
+ Bϖ2 from (3. 3) w here Bϖ1∈S r, Bϖ2∈S k- r. By tr (A B )m = tr (A m
B

m ) , w e have tr (D 1Bϖ) m = tr

(D m
1Bϖm ). So,

t r (D′Bϖ1) m = tr (D′mBϖm
1 )

and

tr (D″Bϖ2) m = tr (D″mBϖm
2 ).

H ere

D = D′+ D′,

co rresponding w ith the b lock of Bθ. By the hypo thesis,

D′Bϖ1 = Bϖ1D′,D″Bϖ2 = Bϖ2D″.

　　W e have D 1Bθ= BθD 1, tha t is AB = BA. □

References
[1 ] R. Bellm an, In trod uction to M atrix A na ly sis, M egraw 2H ill Book Company, N ew Yo rk, 1970.

[2 ] M an Kam Kw ong, S om e resu lts on m atrix m onotone f unctions, L inear A lg. A pp l. , 118 (1989) , 1292153.

[3 ] R. A. Ho rn & C. R. John son, M a trix A na ly sis, Cam b ridge U n iv. P ress, 1985, 46422471.

[4 ] Xu Changqin, B ellm an’s Inequa lity , L inear A lg. A pp l. , 229 (1995) , 9-4.

Bellman 不等式 ( II)

徐 常 青
(中国科技大学数学系, 合肥 230026)

摘　 要

本文考察不等式:

t r (A B ) m Φ t r (A mB m ) , m = 1, 2, 3,⋯,

其中A ,B 为 K 阶方阵. 证明了当A 正定B 对称幂等条件下上述不等式成立. 还考察了A ,B 为非负

矩阵时的情形.
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Bellman’s Inequa l ity ( II)
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X u Chang qing
(D ep t. of M ath. , U niv. of Science and Techno logy of Ch ina, H efei 230026)

Abstract Th is article concerns a con jectu re:

tr (A B ) m Φ tr (A m
B

m )

w h ich w as pu t fo rw ard by Bellm an R. W e p rove it under the additional condition that A ∈S k and B∈

I k. W e also investigate the case w hen A ,B are nonnegative.

Keywords defin ite po sitive m atrices, idempo ten t m atrices, trace.

Classif ication AM S (1991) 15A 15, 15A 42öCCL O 151. 21

1. In troduction

In [4 ], it is shown tha t if A ,B∈S k , we have

(fo r any m ∈N ) : t r (A B ) m Φ t r (A m
B

m ) (1. 1)

fo r the case of k= 2 and k= 3 fo r a ll m = 1, 2, 3,⋯. W e w ill con t inue to u se the no ta2
t ion s described in [4 ]. T ha t is, S k (S�k ) deno tes the set of a ll rea l symm etric defin ite

po sit ive m atrices of o rder k: k is any m em ber in N : I k deno tes the set of a ll k×k sym 2
m etric idem po ten t m atrices; t r (X ) deno tes the t race of m atrix X , and A

T
fo r the

t ran spo se of m atrix A . K fo r 1, 2,⋯, k fo r k∈N , w here N is the set of a ll the in te2
gers. A > B (A Ε B ) m ean s A - B∈S k. A r and A

(1ön)
deno tes the rth lead ing p rincipa l

subm atrix of A and A
(1ön)

, respect ively.

O u r m ain resu lt is

Theorem 1 L et A ∈S k , B ∈I k , then (1. 1) hold s f or a ll m = 1, 2, 3,⋯.

W e w ill u se the fo llow ing theo rem 1’ (theo rem 1 in [4 ]) to p rove som e resu lts.

Theorem 1’S upp ose A ,B ∈S k , set A = UDU
t,D = diag (Κ1, Κ2,⋯, Κk ) and B

�= U
t
B U = (bij ).

H ere Ρ, 5 Ρ,m (Κ) and bΡ a re d ef ined by

5 Ρ,m (Κ) = 6
Ρ

(Κm
i1 + Κm

i2 + ⋯ + Κm
im ) öm 2Κi1Κi2⋯Κim ,

bΡ = bi1 i2bi2 i3⋯bim i1.
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2. M a in result

T he fo llow ing resu lt is an im p ro tan t p ropo sit ion of defin ite po sit ive m atrices.

L emma 1 L et A ∈S
k×k , then A

1ön
r Ε A

(1ön)
r > 0 f or r∈K and n∈N .

Proof Fo r any rea l funct ion f (Κ) , g iven a rea l symm etric m atrix A , w e define

f (A ) = U
T
f (D )U = U

T diag (f (Κ1) ,⋯, f (Κk) )U ,

w here A = U
T
DU , U is a rea l o rthogonalm atrix, D = diag (Κ1,⋯, Κk) , (Κi∈R , i∈K ).

T he case k= 1 o r n= 1 is t rivia l. N ow w e con sider k> 1 and n> 1. Fo r any given r∈

K , if r= k , the resu lt is imm edia te; If 1Φ r< k , w e b lock A and A
1ön

as fo llow s (A
1ön

is defined as above w hen w e set f (Κ) = Κ1ön) :

A =
A r A

T
12

A 12 A
(c)
r

, A
1ön =

A
(1ön)

A
(1ön)
12

[A
(rn)
12 ]

T ★
,

A r, A
(1ön)
r ∈R

r×r, o thers are co rresponding b lock m atrices. W e know tha t f (Κ) is a

m ono tone increasing funct ion on S k in term s of [2 ], tha t is,

(fo r anyA ,B ∈ S k) : A > B → f (A ) > f (B ) ,

no te tha t A r∈S r. B y [2 ], w e have:

f (A r) Ε A
(1ön)
r > 0, says,A

1ön Ε A
(1ön)
r > 0 fo rr∈ K , n ∈N .

L emma 2 S upp ose A ,B ∈S
k×k

and A Ε B , then

t r (A n) Ε t r (B n) (n = 1, 2, 3,⋯).

Proof By the po sit ivity of A and B , w e can set

Ρ(A ) = {Κ1 Ε Κ2 Ε ⋯ Ε Κk } (Κk > 0) ,

Ρ(B ) = {Λ1 Ε Λ2 Ε ⋯ Ε Λk } (Λk > 0).

　　Co ro lla ry 7. 7. 4 in [3 ] tells u s: ΚiΕ Λi> 0, i∈K. T herefo re

Κn
i Ε Λn

i > 0, i∈ K f or any n ∈N .

So , t r (A n) = 6
K

i= 1ΚiΕ 6
K

i= 1Λn
i = tr (B n). □

L emma 3 L et A ∈S K (K∈N ) , then t r (A m
r ) Φ t r (A

(m )
r ) f or a ll m and a ll r∈K. H ere A r and A

(m )
r

a re the rth p rincip a l m a in subm a trices of A and A
m , resp ectively.
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Proof N o te tha t fo r the case r= k o r m = 1, it is t rivia l. N ow let m > 1 and 1Φ r< k , and set F =

A
m co rresponding to (1. 1) , w e have

F =
F r F 12

F 21 F c
r

and F r= A
(m )
r , a lso A = F

1öm (defined as in L emm a 1) , then w e m ay w rite A r= F
(1öm )
r , F

(1öm )
r is the

rth p rincipa l m ain subm atrix of F
1öm. If the resu lt is no t t rue, tha t is, t rA

(m )
r ) < tr (A m

r ) , then

tr (F r) = tr (A (m )
r ) < tr (A m

r ) = tr [ (F
(1öm )
r ) m ]. (2. 2)

By L emm a 1, 0< F
(1öm )
r Φ F

1öm
r , w h ile w e have

0 < tr{[F
(1öm )
r ]m } Φ t r{ (F 1öm

r )m } = tr (F r). (2. 3)

F rom L emm a 2, a con trid ict ion.

N ow w e com p lete th is part by theo rem 1:

Theorem 1 L et A ∈S k , B ∈I k , then (1. 1) hold s f or a ll m = 1, 2, 3,⋯.

T heo rem 1 is imm edia te from L emm a 3.

3. About N k

N ow w e deal w ith the inequality (1. 1) fo r nonnegat ive m atrices. W e have

L emma 4 G iven A ,B ∈R
k×k , A µ B is d ef ined as A - B ∈N k (N k stand s f or the set of a ll non2neg a2

tive m a trices of ord er K ). T hen A ,B ,A - B ∈N k f or any n∈N im p lies A
n- B

n∈N k.

Proof Fo r n= 1, it is t rivia l. N ow suppo se it is va lid fo r n- 1, then from the fo rm u la

A n - B n = A (A n- 1 - B n- 1) + (A - B )B n- 1

and the hypo thesis w e know tha t A
n- B

n∈N k.

N ex t w e u se L emm a 4 to get T heo rem 2.

Theorem 2 L et A ,B ,A B - B A ∈N k , then

(fo r any m ∈N ) : t r (A B ) m Φ t r (A mB m ). (3. 1)

Proof W e u se induct ion on m to verify the inequality (A B ) m ΦA
m
B

m. It is t rivia l fo r m = 1. N ow

suppo se it ho lds fo r m - 1, then fo r m , w e have:

A mB m = A (A m - 1B m - 1)B µ A (A B ) m - 1B . (3. 2)

F rom the hypo thesis, A B µ B A µ 0, and by L emm a 4, w e get (A B ) m - 1 µ (B A ) m - 1, so (3. 2) is

fo llow ed by

A mB m µ A (A B ) m - 1B µ A (B A ) m - 1B = (A B ) m ,
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tha t is,

A mB m µ (A B )m.

By the defin it ion“µ ”, (3. 1) is imm edia te. □

N ex t w e p resen t som e resu lts rela ted to [4 ].

Theorem 3 L et A = diag (Κ1, Κ2,⋯, Κk ) , Bϖ= (bij )∈N k , then (1. 1) hold s. M oreover, the equa lity in

(1. 1) hold s if f

(fo r any pa ir ( i, j ) : 1 Φ i, j Φ k ) : bλij ≠ 0→ Κi = Κj. (3. 3)

Proof Since Bθ is nonegat ive, w e have bθΡΕ 0 fo r any Ρ (see [4 ]). By arithem atic2geom etric m ean s

w e get: (fo r any Ρ′) : 5 Ρ,m (Κ) Ε 0. So ,

6
Ρ

5 Ρ,m (Κ) bλΡ Ε 0.

(2. 1) is imm edia te from T heo rem 1 in [4 ].

N ow w e con sider the case 6 Ρ5 Ρ,m (Κ) bλΡ= 0. In th is case 5 Ρ,m (Κ) bλΡ= 0 fo r a ll Ρ= ( i1, i2,⋯,

im ). Suppo se there ex ists a pa ir ( i, j ) in K ×K such tha t bλij 0, then w e set Ρ1 = ( i, j , j , ⋯, j )

w ho se first coo rd ina te is i and the o thers are a ll j. W e get 5 Ρ,m (Κ) bλΡ= 0. Bu t bλΡ= bλijbλm - 1
j j ≠ 0. So,

5 Ρ,m (Κ) = 0, w hereas

5 Ρ,m (Κ) = 1öm [Κm
1 + (m - 1) Κm

j ] - ΚiΚm - 1
j , Κi, Κj > 0,

from arithem atic2geom etric m ean inequality w e get Κi= Κj.

Conversely, if w e have:

(fo r any pair ( i, j ) : 1 Φ i, j Φ k ) : bλij ≠ 0→ Κi = Κj.

T hen bλΡ≠ 0→5 Ρ,m (Κ) = 0 fo r any po ssib le Ρ. So , w e have 5 Ρ,m (Κ) bλΡ= 0 fo r any Ρ. T ha t is 6 Ρ5 Ρ,m

(Κ) bλΡ= 0. F rom the p roof of the above theo rem , w e get the equality of (1. 1).

It is easy to see tha t (2. 1) ho lds w hen A ,B ∈S k and Bϖ∈N k.

Theorem 4 　 S upp ose tha t A ,B ∈S k ,Bϖ d escribed as the above is nonneg a tive. T hen the equa lity of

(2. 1) hold s if f A B = B A .

Proof 　 T he sufficiency is obviou s. N ow w e com e to p rove its necessity: A s Bϖ is non2negat ive,

w e know the equality of (1. 1) ho lds iff: (fo r any pair ( i, j ) : 1Φ i, j Φ k ) : bλij≠ 0→Κi = Κj. (by

T heo rem 3)

N ex t w e p rove A B = B A :

Fo r k= 1, it is t rivia l. Suppo se it is t rue fo r a ll the m atrices of o rder less than k. T hen fo r k ,

if fo r any pair ( i, j ) : i≠j , 1Φ i, j Φ k , bλij = 0, tha t is, B is d iagnal, then A B = B A is imm edia te. If

there ex ists a pa ir ( i, j ) : i≠j , 1Φ i, j Φ k such tha t bλij≠0, w e have Κi= Κj. W ithou t the lo ss of gen2
era lity, w e set

Κ1 = Κ2 = ⋯ = Κr, 1 < r Φ k.

If r= k , then A B = B A . N ow fo r r< k and Κ1= Κ2= ⋯= Κr≠Κr+ 1 ( i= 1, 2,⋯, k - r) , w e get Bϖ= Bϖ1
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