Journal of Mathematical Research & Exposition
Vol.19, No.1. 65-73. February, 1999

The Nonstandard Representation of Optimal Stopping of a
Class of Right Continuous Processes on Loeb Spaces *

Lw Puyin Jin Zhiming
(Dept. of System Engineering and Math.,
National University of Defence Technology, Changsha 410073)

Abstract In the paper,we obtain the SRC lifting of a right continuous, left upper
semi-continuous random process on a Loeb space.And show the existence of S-optimal
stopping of an internal process,construct the S-optimal stopping. Finally we prove the
fact that the standard part of the S-optimal stopping of a SRC lifting is the optimal
stopping of the corresponding standard process,which generalizes the conclusions in 8]
on a Loeb space.
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1. Introduction

In [8],Thompson showed the existence of the optimal stopping of the random process
that is right continuous and quasi-left upper semi-continuous.And Xianlg], Jin{19 solved
many related problems.However,it is very troublesome and inconvenient in practice to
check whether the conditions pointed by them hold.In the paper,we generalize the conclu-
sions in [8-10] with the assumptions that the random process defined on a Loeb probability
space is right continuous and left upper semi- continuous.Obviously our conditions are more
applicable and easier to verify.

It is well known that the optimal stopping problem of discrete time was well solved,and
the optimal stopping was constructed by the backward induction method. Can we extend
the methods and the results in the discrete time case to the continuous time one? Nonstan-
dard probability theory,developed by Anderson (3, Loeb!! Hoover and Perkins!® Keisler(®
provides an efficient tool for solving the problem.However,apart from Dalang*¥l,we have
so far found little information for studying the optimal stopping problems via nonstandard
analysis method.

The following are the main conclusions of the paper.We give the lifting of a class of
right continuous processes,which generalizes the results in Hoover and Perkins(®). And with
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the hyperfinite backward induction method,we construct the optimal stoppings of right
continuous and left upper semi-continuous processes via the standard part mappings of
the S-optimal stoppings of internal processes. This generalizes the conclusions in [8-10].
Assume we study the problems in an w;—saturation enlargement of a superstruc-
ture V(S),where S contains the real number set R.And Ry = {z € R|z > 0},R; =
R, U{co},N denotes the set of all natural numbers,Ng = N|J{0}.(?,B, P) is a *—finite
probability spacel?~4 whose Loeb space is (Q, L(B), L(P)).For convenience we denote L(P)
by P, L(B) by F. E denotes the internal expectation with respect to P.Let n € "N\ N,and
o = 7!, At = 1/n9.The *—finite set T = {k - At|0 < k < 52}.We may obtain by [5]
that T is a S-densely x—finite subset of *Ry i.e., {%|t € ns(T)} = R;,and T contains all
nonnegative rational numbers.For the other notions and notations refer to [5].

2. SRC lifting

Corresponding to the right continuous,left upper semi-continuous functions,we intro-
duce the following definition.

Definition 2.1 Let the internal mapping F : T — "R, 9F(t)| < +oo for all t € ns(T).If
foreacht € Ry, s,t,,t, € T satisfying s ~t; ~t,~t,s <tandt<t;t<t,, we have

°F(s) < °F(th), F(t1) = F(ts)-

F is called the class SRC on T.

If X : TxQ — *R is an internal process,and X (-, w) is the class SRC on T for
a.aw € Q,then X is called the class SRC on T

RLL denotes the set of all right continuous,left upper semi-continuous processes on
R+.

Definition 2.2 Suppose the process ¢ = {z;|t € Ry} € RLL,the internal process X :-
T x Q — *R.For a.a.w € Q,the following

(i) Foreacht € ns(T),t > %t = °X(t,w) = z( %, w);

(ii) For eacht € ns(T), ¢t >t = °X(t,w) < z( %, w)
hold.X is called SRC lifting of z.

Obviously,if X is the SRC lifting of the process z, X is the class SRC on T'.

Let {B:|t € T} be the internal filtration in (92, B, P), i.e.the internally nondecreasing
collection of internal sub-algebra of B. For each t € R ,we write

Fi = ( n (T(Bg))VN,

teT, %>t

where A means the class of P—null sets in F.We call {F;|t € Ry} the standard part
of {By|t € T}.It is easy to show that {F;|t € Ry} is right continuously nondecreasing
collection of o—algebras. For each t € R, let

= H{o(L(By) uN)It € T,t =~ t}.

In [3],it was shown that {H,|t € Ry} is right continuously nondecreasing collection of
o—algebras.By the definitions of F; and H;,we may prove the following
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Proposition 2.1 For arbitrary t € R, we have
(1) Ht ftv
(ii) VA € Fithere aret € T : t ~ t and B € By,such that P(A A B) = 0, where

AL B=(A\B)U(B\A).

Henceforth we assume that the filtration {F;|t € Ry} is the standard part of the
internal filtration {B|t € T} Let @+ = {rn|n € N} be the set of all rational numbers in
R, .Fort e "R, put

[t]F = min{s > t|s € T}, min® = max 7.

Lemma 2.1 Suppose z = {z:|t € Ry} is Fy—adapted process, then there are a v €
"N\ N,and a process Z : Q4+ x & — *R,such that for each r € Q4,Z(r) is B[r+1_]r
5
measurably iternal r.v.,°Z(r) = z(r) a.s..
Suppose Z : @4 X @ — "R is the process obtained in Lemma 2.1.Fix arbitrarily a
m € N,then for each n € N,t € T "0, m],put

m 1 m2"—-1 k+1
X6 = Loy 200 ) + 25 Ly tgger®) - 2(5530)
1

¢

where 4 stands for the characteristic function.By Lemma 2.1,we obtain for a.a.w € §} and
each n € N that

m2" -1
. k+1
X' () = Lo, 1) (2) - )+ Z Lo wyor(®) - 2(50)-

Lemma 2.2 Let z = {24|t € R} be a F;—adapted process, ¢ € RLL.Then for each
m € N,there are an internal process X,, : T\ *[0,m] — *R,and a positive infinitesimal
A, ,such that the following hold: '

(i) For eacht € T\ *{0,m]), X;n(t) is a By a,, )7 measurably internal r.v.;

(ii) There is a Q9 C Q : P(Q) = 1,such that Yw € Qo,t € T 0, m] 4 <t =
Kpn(t,w) = 2(tw); >t = Xn(t,w) <2(%w).

Theorem 2.1 Suppose z = {z;:|t € R.} is F;—adapted process, ¢ € RLL.Then there
are a S-densely *—finite subset Ty C T,an internal process X : Ty x Q@ — *R,such that X
is the SRC lifting of z.Moreover there is an internal filtration {4t € To},such that X is
A, —adapted,and {F|t € R} is the standard part of {A;]t € To}.

Proof By Lemma 2.2,given arbitrarily m € N there is an internal process X,,, : T'( {0, m]
— "R.We may assume that (ii) in Lemma 2.2 holds for each w € Q.Extend {X,,|m € N}
and {A,,|m € N} respectively to "N. By w;— saturation,there is a w € "N\ N, such that
A, :0 < A, = 0,and for each ¢t € T {0,w], X]*(t) is a Bpyya jr measurably internal
rv.Put X = X,,To = TN {0,w],A = A,. For each t € Tp,let Ay = By, ojr-Now the
conclusion follows from X, Ty, A and {A;|t € Tp}.
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After modifying the proof of Theorem 2.1 slightly,we can prove the following theorem.

Theorem 2.2 Assume that z = {z|t € R.} is a right continuously F;—adapted pro-
cess.Then there are a S-densely x—finite subset T’ C T,an internal process X' : T' x § —
*R,and an internal filtration {Aj|t € T'},such that

(i) X'is A,—adapted; )

(ii) For a.aw € Q,and each t € ns(T"), t <t = °X'(t,w) = z( ¢, w);

(iii) {F:|t € R} is the standard part of { A}t € T'}.

3. The properties of SRC lifting

SR stands for the set of all the internal functions F : "R, —— R with following
conditions:

(i) For each t € ns(R), 4F(t)] < +o0;

(ii) Vt € Ry the limits limsc «r, )¢ °F(2) exists.

If 7' C T is a S-densely *—finite subset of *R,, SR also denotes the set of all the
restrictions of the elements in SR to T'If F : T — "R and F € SR,we set st(F)(t) =
limger, o ¢ °F(t) for each t € Ry .

Theorem 3.1 Suppose F : T — "R is an internal function,then F € SR if and only if
the following hold:

(i) Ift € ns(T), F(t)| < +oo;

(ii) For eacht € Ry thereisat € T : t ~ t,such that for s € T,if s > t and s ~ t,we
have F(s) = F(t).

Proof Necessity: Let F' € SR,(i) is trivial.Given arbitrarily ¢ € R since limyer o)¢ °F(t)
exists,we obtain that for arbitrary ¢ € Ry : ¢ # O,there is a § € Ry ,such that

Vs1,8 €T,0< % — 1< 8,0< %y —t< 8= |F(s;)— °F(sy)| <e.

By saturation,there is a H € *N \ N,such that if put ¢ = [t + %]T,then t ~ t.Moreover
Vs € T:s >t and s ~ t,we have F(s) = F(t),which implies F € SR.

Sufficiency is easy by wj —saturation.

It is obvious that if F € SR,st(F) is right continuous.Let X : ' x @ — R be an
internal process,if for a.a.w € Q, X(-,w) € SR,we define st(X)(¢t,w) fort € Ry, w € Q as
follows:
st(X(-,w))(t), X(,w)e SR,

0, otherwise.

st(X)(t,w) = { (1)

Theorem 3.2 Assume that X : T x Q@ — *R is the SRC lifting of 2 € RLL, then
st(X)(t,w) = 2(¢t,w) for allt € Ry and a.a.w € Q. -

Proof Since X is SRC lifting of z, st(X) is well defined.By Definition 2.2 and (1),we
obtain for a.a.w €  and all t € R the following

st(X)(t,w) = °X(t,w)= lim °X(r,w)= lim =z(r,w)=2z(t,w)

lim t
teT, %t r€Qy4.rit TEQ 4t



hold, which implies the theorem.
Theorem 3.2 has the following version for adapted processes.

Theorem 3.3 Suppose the internal process X : T x @ — "R is By—adapted,and X is
SRC lifting of z € RLL then z is 7;— adapted process.

Proof It suffices to prove z(t) is F; measurable for each t € Ry .Since for a.aw €
D, z(t,w) = limyer, o4):°X (¢, w), so Vs € R4 15 > tif s €T and °s = 5,°X(s) is H, mea-
surable.Consequently, °X(t) is H, measurable for each t € T that satisfies t < ¢ < s.Thus
the limit limyeT o) °X (t) is H, measurable, i.e., z(t) is H, measurable. Therefore z(t) is
Ns>t Hs = H; measurable.F; = H; implies the theorem.

. Recall that U : @ — T is an internal stopping time with respect to the internal
filtration {By|t € T} if {U < t} € By for each t € T.

Theorem 3.4 Let Ty C T be a S-densely internal subset, {B;|t € T1} be an internal
filtration with the standard part {F;|t € Ry}.Then we have

(i) The mapping u : @ — Ry is F,—stopping time if and only if there is an internal
B;—stopping time U : Q@ — Ty,such that U = u a.s.;

(ii) If X : T x @ — "R is SRC lifting of z ¢ RLL,then for arbitrary F;—stopping
time u,there are an internal B,—stopping time V,and a P—null set ' C Q,such that

Vw e Q\ @, V(w) = w(w),and Vt € T,t = u(w),t > V(w) = °X(t,w) = z(u(w),w).
Moreover if u is a constant,V may be chosen to be a constant.

Proof (i) is trivial by Theorem 4.7 in [5].It suffices to prove (ii).By Theorem 3.2,z(t,w) =
st(X)(t,w) for a.a.w € Q and each t € Ry.Let U : § — T; be an internal B;—stopping
time,°U = u a.s.,and Y be a lifting of z(u),then

%Y = z(u) = st(X)(u) = stX(°U) ass.

Hence for a.aw € Q, Y (w) = limyer o) ay(w) X (t),which implies there is a sequence
{on|n € N} C Ry ,such that for each n € N,0 < 0, < %,moreover

o 1 1
P({w]| sup (1Y (w) = X (¢, w)]) > =< =
EET' UU(w)< %t S OU(w)+0n n n
By saturation,there is a § € T,such that § ~ 0 and for each n € N,
P(lwl  max  (IY(w)- X(tw))2 =)< -
teT U(w)+8<t <U(w)+on - ~n n’
Put
Q' = {v| sup (Y (w) — X(t,w)]) > 0}.

t€TU(w)+6 <txU (w)

Thus P(Q') = 0. For w € Q,set

V(w) = min{s € Ti|s > U(w) + ¢}, min @ = maxT;.
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Then V satisfies the needs of the theorem.
4. Applications to optimal stopping problems

Suppose X : T x Q2 — R is an internal process.Since T is a x—finite set,we may study
the optimal stopping problem about X with the elementary methods.And the optimal
stopping problem of the corresponding standard process may be solved.

Definition 4.1 Let z = {z:|t € Ry} € RLL,and the following conditions hold:

(i) E(supser, |2:})< +o0;

(ii) z is F;—adapted process;

(iii) There is a sequence {sy|n € N} C Ry : sp < $pq1 (n € N),lim,_ 4 2(s,) =
lim;_, 4 0 2(t) a.s..

L,,(R4,F;) denotes the set of all processes in RLL that satisfy above (i)(ii) and (iii). We
let Lspe(T, By) denote the set of all internal process X : T x @ — "R with the following
conditions:

(i) There is a S-integrably internal r.v.Y,such that V¢ € Y,|X(t,w)| < Y(w)P.a.s,;

(ii) X is the class SRC on T,and B,—adapted;

(iii) There are a S-integrably internal r.v.X,,and a subset {s;,s,,...,5,,} CT, (7' €
*N'\ N),such that

Vn=12,.,7"~1,s, < $,41,and %, = +o0 <=>n € "N\ N,n < 7,
Vt € T\ ns(T),Yn € "N\ N,n < n, °X(t) < KXo, °X(s,) = X as.
Lemma 4.1 The processz € L,,(R,,F:) if and only if there are a S-densely *—finite sub-

set Ty C T,an internal filtration {A|t € T1},and an internal process X € Lsrc(T1, A;),such
that X is SRC lifting of z,and {F;|t € R} is the standard part of {A.|t € T1}.

Remark 4.1 Ifz = {z;|t € Ry} and X = {X;|t € T1} satisfy the conditions of lemma
4.1,we have lim;_, ;o 2; = °X a.s., where X, satisfies (iii) in Definition 4.1.
For convenience,we may from now on assume z,, = Et_,+oozt a.s.,and the SRC lifting
X of z belong to Lsprc(T, B) for each z € L.,(R4, Ft).

Theorem 4.1 Let z € L, ,(Ry,F:) and X € Lsrc(T,B:) be the SRC lifting of z,V be
an internal By—stopping time.Then °X (V) < z(°V')a.s.,where z(c0) = Zo.

Proof we may assume that (i)(ii) in Definition 2.2,(ii)(iii) and (iii)’ in Definition 4.1 hold
for each w € Q.Therefore if V(w) < +o00,we have

V(w) < V(w) = X(V(w),w) = 2(V(w),w);
V(w) > V(w) = °X(V(w),w) < z(V(w),w).

If V(w) = +oo0, °X(V(w),w) < °Xoo(w) = 2o(w).Thus °X (V') < z( V') which completes
the proof.
Let D denote the set of all internal B;—stopping times,i.e.,

D ={V :Q — T|V is an internal B; — stopping time}.
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Obviously D is a x—finite set.C denotes the set of all F;— stopping times,i.e.,
C ={u:Q — Ry|uis a F; — stopping time}.

For ¢ € L,,(Ry,F:),set vy = sup,cc{Ez(7)}If there is a 7/ € C, E2(7') = v;,then 7’ is
called optimal stopping of z.

Definition 4.2 Suppose X € Lspc(T,B;),and set Vx = maxyep{EX(U)}.If there is a
U’ € D,such that Vx = EX(U’),U’ is called S-optimal stopping of X.

Theorem 4.2 Assume that z € L, ,(R.,F%;),X € Lspc(T,B:) and X is the SRC lifting
of z If V € D is the S-optimal stopping of X ,then V' € C is the optimal stopping of .

Proof It follows from Theorem 3.4 that °V € C.We set 13 = °V and assume that 7
isn't the optimal stopping of z,then there is a 77 € C,such that Fz(ry) < Ez(7;).Theorem
3.4 implies that there is a lifting U; € D of 7 ,such that °X(U;) = z(m) a.s..By the
S-integrability of X and Theorem 4.1,we obtain

EX(U1) = Ez(ry) > Ez(n) > E(V(V)) = EX(V).

Thus °EX(U;) > °EX (V) implies EX(U;) > EX(V), which contradicts the assumption
that V is the S-optimal stopping of X. Hence V is the optimal stopping of z.

By Theorem 4.2,to find the optimal stopping of ¢ € L,,(R,F),it suffices to find the
S-optimal stopping of the SRC lifting X € Lsrc(T,B;) of z.We write T = {t,,t;,...,t,}
and assume ¢, < t; < - < t,,where y € "N\ N.For ¢t € T, set

Dy ={VeDV >t} (2)
Obviously,D; is a *—finite subset of D.Let

T, = max (B(X(V)IB)}. (3)

The following result is similar to one in the classical optimal stopping problem [1].

Theorem 4.3 Suppose X € Lsrc(T,By),then for each n € *N,n < v,the following
Ly = X,, Ty, = max(X,, BT, ,|8,)} (n < 7)P as. ()

hold.
We’ll construct a S-optimal stopping of an internal process X € Lsrc(T, B:) by the
hyperfinite backward induction.

Theorem 4.4 Let X € Lspc(T,B:),and for eachn € *N,n < v,set
Uy, =min{s € T|s > t,,X, >T,}, minf =¢,.
Then Uy € D, , E(X(Uén)]BE") =Ty P.as,and Ely = maxyep, {EX(U)}.

Proof If n = v,the conclusions are trivial. Assume that the theorem holds respectively for
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n=7v-1,..,k. Then whenn = k-1,U;,_ € Dy_,.Let V' = max{U;,  ,t;},then V' € Dy,.
Since Ty, = E(X(Uy,)|B,) P.as.so if setting A = {X (1) > E(Ty, |Be,_,)},we have by

the assumption of induction the following
E(Ix- X(Uy,_,))= E(Iana, - X(tk-1))+E(Lanaz - X (V"))
hold for arbitrary A € By,  .And
E(Ia-X(Uy,_,))= E(lana, - Te,_ )+E(Lanag - BTy, 1By, )= E(I4 Ty, ).

Therefore E(X (U, _,)|Be,_,) = Tt,_, P. as.,which is the case when n = k — 1.1t is easy
to show that E(T ) = maxyep, {EX(U)}.
The following result follows from Theorem 4.2 and Theorem 4.4.

Corollary 4.1 Suppose z € L,,(Ry,F:),X € Lsrc(T,B) is SRC lifting of z let
V = minft € T|X(2) > T}

then °V is the optimal stopping of z.

Remark 4.2 Ifz € L,,(Ry,F:), X is an internal process that satisfies st(X) = z a.s.,but
X isn’t the SRC lifting of z, then Theorem 4.2 and Corollary 4.1 are false.

Example Let (Q,B,P) be a x—finite probability space,no € *N \ N, = n, At = n% ~

(|
0,T ={k-Atlke N,0<k<m}Wedefine X :Tx— Randz:R; xQ — Ras
follows:

0, 0<t<1l-—mo-At,
0, 0<t<1,
2, l-m-At<t<1,
X(t,w) = e(t,w) =1 3, 1<t<2,
Lo1<i<y, :
1, 2<t< 4o
1, 2<t<n3,

Then z € L, (R4, Ft),and st(X)(¢) = z(t),but X is not the SRC lifting of z,where F; =
F,By = BHenceift € {1-ny-At,1)(\T,V = tis the S-optimal stopping of X,but V =1
is not the optimal stopping of z.The optimal stopping of z is v =t (t > 2).
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