‘“""“’*‘l}"(—-— M) 12fCu)du.
w(n— 1)1 —oo
—REHEBLT, Hol g B A &t o(— L. Do 3R E W B A SO, NS W T T

(f;m)ﬂ@—ésﬁiﬂ?ﬂﬁ
T, (f;2) = D CAWT, (f32).

=0

BT K—IZ8R Ky o(Ssn™ ) EYEHB ol (L) Z B0 RAITHE T EE—BuE R B X
THYIESE T, 7 2 RV AR 20 20 (5108, B
E{E —l'-l !In feCB(—~w oo)’DU
17,00 — £l < M@z + [ fla,

Kzr.w(f;"_') < " Tk.r(f) - f " + M(—;)’KZr,w(f’ K™).

W 0<Ta<l2r (>0
| 7., () — fll = 0@ DHHSW(f,h) = 03,
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