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1. Introduction

Let Py be the space of all polynomials of degree k or less, B(M) the space or bounded
and real-valued functions on the interval [0,1]. It is well- known that, the function

P:[0,1)? 3 (z,y) — ix‘A.-(y) + Zn: Bi(z)y’ € R
i=0 7=0

is called a blending function or a pseudopolynomial, where A;, B; € B(I), and the set of
all pseudopolynomials is called the bivariate pseudopolynomial space or blending function
space.

The pseudopolynomial space has been introduced by A. Marchhand ([4],[5]), and has
later been studied by several authors. For more complete historical information see [6] or
[2]. Recently, the degree of approximation from certain bivariate blending function space
has been given by H.H.Gonska (2], and some inverse theorems have been established by
C.Cottin [3]. In this paper, we shall generalize these results in higher space.

Let us begin with some notions. As usual, R* will denote the Euclidean space of
dimension s, Z{ is the set of all nonnegative multi-integers. If o = (o, @2,+++,,) € VA
then the length and factorial of o are defined by |a] = 3%, a; and a! = ajlay!---a,!
respectively: e; € Z] is an s-dimension vector whose component are zero except that the
t —thoneis 1(1 = 1,2,---,s), D, is the differential operator defined by

D,f = lim(f - f(- - ty))/t
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and the operator D,; will be abbreviated to D;.

For z € R’,a € Z] we define ||z|| = |z1| + |z2| + -+ + |z,], 2% = z7'22? --- 25 and
similary, D* = D' Dg?--. Dg*.

Now suppose that there are r Euclidean spaces R*!, R°2,---, R*", and R°® is their tensor
product space: R* = R" @ R?* @ ---® R",s =s;+s3+--+8,. Let £ € R*, 27 be
the orthogonal projection of z in R, obviously, if z7 = (z{,rg,---,zf;j), then we have
z = (z!,2%--+,2"), and ||z|| = [|z!|| + ||2®]| + --- + ||z"||. Similar notations can be

introduced for the sets of multi-integers Z3', Z3?,..-, Z}".

Let I=11® I2® -+ ® Iy, where I; C R% is non-empty compact set, and f € C(I).
If we fixed z'(f # 7) then f becomes a function of z/ on I; with parametric variables
z*(¢ # 7), this function will be denoted by fz;(z). Furthermore, let L; be linear operators
on C(L),1 =1,2,---,r; for f € C(I), we suppose that

L; == Li(fz,(z)).

Now we let

Li®Le-—&L =) (-1)! > LiyLiy--- Li, (1)

1=1 1Si1<i2<---<i]-§m

and Ly @ Ly @ --- ® L, called a generalized Boolean sum of Ly, Ly,--+, L,. In this paper
we will study some approximation properties of operator (1).

2. Error estimation of generalized Boolean operator

In this section we will discuss the approximation order of generalized Boolean operator
(1). Before developing our discussion, we need to introduce more notations.

Let z,h € R°,p € Z°,f is a bounded function in R?, then the p'* order difference
operator with step width h at point z is defined as follows:

tar= 3 o (2) e,

Py _ [P~ p2) | Ds
For f € C(I),I C R® is a nonempty convex compact set, then the p — th order moduli
of smoothness is defined by

wp(f;8) = sup{||AL  fll :z+1-hell|h]| <66>0].

Let feC(I),I=5LQ;®---® I, and z;(1 # j) are fixed in I;, then we consider the

moduli of smoothness
wi(f,6;) = supl|A®) (@) s aF + - W € L, W] # 65,85 > 0.

Obviously the moduli of smoothness defined as above is a mapping from sapce C(I) to
C(ILiz; 1)-
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Then we have

Lemma 1 Let
RR=RM"Q®@R?®---Q R°.

and f(a: = f(:z:l,:z: , --,:c’) is a bounded function in R®, where z’ € R®, Then Vp =
y . C e
(", 0%, ,07),p = (p1,03, - ',p;f,j) € Z,’, we have
1 2 r
Ag,hf = Aill;.lA’;z,hz "'Af:',h'f) (2)
where
h=(hi R}, - ,hil’h hg,...’hzz;...; T k5, Rl ) € R

Lemma 2 Let f € C(I), then
w61 0w (8 0 0wl (81| < welf,5), (3)

where p = (p!,p%,---,p") € Z2°,86 = (61,62, ,6, ) E R ;s =s1 + 52+ - + s,.

Lemma 3 Suppose that f € C*(I), where a = (a!,a?,--+,a"), 0 = (a{,a%,-n,afg]_);
M; : C(L;) — C(I)
are continuous linear operators. Then
(1) M;f € C¥(I'), where
o = (al,---,aj‘l,aj+1,---,a'),I' — (Il,--',Ij—1,1j+1,"‘,1r);
2
DM (M;1) = M;(D¥' 1), (4)

where 0 < k¥' < of 5 # .
We now have the following result:

Theorem 1 Suppose that [ -1 ® L, ® ---® I, f(z) € C*(I), and
Ly :C¥ (L) — C* (1)
are continuous linear operators which satisfy the following conditions: Vf € C"‘j(Ij), €
1,
107 (f; = Lif )@l < 45(2)eps (5, 85(=7), 5= 1,200,

where0 < g7 < min(a-",a’ )= 6% ,A; and A; are some nonnegative functions only depend
on P?,37 L’ respectively. Then for any

IB = (:Blaﬂ2>"')ﬂr) 2 (ﬂl‘,ﬂz-)”')ﬂr-) = /Br"
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and z € I, we have

IDP(f (L1 ® La® - ® LS| < (I:[ A;(2"))wp(D* £, Ak L(2)),
j=1

where Ak L(z) = (Ar(z!),Az(2?),-- -, Ar(2")).

Proof It is observed easily that, I — L; and I — Ly ® L, ® --- ® L, are also continuous
linear operators, where I is the identity operator. Therefore by the lemma 2, we have

IDP(f (L1 ® Ly ® - ® L) f)(2)lloo = |IDP((1 = Li)(I = La) -+ (I = L) f)(2)l|oo
= [(DP (I = L))(DP(I = Ly)) -+ (DP=(I = Lr1))(DP (I = Le))f (2)]leo
< Az oy (-, M(z")) o (D2 (DPU(I = L) -+ DP'(I - L)) f(z)}
= A1(z")wp(-, A1(z")) o {DP*(DF*(I - Ly)--- DP' (I - L,) D f(z)}.

By the definition of wp(-,8), exist a z°' € I; and h*' € R*!, such that z*’ + 17 - h* €
I, ||h*']| < 6, and '
1
wpi (5 A1(2)) = 11874 1 Olleo-

Hence,
IDP(f = (L1 ®L: & & L,)f)(z)llo
< A&7, L (DP(I = Ly)-+- DF (I = L)D* )(@)llo
= A1(&)|DP*(I - Ly) -+ DP"(I - Lp)AP., ., D' (2)]|co-
Repeat this process r times, we know that, exist z* = (z'l , :1:*2, coo,z*)and h* = (h"l , h"z,

o+, h*") satisfy z* +[- h* € I,|}h*|| < AL n(z) and such that

ID?(f (L1 ® L2 @ ® L) f)(2)lloo < Ar(z!)Ar(z?) - Ar(c!)[|AL. e D* flloo
< A(zh)Ax(2?) - Ar(2")wp (A f, Ak L(2))-

The proof of theorem 1 is complete.
Now we suppose that

M; : C(L) — C%i(L;), (i=1,2,---,7)
are linear operators, then we consider the operator U as follows
r .
U:Z(_l).‘l-l Z Ly M My M; - L.
1=1 lsi1<|"_><"-<ij$r

Obviously, U is also a linear operator; in addition, if L; and M;(i = 1,2,---,r) are
continuous, then U is also continuous.

Theorem 2 Let . _
Lj,M; :C%(I,) — C*7(I)( =1,2,--+,7)

be linear operators and satisfy the following conditions:
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(i) Vg € C*(I;),z € I,

A

IDP" (9 = Lig)(z")loo < A}(27)w,pi (D™ g, AL (7)),
where f3; < a*d = min(aj,aj');
(ii) Vg€ C¥(l;),z €
ID?" (g = M;g)(2")|eo < Al(2?wps (D' g, ALy (7).
Then for any f € C*(I) and 8 = (B},5%,---,8"),z€ I,

ID?(f =UN)(@ew < D > AL AL - Al wp(DPE i) oA (@)

01,82,
J=11<4 <ta < <i;<r

+ ) > AT AY - Al wp (DO f,AfL i, i (2))- (5)

=1 lgi,<i2<--~<i_,-$r

where
AMI: A;' I[ 16(i1,i2,“',ij);
! A} otherwise.
A, iy, (2) = bigl(Al(z), A5 (2), - -, A7 (2));

n e i Y
A[(:r.):{ Ap,(z) if L€ (iy,12,--,4;);

0, otherwise.
Aigi; (2) = (AT (2), A7 (), -+ AL (7)),

poergy = | ARG L (i),
(z) = Apx(l")’ otherwise.

Before to prove this theorem, We prove a theorem in connection with tensor product
of operators L;:

Theorem 3 Let [=1QL®---Q I,
L; : C¥(I;) — C* (1))

are continuous linear operators be given, and let Vg € C* j,:tj € I, the following inequality
holds

107 (g = Lig)@ )l < Aj(a")eops (D¥ 9, A5(e7)), 5= 1,21, (6)
where 87 < o/* = min(e?,a7);A;(z?) and A;(z’) are bounded function, then
IDP(f = Ly~ Ly+++ Lo f)(2)lloo

< Z Z Ai1‘4i2 A Aijwp(Dﬁ(il'i’z"“’i".)f’A:l.l'z."':‘.j)’ (7)

J=11<4<ip < <4, <r
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where
. . . 1 . _1 y . . - y -
ﬂ('l)'?)""'j):(lg )“')ﬂ” 1a”)ﬁ”+1)”')ﬂ|] l)a']:ﬂ11+l"'aﬂr))

A*(il)iZ)"' )ij) = (O,---,O,Ail(zi‘),O,---,O,A,-J.(zif),O,---,O).

Proof Because

D D O (8
i+1 1<#;<iz<<i < j—1

then the following identity is true:

r

Lle...Lr:Z(—l)j_l Z Lil@Li2®"'Li1"

j=1 ASi <ig<oij<r

Now we have
IDP(f = Lj- Ly~ L - f)(z)lloo

_ D Z':(_ly—l S (I-L,0L,® - &L,)f(3)]e

1<81<iz< - <iy<r

=l|ij(—1)f“ >  DU-L,eL,o - ®L,)D" (=)l

1<4; <ig << <r

P"lpl"z..-p"j (Dﬁ(il.iz,n.yii)f’ A*)

ST AN ) A A (e

J=11<4;<ia< < <r
r
frig, ;) £
<SI D AAn A (DR A (a)),
J=11<8<ip<-<i;<r

"

there ﬂ' = (O,---,O,ﬂ",O,---,O,ﬂi
then (7) will become

,0,---,0),8" = f— B In theorem 3, If 7 = o/ =0

)

I(f = L1+ Lz Lnf)(2)lleo < (1= (1= A7) )wp(f, A=), (9)

where A*(z) = max(Ai(z'), A2(z?), -+, Ar(2z7)), A(z) = (A1(2?), A2(2?), -+, Ar(z")).
Now we prove the theorem 2. Use again the identity (8),

U = My -My---M, — (M — L) - (Mg — Ls) - (M, — L,)
= My -My-M,—(I-L& & L,)

_+_Z(_1)J'—l Z (I—Ll@"'@A'{i,@"'@Mij@"‘@[/r)'

j=1 1<i < i <7

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



Therefore by Theorem 1 and 3.

IDP(f = U@ < IDP((1 = My~ Mz --- M) f) ()]
+5 % [|Df’((1—L1®---eaM.-1@---@M,-,.@---eeLr)f(z)l|

1=1 1Si1<---ij5r

r
< Z Z A:"IA:'; "'Ai'ljwp(Dﬂ(‘l.'z,---,.J_)f, A iz ;)

"y
j=1 15i1<i2<---<ij§r

+Z Z AV Ay - Alwy (D* f, A7 M (),

=1 15[‘1(!’2(---(!‘]'57'

where

AM = A;' if l e (1'1,1'2,...’,'].);
: A} otherwise,
Ar m(z) = (A A AT,
A"(:r‘) if 1€ (iy,12,--+,15);
Al hy _ ! ) _ly 2, y 4 )
(=) A otherwise.

3. Inverse Theorem

The inverse problem for univariate Blending-type approximation has been discussed
by C.Cottin [3], Now we discuss the higher-dimension case.

Theorem 4 Let Ln' C(I;) = C(I;),n’ € N7 be linear operators, and the following
conditions be hold: For all f € C(I;) and z; € I,

17(27) = (L5 (£) (@)oo < Ani(=),nj € N

imply ‘ _
wps (f567) < pj(2?)y (10)
then for any f € C(I) and z € I, the condition

I/ - (L@ Ly ® - & L) f)(z)lloo < H An,j

imply ]
wp(£38) < TL m5(=) (11)
i=1

Proof We assume without loss of generality that A, and p,(z’) are not equal to zero on
I;. Now let
() = U= 0= L) D eeny2).
' Ar(z!)Az(2?) - Ar (277)
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Obviously we have
I(Z = L&) ge) ()] < Ar(=")-
Then by assumption we can prove that, VA" < §", there holds

r

A,:)',h'f(zl) coy T, I")
pr(z")

(1= L)y (1= L) ) < Az Az (z?) -+ A (z"7).

Repeat this process r times, we obtained
1AL L f(2)] < pa(ah)pa(z?) - pe(2").

Because this inequality holds for all h < §, therefore we have

wp(f,8) < pa(z)pz(2®) - pr(2"),
which is just (11).
4. Application

As applications of theorem 1, we discuss first the piecewise pseudopolynomial function
space. Let I = [0,1],p; =1,2,3 or 4 and

Sa,, 1 CP(I)— C*(L) (j=1,2,3)

be the interpolation spline operators with respect to partition A, = {:z:g, z{, .-+, zl} and
satisfies condition

ky

1(f = Sa,;/) Yoo < Clpjokj) - 87wy, (£17);6),

where §; is the mesh gauge of Ap. (cf. [3]). Now we consider the linear operator Uy, :
CP(I*) > f — S(I*, Ay) as follows:

UAn = SI'A"I + Sy'A"2 + SZ.A,.:,
—(Sz,a., ©Sy,A,, + Sy A, ©S2a,., T Sza,, ©Sz.a,,)
+S:,A,‘l o SU.Ang o Sszna’

where I3 =TI x Ix I, A, = Ap, X Ap, X An,. by theorem 1, we have

Theorem 5 Let SA"J_(j = 1,2,3) and u be given above, then for any f € CP(I3).
IDX(f = Unu Nlleo < C(p, k)61~ ¥y (DF 1, 6).

where p = (p1,p2,p3), k = (k1,k2,k3),8 = (61,62,63),4 —p= (4 — p1,4 — p2,4 — p3).

Wang and Chui [8] have introduced the bivariate splines operator Vi, : C(Q) —
S} (Ap, n,) as follows:
Vm,n - Z f(Ij)yj),Bi,j(I7y)u

3,7
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and some error bounds have been obtained. Where 1 O R = I? is open set, the meaning
of Ay, n, and B; j(z,y) are referred to [8]. Using the symbol in (8] and note that 36,, n,

by na < V106, 5, and wr(f,6;, ,,) < 3w(f, L o n2) then we can rewrite the results in
8] as follows

1 1
Hf 1"2f“ < 12w(f ‘r; E))
1 1

”f Vm naf” < 36"1 n2 ma.xw(Daf, 2n1’ 2ng

).

Let Ty, be Schoenberg s variation diminishing quadratic spline operator with respect
to partition A, = {0, L Fv SRR ﬁi—;—l, 1}:

Zj41 T 2542
Ty, = Z f(‘li’i—iL)Nn,j(z),
7

where N; are normalized B-Spline (cf. [7]), then we have

1 2 1
1(f = Tne, N < 20(f, =), (S = T, @) < —w(f', =)
3 ns ns
Therefore, if we let
(Unf)(xinz) = (an,ng,z,y+Tn3,z _an)nZ)I yoTn;,;z)f(I y:z)
Zjs+1 1T Zja42
= Z f(ijy.‘iw ) 71,72 I y Z f L_“§J—+)N"3,j(z)
J1.J2,J3€22 js€Z
241+ Z542
- Z f(zjuyjz)-J—Jr—#)thz(z’y)st(Z)’

J1.J2.73€2°
where n = (n1,n3,n3). Then by the theorem 3 we have

Theorem 6 Let V,, ,, and V,, be given as above, then for any f(z,y,z) € C(I%),

1 1 1
1 = UnS)(@loo < 2400(f, = =5 ),
for any f € CY(I®)
6 1 1 1
I = Ul & G il D, 5=, 2, 1),
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