+ B2from (3 3) whereB: Sr, B2 Sk« By tr(AB)"= tr(A™™), we have tr(DB)" = tr
OB™). So,

trO'B)" = tr@®'™B1)
and

trO'B2)" = tr(D"BY).
Here

D=D"+ D',
correponding w ith the block of B. By the hypothesis,
DB:=BD',D'B2=BD"
W e haveDB=BD1, that iSAB=BA. O
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Abstract This article concerns a conjecture:
trAB)" < tr(A"™B™)

which wasput forward by Beliman R. W e prove it under the additional condition thatA S« andB
I W e al® investigate the casswhen A ,B are nonnegative
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1 Introduction

In [4], it isshown that if A,B Sk, we have
(foranym N): tr@B)" < tr(A™B") (11

for the caseof k= 2and k= 3forallm=1,2,3, . Wewill continue to use the nota-
tions described in [4] That is, S«(S«) denotes the set of all real symmetric definite
positivematrices of order k: k isany manber inN : |« denotes the set of all kX k sym-
metric idenpotent matrices tr (X ) denotes the trace of matrix X, and A’ for the
trangpose of matrix A. K- for 1,2, ,kfork N, whereN is the set of all the inte-
gers A>B (A=B)meansA- B S« A, andA ™"
submatrix of A and A “"

Ourmain result is
Theoran 1LetA Sk, B I« then (1 1) holdsfor allm= 1,2, 3,

W ew ill use the follow ing theorem 1' (theorem 1 in [4]) to prove some results
Theorem 1' SupposeA,B Sk, setA=UDU',D= diag(h, %, ,A) andB=UBU= (by).

H ere 0, ®n (A and brare def ined by

Dy (A) = Z(Aml+ B+ 4+ X)) /Mm-dade A,

bs = bilizbi2i3 bimil.

denotes the rth leading principal
, regectively.

ReceivedM ay. 5, 1994
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2 Main result

T he follow ing result is an mprotant proposition of definite positivematrices
Lenma 1L etA S“* thenA”">A "> O0forr Kandn N.

Proof For any real function f (A), given a real symmetricmatrix A, we define
fA)=UfO)U = U diag(f (&), ,f (A))U,
whereA=U'DU, U isareal orthogonalmatrix, D = diag(A, ,A), (A R, i K).

Thecasek= lor n= listrivial Now we consider k> 1 and n> 1 For any given r
1/n

K., if r=k, the result is mmediate If 1<r< k, we block A andA " asfollow s A

is defined as abovew henwe set f (A)= A”"):

Ar AIZ]
Al/n -

Ap A

A =

A (1/n) A %/n)]

A%

ALAY  R™ others are correpponding block matrices W e know that f (A) is a
monotone increasing function on S« in term sof [2], that is,
(foranyA, B Si):A>B -f@A)>f@B),
note thatA: S. By [2], we have
fA)=A> 0, saysA™=>=A" > oforr K,n N.

kx k

L enma 2 SupposeA,B S “and A =B, then
tra™ = tr@" (n= 1,2,3, ).
Proof By the positivity of A andB, we can set
oA) = {&x=Xx= = A} (&> 0),
0B) = {1 = w2 = = u} (u> 0).
Corollary 7.7 4in [3] tellsus A=ui> 0, i K. Therefore

AN=u'> 0, i Kforanyn N.

K K
So, tr(a")= Zi: 1?\iEZi: wi=tr@"). O
Lanma 3LetA Sk(K N), thentr@@7) < tr@@ ™) forallm and all r K. HereA:and A ™

are the rth principal main sulmatrices f A and A™, regpectively.
— 31 —
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Proof Note that for thecase r= korm= 1, it istrivial Now letm> 1and 1=r< k, and set F=

Fr Fo
F =
Fa F-
— Fr(lﬁﬂ)' Fr(lﬁn)

and F.=A™, alw A= F"" (defined as inL enma 1), thenwemay w rite A = is the

A" corregponding to (1 1), we have

rth principal main submatrix of F*™. If the result is not true, that is, trA ™)< tr(AT), then
tr(F) = tra@™) < tr@a”) = tr[ (F*™)"] (2 2
ByLenmal, 0< F* <FM whilewe have
0< tr{[F¥ 1"} < tr{ F¥™™} = tr(F.). (2 3)
From L anma 2, a contridiction
Now we complete thispart by theoren 1.
Theorem 1L etA Sk, B Ik then (1 1) holdsfor allm= 1,23,

Theoram 1 is mmediate from L enma 3
3 AboutN «

Now w e deal with the inequality (1 1) for nonnegativematrices W e have

kx k

Lenma4GivenA,B R, A>B isdédined asA- B N« (N «standsfor theset & all non-nega-
tivematrices o order K). ThenA,B,A- B N«foranyn N impliesA"™ B" N«
Proof For n= 1, it istrivial Now suppose it isvalid for n- 1, then from the formula

A"- B"=A@A"'-B"H)+ A-B)B"?

n

and the hypothesiswe know thatA"- B" N«
Nextwe useL eanma 4 to get Theoran 2

Theoram 2L etA ,B,AB- BA Nk, then

(foranym N): tr(AB)" < tr(A™8™). (31
Proof W e use induction onm to verify the inequality (AB)"<A™B". It istrivial form= 1 Now
suppose it holdsform- 1, then form, we have

A™"=A @A™ B™ B >A (AB)™ B. (32
From the hypothesis, AB>BA >0, and by Lenma 4, we get AB)™ *> BA)™ *, = (3 2) is
follow ed by

A™B"> A (AB)" B >ABA)" B = (AB)",
— 32 —
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that is,
A™"™> (AB)"
By the definition* > ", (3 1) isimmediate O
N extwe present some results related to [4]
Theorem 3L etA = diag(A, 2, ,A), B= (bj) Ny, then (1 1) holds M oreover, the equality in
(1 1) holds iff
(for any pair(i,j): 1<i,j <k): bjz 0> A= A (33

Proof SinceB is nonegative, we have b= 0 for any o (see [4]). By arithenatic-geometricmeans
we get: (forany ¢): &m() =0 So,

D @i (Nbr = Q
(2 1) is mmediate from Theorem 1 in [4].

Now we consider the case Zachr,m (M be= Q In this case @ (N b= 0 for all o= (i1, iz,
im). Suppose there exists a pair (i, j) in K.x K such that b;0, thenwe set ai= (i,j,j, .j)
whose first coordinate isi and theothersareall j. W e get ®wm () b= Q But b= b, '# Q So,
@m (A= 0, whereas

D () = UM[X+ m- DA]- A5 A4> 0,
from aritheanatic-geometric mean inequality w e get A= A.
Conversely, if we have
(forany pair(i,j):1<1i,j<k): bjZ 0~ A= A
Then bz 0-dym (A) = O for any possible ¢ So, we have &m (A) b= 0forany a That iszochr,m
(N b= Q From the proof of the above theorem, we get the equality of (1 1).

It is easy to see that (2 1) holdswhenA,B SkandB N«

Theoran 4  Suppose thatA ,B Sk, B described as the above is nonnegative T hen the equality o
(2 1) holds iff AB=BA.

Proof  The sufficiency isobvious Now we come to prove its necessity: A sB is non-negative,
we know the equality of (1 1) holds iff: (for any pair (i,j): 1<i, j<k): bjZ 0-A= A. (by
Theoren 3)

NextweproveAB =BA:

For k= 1, it istrivial Supposeit istruefor all thematricesof order lessthan k Then for k,
if for any pair (i,j):i# j,1<i,j<k, bj= O, that is, B isdiagnal, thenAB = BA is mmediate If
there existsapair (i, j): i# j, 1=<1i,j <k such that b;# 0, we have A= A. W ithout the lossof gen-
erality, we set

= k= = A, 1< r=k
If r=k, thenAB=BA. Now for r< k and &= %= = A% A+1(i= 1,2, ,k- r), wegetB=B:
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