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Abstract Let Guimn = 17(75';7'5%7:1_) be a Grassmann manifold. Zox =
[m—2,---,m—2,m,--,m] is a Schubert variety of G, ;... Let E be the canonical
N—————
2k

vector bundle on G, 4, ,, and £ ® C is the complexification of E. Let E be the associ-
ated unitary (n — 2k)-frame bundle of £ ® C, and E' is a subbundle of E® C. In this
paper, we prove the following integral formula:

C4k'ng:(—1)k/ Pk(ﬂ)'/ u'f'~/ u‘T',
Cak deax Aean

where cyg 1s a 4k-dimemsional chain of G, ,,,.,., and P ({1} is the kth Pontrjagin charac-
teristic form of G,y p, 7 and 7" are the (45 — 1)-forms defined on E and E’ respectively.
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1. Introduction

In 1944, S.S.Chern [1] gave an intrinsic proof of the Gauss-Bonnet formula on a compact
Riemannian maniford, in fact, he gave an integral formula of the Euler characteristic form.
In 1959, J.Eells [2] generalized the result of Chern, he gave the integral formula of the
Stiefel-Whitney characteristic classes. In 1976, K.L.Wu [3] also gave the integral formula
of the Chern characteristic forms. In this paper, we will give further the integral formulas
of the Pontrjagin characteristic forms. But our method is different to (3], we needn’t use
the local charts of the Grassmann manilold, so that it ensures the global existence of the
vector fields appearing in this paper, and overcomnes the defects of [3].

We discuss only in real Grassmann manifold, and denoted it by Gy n.

2. The cell decomposition of Grassmann manifold
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Let R**™ be (n + m)-dimensional Euclidean space, the Euclidean metric is

n+m

(z,y) = > z%y*, z*,y' eR,
A=1

and O(n + m) is the orthogonal group of R**™.

The Grassmann manifold Gp4mpn is the totality of all n-planes of R™™ passing
shrough the origin, it is a nm-dimensinal compact symmetric homogeneus space. On
Sntmn, there exists a cannonical vector boundle E, its fibre at £ € Gpymn is just the
1-plane z of R**™. Let EQ® C be the complexification of E, it is a complex vector bundle,
ts fibre at £ € Gy m n is the complex n-plane  ®@ C. Introduces a Hermitian metric in
;he fibres of the complex vector bundle E' ® C such that

n+m

(IC)yC) - Z Ié ’ yEAa xA)yA € C)
A=1

t endows E ® C to be Hermitian vector bundle. Finnally, let E be the unitary (n — 2k)-
rame bundle associated to F ® C, its fibre at £ € Gy is the totality of all unitary
n — 2k)-frames on the complex n-plane z ® C.

Give an ordered sequencec w of non-negative integers:

0<w(l) < - <w(i) <+ <w(n) < m, (1)

t determines a sequence of subspaces of R*+™:

0ocE,c---CcE;c---C E,Cc R"™™, (2)
vhere dim E; = ¢ + w(7),(: = 1,---,n). Choose an orthonormal basis of R**™
el;"'yen;fly"',fm;
juch that er,---, e, f1,- -+, f,(;) are the orthonormal basis of the subspace E;.

The sequence of the subspaces (2) determines a Schubert variety of Gpimn:
Zy ={z € Gpymn :dim(z N E;) > 1},

ince the sequence of subspaces (2) is determined by the sequence of non- negative integers
1), so that Z, can be also denoted by [w(l)--,w(i), -:,w(n)]. Z, is a pseudomanifold
of dimension Y1, w({), the totality of Z,’s constitute the cell decomposition of G,ym,n
5].

Consider the following Schubert variety:

Zye = m—2,--- ;m-2,m,---,m|={z € Gnimn :dim(zN E;) > 1},
—_—
2k

here dim E; = i+ (m — 2), when 1 <1 < 2k;dim E; =i+ m, when 2k +1 <1 < n.Zy
s a (nm — 2k)-dimensional cycle of G, n. The crucial condition to determine Zyj is

dim(z N Eyx) > 2k,
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where the orthonormal basis of Ey; are {ey, -, e, f1, -, fm—2}. If £ & Zyi, then
dim{z N Eg) > 2k - 1,

then the dimension of the projection of Ej} onto z along Ej is greater that n — 2k + 1.
Let the images of the basis of Ej;, under above projection be {€y, 1, -+, €5, fr_1, /1. }
at least (n — 2k + 1) of them are linearly independent, so that there exists (n — 2k + 1)
linearly independent complex vectors on the complex n-plane z @ C:

fm1 V=10 f + Ve e+ V= len s e + V= egey,

using the Hermitian metric to orthonormalize theorem, we obtain an unitary (n — 2k +1)
frame fields {u;, -+, un-2k, 4} on Gpym n\Z2k. Similarly, we can obtain an unitary (n—2k)
frame field u = {uy,---,un—2¢} on Gpimn\Z2k+1, and an unit vector field 4 orthogonal
to u with zero points in Z3;. Then we get

Theorem 1 There exists an unitary {n — 2k + 1) frame fiele {u, @} on Gpymn\Z2k, and
an unitary {n — 2k) frame field u on Gp4m n\Z2x+1, and an unit vector field 4 orthogonal
to u on Gpimn\Zak+1 With the zero set (Gpimn\Zak+1) N Zak-

3. Pontrjagin characteristic form and its transgressive form

Let {e1,--,€en+m} be the moving frames of Eucliddean (n + m)-space R"t™, they are
the elements of the orthogonal group O(n + m). The infinitesmal displacement of the

moving frames are
n+m

dey = ZWABeB, (A=1,---,n+m)
B=1

(waB)(A,B=1,-+- ,n+m)(wap +wpa = 0) are Maurer-Cartan forms of O(n + m), they
satisfy the equation of structure:

nt+m

dusp = ZWAC/\WCB, (A,B=1,---,n+m).
C=1

Choose the first n vectors {e;,---,¢e,} of the moving frames to be the local sections of the
vector bundle E, then the canonical connection V of E' is defined by

n
Ve; = Zwl]-ej, (t=1,---,n)
Jj=1

the matrix of the connection forms of V is w = (wi;)(¢,7 = 1,---,n), the corresponding
matrix of the curvature form is (€;;)(i,7 = 1,---,n), where
n n+m
Q,'J' = —jS = dw,-j - Zw,'k N Wi = Z Wis N\ Wsj.
k=1 s=n+l
_ 3 _
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The kth Pontrjagin characteristic form P (1) of the vector bundle E is defined by (k =
L., [%])

Pk(Q) (27!')2" 2k' Z €y, iaks0n, JszHu /\"'/\Qizkakr

t is a closed 4k-form of the base space G ymn of the vector bundle E, so that we can
also call it the kth Pontrjagin characteristic form of the Grassmann manifold G4 m .

The canonical connection V of the vector bundle E induces a connection V¢ on the
Hermitian vector bundle £ ® C, the matrix of the connection forms of V¢ is the same as
Vie,wl =w = (wij), so that the corresponding matrix of the curvature forms is also
she same as (2, i.e. 2 = (;;). The kth Chern characteristic form of the complex vector
oundle £ ® C is defined by (k =1,---,n)

k

1 —

C

Cel7) = e D i B A A Qg
Ti,7=1

Ck(Q€) is a real clused 2k-form of the Grassmann manifold Grnimn, 1t is obviously that
Pi() = (- 1)*Cai ().

Consider the subbundle E' of the complex vector bundle E ® C on Grimn\Z2k+1.
According to the Lemma 1, there exists an unitary (n — 2k) fram field u = {uy,- -+, up_2x}
on the fibres of £ ® C, let the fibre at £ € G4 m n\Z2k+1 be the subspace of the complex
n-plane r ® C which is orthogonal to the unitary (n — 2k) frame u,, it is a complex
2k-dimensional space. Choose the first k vector fields {e;, -, esx} of the sections of
he complex vector bundle £ ® C to be the local sections of the subbundle E', then
he connection V¢ of the complex vector bundle E ® C induces a connection V' of the
ubbundle E':

2k
,Cu = Zwaﬂfﬁa (a =1,--- a2k))
g=1

he matrix of the connection forms of V' is &' = (wag), (@, 8 = 1,---,2k), the correspond-
ng matrix of the curvature forms is {1’ = (Q4), (@, 8 = 1,---,2k), where
2k n+m
_Q’Ba = dwaﬁ - Wy N Wayg = Z Waor Nwirg.
=1 A2k 1

The kth Chern characteristic form of the complex vector bundle E' is

1 2k

~ N __ !
Cu(Q) = @) 2k Y Caram s Yag, N A o
Ca,p=1

INote that the fibres of the subbundle E' are complex 2k-dimensional spaces, the kth Chern
haracteritic form C2; (') is in fact the Euler characteristic form of the complex vector
oundle E'. Using the Chern- Weil technique, we obtain
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Lemma 2 On Gpimn\Z2k+1, there exists a (4k — 1)-form 7 and a section u of the unitary
(n — 2k)-frame bundle E associated to the complex vector bundle E @ C such that

Cor(QF) = Cpi (V) = d(u"7).

Proof Constructs the homotopy between the connections V¢ and V'. Let

C

! !
wmw ttue = w —w, = dwp - wy A wy,

T = 1 D . ..
then 7 = 2k f; Ca(u, o ,()dt.
(2k-1)
Since Cq, (') is the Euler characteristic form of the complex vector bundle E', accord-
ing to the results of Chern [1], we have

Lemma 3 On Gpimn\Z2k+1, there exists a (4k — 1)- form 7' and a section @ such that:
1) Cu(Q) = d(u*r"),
2) [sa- 377 =-1,
7 is a mapping which identifies the unit sphere S**~1 in the complex 4k-dimensional
Hermitian space C2* to the unit sphere on the fibre of the compleéx vector bundle E'.

4. The integral formula of the Pontrjagin chracteristic form

Give a 4k-dimensional chain ¢4 of Guimn, We want to calculate the intersection
number c4; © Zox. Endows a small deformation to cqx such that: 1) cqe N Zokr1 = 05 2) cak
intersects transversely with Zy; at finite points {a;, --,an}, then the unitary {n — 2k)-
frame field u is well-defined on c4%, and the unit vector field @ orthogonal to u is defined
on c4¢\{a1, '-,an}. Decompose the chain cqx more fine such that every simplex of it
involves at most one of the zero point of . Remove a small ball in the simplex involving
the zero point a; with the center a; and radius ¢, we denote it by B;(¢), its boundary is
a (4k — 1)-dimensional sphere S;(¢). The unit vector field in % is well-defined on S;(¢).
Let € — 0, the vector field 4 becomes rotating about the zero point a;, the rotate number
is defined to be the index of the unit vecter field @ at the zero point a;, and denoted
by Ia(a;), then we have linic.q@(S;(e)) = Ta(a;) - JS*™ 1, and cqp © Zop = SN iafay).
According to the lemma 3,2),

N N N

cko T = > Ialar) = —Zlg(ai)-/sﬁﬂj*r’ = }:/ y

. N Gdk—1
=1, i=1 i1 tala)ss
N N

= - lim/ T ﬂlim/, wr'
Seodisey H e s

Theorem

C4k oZZk = (-— l)k/ Ijk(ﬂ) o / uT - / 11'7',
Cak dcak ek
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where the (4k — 1)-form 7 and 1’ are given by Lemma 2 and 3 respectively.
P Y.

Proof According to the Lemma 2 and Lemma 3.1),

_)k/mPk(Q) = / Ca(Q°) = / Cai (02 )+/md(u‘f)

lim d(a*r' u'7
€=0Jcq\ U.N=l B;(e) ( ) Ocak
N

:/ &' - 3 lim a*r'+/ u'F
deak .'=1€_°0 Si(e) dcan

= / ﬁ‘r'—}-c“osz-}-/ u'r,
dcak Ocak

the theorem is proved.
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Car - Zop = (-1)kf P(Q) -/ u"F—-/ w'r,
C4k dcqk Beak

ﬁqjctik %Gn-f-m,n ﬂ‘J‘UC fﬁ’ Pk(ﬂ) %Gn+m,n l’]{];ﬁk /I\Pontrjagiﬂ ﬁﬁﬁs 7 *ﬂT' %ﬁ;)‘(
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