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Power Groupsand Order Relation s
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Abstract L etG be anon- monoidal group, E be anomal subsamigroup of G such that E>= E and
1s /E. Thenwe can define apartial order in G by setting E as the positive cone, and G becomes
apartially ordered group. Thenw e can study both the group G and pow er group NonGw ith identi-
ty E by the order. The structure of G is clear if the order ismaximal and the power group on G
can be expanded to be of quasi- quotient type if G is lattice ordered
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1 Introduction

L et G be an arbitrary group, all non- enpty subsetsof G form amonoid P (G) under the
subset multiplication A subgroup 'of P (G) iscalled apow er group onG, andG , the generat-
ing group of . IfN is anomal subgroup of G then G is a power group on G, whose ele-
ments are cosetsof N and multiplication can be done by their representatives, that isaN * N =
atN . Doesevery pow er group on G behave in thisway, or isit of quotient type? The anaver is
yes if G is a torsion group "*’But there exists another mprotant type of pow er groupsw hich is
notof quotient type: L et E be anon- empty subset of G satisfyingE = E*’= E. E= {ee |ei
E}, andH , asubgroup ofNc(E) = {g G |g' '‘Eg= E}, thenl= {hE |h H} isapower
group on Gw hich is not of quotient type if E isnot a subgroup of G. For example, replacingG
byQ® , themultiplicative group of positive rational numbers, andE by Z* , the set of all posi-
tive integers, we get apower group = {qZ" | Q'}, inwhichqz'* q2* = qqz’ , but
I is not of quotient type because its elenents are not cosetsof any subgroup of Q. How ever,
this nav type of pow er group s does not go much further than the quotient one- it *‘looks like"
guotient, o we call it quasi-quotient Of cause, apow er group of quotient type is als of quasi
- quotient type Thus comes another question: Is the type of every pow er group on G quasi-
quotient? The ansver isno in general Butwe have such a result in [7], that if the identity 1s
of G is contained in E , the identity of power group Ton G, then I isof quasi-quotient type
That makes the group theoretical property P worthw hile to study, where P is that every non-
enpty subset E of G satisfying E° = E containsls. A group G is called monoidal if it has the
property P. So the typeof every pow er group on amonoidal group is certainly quasi-quotient
U nfortunately, monoidality is a fairly restrictive property. It has been proved that in a quite

* Received Jun 25, 1994 Supported by the N ational N atural Science Foundation of China

— 513 —
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



large class of groups, monoidality is equivalent to being torsion- by- cyclic- by- finite
Even the group Z © Z isnotmonoidal [5] So there are plenty of groups such that some pow er
groupson w hich may not be of quasi- quotient type For example, letG = Z ® Z andA =

{(,y)|{ 2x+y>r,x,y Z, r R}. ThenT= {A.|r R} isapower group onGw ith
identity E = A onot containing (0, 0) and group operationA i+ A 2= A u+r,. Thispower group

NNonG= Z® Z isnot of quasi- quotient type since if r isan irrational number other thanm{ 2
+ n(m,n Z), thenA.can not be expressed in thefom A= (x.,y:) + Ewith (x,,y:) Z

@z = G. But enbeddingG inG= R OR, and settingA = {(x,y) C?H_Zx +y>or,r

R}, weget apower group ConGwhere'= {A:|r R} satisfyingA.= A, n G, T Tand
the typeof T isquasi- quotient Generally, letG be a subgroup of G, and T, T be pow er group
onG, G repectively, ifA—>A n G isan iomorphisn from T to T', then T is called an expan-
sion of I"'. Can any pow er group be expanded to be of quasi- quotient type? This isw hat the
paperw ill deal w ith

L etG not bemonoidal, E be a non- empty subset of G such that s /E, E*= E andG =

Nc(E) , thenG can bepartially ordered by definingP = {1s} E asitspositive cone In that
case, we can study both groupsG and I" by the order. A dopting the notation in [1], by po-
group, fo- group | - group andO - group wemean partially ordered, fully ordered, lattice-
ordered and fully orderable group regectively. L et I be a pow er group on Gw ith identity E ,
then every elanentA of Tammahasa low er bound inG (seeL enma 2). A nd if every elenent of
I'hasag | b inG, thenT isof quasi-quotient type (seeL anma3). So, if G can be enbedded
in acompletel -group G, thenI' can be expanded to be of quasi-quotient type However, an |
- group can be enbedded in a complete | -group if and only if it is A rchimedean, and an
A rchimedean group must beA belian *' Thus, thel - groupsw hich can be enbedded in a com-
plete | -group are very Imited But the completeness turns out to be unnecessary for pow er
group expansion since w e have proved in this paper that if G is an | -group, then any pow er
group T on G with identity E as the positive cone of G possesses an expansion " w hich is of
quasi-quotient type (Theorem 2). It hasal been abtained in thispaper that if the identity E is
maximal and nomal, then thepo-group G isdericted, and there existsa nomal subgroupN of
G such that GAN isan©O -group (Theorem 1), which yield mmediately a corollary that an a-
belian group isanO - group if and only if it is torsin-free

2 Partial ordersand power groups

In thispaper, we study only those pow er group sw hose identity does not contain the iden-
tity of its generating group.

L et T be apower group onG andE , the identity of I'. Sincels /E andE*= E, anorder
< in G can be defined by setting itspositiveconeP = {1} E, ie,a< bifandonlyifa ‘b

P, which iscalled order E ororderI'. Theorder is left iotone, i e , a< bmpliesca = cb
foranya,b,cinG. IfE isnomal inG, then theorder E isal® right isotone and G becomes a
po-group with order E. SinceE®’= E, foranye E thereexists€ E such thatle< € <
e, thusorderE isdense inG.
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Conversely, if G is an order dense po-group and E is the set of all strictly positive ele-
mentsof G, thenls /E andE’= E. So, there exists apower group on Gw ith identity E.
U pon the fact, w henever talking about pow er group on an order densepo- group, we aways
mean this kind of pow er group s throughout thispaper.

Let =<iand <:areordersin setG, thenorder =:iscalled an extension of order <:ifa<1ib
aways mpliesa <:bfor anya,b G. Obviously, any order is itsown extension, the trivial
extension A norder ismaximal if it hasonly the trivial extension

L anma 1 There exists amaximal order in a non- monoidal group anong the orders def ined by
pow er groups on it

Proof L et G be a non- monoidal group. Denote
S= {X SG|Lk /X, X*= X}
By Zorn' sL enma, there existsamaximal elenent E inS, which isdesired O

Theorem 1L etI"bea paver group onG such that theorder I ismaximal. LetN = {n G |nE =
En= E}, the representative set & the identity Ed I'. If G= Nc(E), then

(1) N coincidesw ith themaximal subgroup o G such thatN n E = f;

(2) N ismonoidal;

(3) G isadericted group;

(4 GAN isanO -group.

Proof (1) It isobviousthatN isa subgroup of GandN n E= @. L etK bea subgroup of G sat-
isfyingK n E = @. Since (KE)?= K’E’= KE andE S KE , itfollowsthatKE = Eor1s
KE by themaximality of E. If 1o = kewithk K ande E, thenk’'' K n E contrarying
toK n E= @. ThereforeKE= EandK SN .

(2) IfN possessesanon- enpty subset E: such thatEi= Eiand1s /E:1, thenE = E
E. al® has the property, a contradiction

(3) Letg Gbeafixed elanent Denote

T= gE 0< i<+ o),

thenT?’= T andE S T. Weclam thatg EE ‘whereE "= {€ '|le E}. Supposeit is
false, thengE isnota subsetof EandE# T , thatforcesls T by themaxmalityof E. Then
there exists a positive integer n such that 1c g"E. Sinceg"E= g"E*E, ©E S ¢g"E. Simi-
lary, there exists a positive integer k such that < g” “E forg"* /EE '. FromE S g"E , we
conclude that E = E¥< (g"E)*= g'nk}E andfronE < g “E, ES g “E, ©9g™E = E. But
1 g™E, that is mpossible

Therefore, g EE '= E 'Eforallg G. Aoording to Clifford ”'G is a dericted group.

(4 Foranyg G, n N,nE=g 'nge= g ‘(nE)g= g '‘Eg= E, N <G. And
the order induced inN is trivial by (1), sON is convex

— 515 —
© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



By factoring outN wecan assumeN = 1. Foranyg G, eithergE € Eorg 'E S E by
theproof of (3), i e, eitherg® L (E)org L (E)whereL (E) is the set of all lower
boundsof E. TakingL (E) ' to be the positive cone, wemakesG into an f o -group. O

A sacorollary, we can now easily obtain L evi's Theorem [4].

Corollary (Levl) An abelian group isanO - group if and only if it is torsion-f ree

Proof L et G be a torsion- free abelian group. If G ismonoidal, then, by [5], G Z, anfo-
group. W hileG is non- monoidal, letN , E be defined as in Theoren 1 Now GA isanO -
group andN ismonoidal, thereforeN Zor{1s} , which result in thatG isalso anO -group,
because the classof O - groups isclosedw ith regect to forming extension O

Lenma 2L etI bea paver group onG, then every elenent & I hasa lav er bound inGw ith re-
gect to the order T".

Proof LetA T, andA "betheinverseofA inT, thenA"A = E. Takinganelenenta’ A"
,wegetaA CA"A = E, ie,A c (a') 'E. Therefore (a') ' < aforalla A, thus

A" tcL@). O

Lenma 3LetI"beapover group onG, thenT isd quasi-quotient type if each elanent o I has
ag L b inG. Thiscondition is also necessary w hen G isan | -group w ith respect to order T".

Proof LetA T, anda  isag lhb ofA, thenA ca'E. ByLeanma2, A") ‘SL @A), o
a’ = (a') 'foralla’ A" Therefore(a’)”* LA™ and(a”")"'E 2 A", that mpliesa’E
CA. Nowa E= A anda’ isa representative ofA .
lfGisanl- group andA = a'E, thena” L (A)anda" ¢ L(A)foranyc L A)
Supposea” c> a , thena” ¢ a E=A, ©9A nL (A)# @ Butthatismpossible
becauseA = AE , whichmeans that there isno minimal elenent inA . Hencea® c¢= a  and
a isag lhb ofA.

3 Expansion of power groups

ByLenma 3, if G isacompletel -group, then every pow er group on G isof quasi-quotient
type Therefore, if apo-group can be enbedded in a completel -group, then the pow er group
on it can be expanded to be of quasi-quotient type But, actually, the completenessisnot nec-
essary by the follow ing

Theorem 2L etI bea paver group onG and G be an | -group w ith repect to order I' , thenT" ex-
pands toa pover group d quasi- quotient type

Proof L et G be an order- densel -group. A non-empty subsetX of G such thatU (X) # @aso-
ciatesw ith a subsetX “ LU (X ) , whereU (X ) andL (X ) are the setsof upper and low er bounds
in G of X regectively. It iseasy to check the follow ing properties

(1) x ex*,

(2 &) =x",

(3 X S Y impliesx” < Y*.
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L et
M= {X"|d#z X =G, UX) =z @
and define a composition * inM as
X# xy# = (X#Y#)#,
whereX*Y* isthe setof allxywithx X*,y Y*. Applying (1)- (3), one can check that
M isacomplete| monoidw ith identity 1& = LU (1s) and set inclusion as its partial order.
L et G denote the subgroup ofM consisted of all its units and define
®g-g” = LU (9)
forg G, then @isan o-monomorphisn from G toM , and G is the Dedekind extension of

L et E, E be the setsof all strictly positive elanentsof G, G regectively. SinceG isorder-
dense, E°’= E and ®(E) * ®(E) = P(E). Clam G isalo order-dense, i e, E*E = E. In
fact, if X* D 18 , thereexistsx X" suchthatx 1s. Now 18 C {x 1) = {x,1L}" C
X" and{x 1.)* @DE), DE= ®E)*ECS E*E.

L et I be apower group on Gw ith identity E , for eachA I" assign an

A= ®dpA)*E={a" *Xx"[a A, x* EL
Since ®(E) € E and PA) = ®AE) = dQA) * P(E) , weget DA) = ®G) n A. Thus,
A—A isan imormphisn fromTtoT= {A |]A T}, and T isan expansion of T.

W e need to prove that " isof quasi- quotien type It is sufficient to show that every ele-
mentof Thasag | b inGbyL enma3 BecauseA = ®(A) * E, whatwe really need to show
isthat ®(A) hasag | b inGforanyA T.

ByLemmal L@A)# gL @A))" M. Ifa A, thena UL (), that mpliesa’
=L@ 2LUL@A)= L @A), therefore L (A))" isa lower bound of @A) inM . On the
other hand, ifX* < a* holdsforalla A and smeX® M , ©doesx < aforallx X",
a A, henceX” =L (A). Now weoonclude thatX” = X*)* = L (A))*, oL A))" isa
glb of®A) inM .

This last step isto show L A))" G. ByLenma2, A" ‘csL @A), o L @A))"*
CA™M* 2L@) LA™ 2 @A™ ' A= (A * A" = E ', therefore
CAN* L@ = (C@anN* = eLc@m”* 2 (EH* = 1£. On the other hand,
LA A™ L @A™ =L (E)= 1% mpliesthatL (A)* * L @AM = CLA)*LAM)"
(1) = 18. Thus, L A ™" istheinverseof L A))* and L (A))* G, theresultfollows

O

Now, every elanentA of T can be expressed in theform A = (L (A))" * E. Expecially, if
A=aE, thenL@A))" = a" andA = a" *E.
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