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A Proof of 3-dimensional Poincaré Conjecture’
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Abstract A Heegaard splitting of an orientable closed cnnected 3-manifold M is a
closed connected surface F —» M such that M is divided into two handlebodies. Let
g(M) be the minimal genus of all such surfaces. Let r(M) be the rank of x;(M). Then
r(M) < g(M). Waldhausen ({3] p.320) asked whether r{M) = g(M) is true for all M.
But Boileau and Zieschang gave a negative answer to the question by describing some
Seifert manifold M with 2 = r(M) < g(M) = 3 ([4]). In this paper, however, we shall
prove that if x; (M) is trivial, then g(M) = r(M), thus M has a Heegaard splitting with
genus O, i.e. M is a 3-sphere. This is the assertion which Poincare’ conjectured in 1904.
There are to approaches to the Poincare’ conjecture, but here we shall work on it through
its Heegaard splitting. .

§1 Rearrangement of words theorem

A word is a finite sequence of letters, w = by - - by, m > 0,b; € X X = {21, -, Z,},
1<{<m. If m =0, then w = 1, the empty word. The set W = W (X) of all words
is a semigroup under juxtaposition. A word w is reduced if it contains no part bb~! and
cyclical reduced if it is reduced and b; # b,'nl. For u = ujus € W, we say that usu; is a
rotation of u and write o(u) = upu;; for a,b € W, we denote “b inserting in a” by a A b,
1.e. a = ajaz and a A b = ajbas. Obviously the products ab and ba are special cases of b
insertion in a.

1.1 Definition For a;,---,ar € W(X), an element yi(a1, - -,ax) € W 1s defined as
Jollows:

1) ¢1(a1) = a1,v¥2(a1,a2) = a1 A o(as) for some rotation o(az) of ay;

2) trlar,---,ax) = Yr—1(b1, -, bk_1), where either by = ay Ao(a;,),b; = a;,,2< 7 <
k~1, or by = a1,b; = a;;,5 # h,k,1, and by = a;, Ao(a; ), h # k,h,k > 2,{t2, - ik} =
{Za"'sk}'

1.2 Theorem For any ay,-:-,a; € W(X), of
Ty = y1a1y; - YRRV (1)
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in F(X) with y; € F(X), then there is an equation
z1 = Y(a), -, a%) (2)
in F(X) where a} = 0i(a;,),1 <i <k, {5, -+, 5%} = {L,--+,k}.

1.3 Theorem (Free basic points theorem) For any ai,---,ax € W(X) and ¢; €
W(X),1<i<k,if .
_ -1 N _ )
T1= yio10167 ¥y e YkChkCy Yk (3)

in F(X), then there is another equation (2) as in 1.2.
§2 The band connected sums of simple closed curves on 9V

Let V be an oriented handlebody with genus n,{Bj,---, By} a collection of pairwise
disjoint, properly embedded 2-cells in V' such that V -U; B;x(—1,1)isa 3-cell. If each B;
is oriented, then such a collection is called a basis of V' and written as B = {B;,---, B,}.

Let J € 0V be an oriented simple closed curve with a basic point zo € J — B. We
consider the intersecting points of J with B;,1 < 1 < n, from zy to zg along the direction
of J. If they intersect positively, we denote the intersecting point by z;; otherwise by
z; 1. Thus we obtain their juxtaposition ¢p(J). Similarly we can define pp(I) for an
oriented arc I on V. Let y € dV be a basic point of #1(V),pB([y,20]) = ¢. Then
cop(J)e™t = [J] € m(V) = F(X). For a collection H = {Jy,--, Ji} of pairwise disjoint
simple closed curves on 9V, pp(J;) = a;,c;a;c;! = [J;] = b; € 7y (M), 1 < i < k. If there
is an equation

z1 = yibayi e ykbeye !

in F(X), then by 1.3, we have

z1 = Yi(ay, -, ah) = Yular, -+, ar) (4)

in F(X). This is the foundation of all our discussions in the paper.
Let H = {Ji,---,Ji} be the same as above, py € Jp,h = 1,7(1 # j). We define the
band connected sum J;#J; between J; and J; along a simple arc [p;, p,] calculus in H as

Ji#d; = (Ji —pi x (=1L, 1)) U (pi, p;) x (—1) U (J; = pj x (-1,1)) U (ps,p;) x 1
where “calculus in H” means (p;,p;) C 8V — H.

2.1 Definition A band connected sum J;#J; is called regular if eB(lpi,pi]) = 1.

2.2 Proposition Suppose that
i) the right side of (§) contains a part ¢ = uzvz, ew, t.e. Y5 = Z1¥Zy;
1) zfed;,z,€ € Jj is a pair of cancellation pointsin (4);
#i) @ contains a; or a; and there is o regular band connected sum Ji#J; in H.
Then there is a ¥' € W(X) such that
1) ' and ¢ have the same initial and end letters; -
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2) ¥ = ¥ in F(X);
3) if we replace ¢ by ¢' in ¢, then in F(X), (4) becomes

1 = Yr-1(a1,- +, @i-1,8ix1,0 7, Bj—1, 851,00+, ek, 0B (JiFE ;).

§3 Genus reducing curves on 9V

3.1 Definition Let V be an orientable handlebody with genus n. A simple closed curve
J on 9V 1s called to be a genus reducing curve, if

V(J)=VUB x[-1,1]

ts @ handlebody with genus n — 1, where B' is a 2-cell, and in V(J) VN B' x [-1,1] =
8V NdB' x [-1,1) = 8B' x [1,1),B' x {0} = J.

3.2 Theorem A simple closed curve J on 3V 13 the genus reducing curve if and only if
there 1s a 2-cell B} < V such that J N B} =single point.
In fact, the sufficiency is obvious and we shall use the sufficiency in the paper.

3.3 Proposition Let J C 3V be a simple closed curve, B a base of V. If pp(J) = =1
in F(X), then J is a genus reducing curve.

Let H = (J1,---,Ji),¢B(J;) = a;,1 < ¢ < k, as before. Assume they satisfy (4) as
in §2. We now observe geometrically cancelling process on the right side of (4). Let X
be such a process (although this process can be not unique) in which the right side of (4)
becomes the left side. Then for each j, the points of 3B; U B are pairwisely cancelled
under X, except the z; on the left side of (4). We denote these pairs by p;,pl,1 < ¢ < hy;
and denote the arc in 8 B; with two end points p;, p! by [pi, p}].

3.4 Definition i) A pair p;,p of points is said to be separating, if there is another pair
pr,Pt(1 < r < hj) such that only one of them is in the interior of [p;,p}]; Otherwise, p;,p}
1s said to be nonseparating;

i) ¥ s said to be nonseparating if each pair p;,p. is nonseparating, for1 <1 < h;,;1 <
j<n '

3.5 Lemna Let Hy = {J1, -+, Ji} as before. Assume that Hy satlisfies a nonseparating
equation (4), then H) can be changed into Hy.qy = {J}, -, Ji_1} such that Hy_ also
satisfies the equation ({)( in the case k—1), where J}(1 <1 < k—1) is the band connected
sum of curves in Hj. )

3.6 Lemma Let Hy = {Jy,-+,J} as before and it satisfy a separating equation (4) and
wp(J;) = a;,1 <1 < k are cyclically reducings. Then there is a 2-cell B} — V which 15 a
band connected sum of members of B such that B{N some J; =single point.

Remark By 3.5 and 3.6, if Hj satisfies (4), then H; “contains” a genus reducing
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curve, which is either a member of H; or a band connected sum of the members of
Hy. As a counterexample the conclusion, we now introduce a note on a result of Boileau-
Zieschang. In [8] Montesinos has given a Heegaard diagram (V'; J1, J3, J3), where pp(J1) =
zoz7 22273, 0p(J2) = z3z12327 ! and pp(J3) = (z3za27 )3 (2227 1)?. Let ri = pp(J;),1 <
1 < 3. By [8], we have

z3za7y 'zg rsxdz i zy = to(ay, -+, ag), (4)*
where a; = a;(r?‘?l), 1 < ¢ < 9. Is there a trasformation
Tz} - zezezy oy lzszie] ay
such that it carries (4)* into (4)
+=1 _ T-1 eeo 1 ?
gy = ¥o(T™ (a1), -, T7 (ag))?

and keep T~ !(a;) to be cyclical reduced. No there isn’t. Because there exists no base
B* of V such that ai(wB-(J]fl)) = T7Ya;) are cyclical reduced. Hence the generalized
Nielsen operations (see [8]) in the paper can’t make sense.

3.7 Theorem Let M be a connected, simply connected, closed 3- manifold. If M has a
Heegaard splitting with genus n, then it has a Heegaard splitting with genus n — 1. Hence
by the induction M is homeomorphic to S3.
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