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Abstract: In th is paper w e generalize the theo ry of local duality and discuss the homo logical dim ension

of modu les of fin ite length.
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1. Prel im inar ies on loca l dua l ity

　　L et (R ,M ) be a comm u ta t ive loca l N oetherian ring w ith un ique m ax im al idea lM and A

an R 2m odu le of fin ite leng th. L et k = R öM and deno te by E the in ject ive hu ll of k . T hen the

loca l dua lity (a lso ca lled M atlis dua lity) ofA is defined to beD (A ) = Hom R (A , E ) . T he fo l2
low ing resu lts a re w ell2know n:

　　1) T he functo rD (2) = Hom R (2, E ) defines a duality betw een the ca tego ry of m odu les of

fin ite leng th and itself. T h is m ean s tha t if the leng th of A is f in ite then so is D (A ) , and

there is a na tu ra l isom o rph ism betw een A and D (D (A ) ) .

　　2) Βi (D (A ) ) = Λi (A ) fo r a ll i Ε 0 , w here Βi (D (A ) ) deno tes the i 2th Bet t i num ber of

D (A ) and Λi (A ) deno tes the i 2th Bass num ber of A .

　　Fo r a fin itely genera ted m odu le A over the loca l N oetherian ring R , the p ro ject ive and

in ject ive d im en sion of A can be given by the Bet t i and Bass num bers:

p ro j. d im (A ) = sup { iûΒi (A ) ≠ 0}, in j. d im (A ) = sup { iûΛi (A ) ≠ 0}.

2. Genera l dua l ity

　　 In the fo llow ing R deno tes a comm u ta t ive N oetherian ring w ith iden t ity. Befo re p roceed2
ing w e need som e lemm as.
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L emma 1 L et A ≠ 0 be an R 2m od u le. T hen the leng th L R (A )〈∞ if and on ly if Supp (A ) Α
M ax (R ) , Supp (A ) is a f in ite set, and L RM

(A M )〈∞ f or a ll M ∈ Supp (A ) .

Proof Suppo se first tha t L R (A )〈∞. If P ∈A ss (A ) , then R öP (→A ) has fin ite leng th, and

thu s P is a m ax im al idea l. M o reover, since A ss (A ) Α Supp (A ) and since the set of m in im al

elem en ts of A ss (A ) and of Supp (A ) co incide [1, T heo rem 6. 5 ], w e m u st have A ss (A ) =

Supp (A ) . T hu s Supp (A ) Α M ax (R ) and Supp (A ) is a fin ite set. C learly, w e have

L RM
(A M )〈∞ fo r a llM ∈ Supp (A ) .

　　Conversely, let A
(1) Β A

(2) Β ⋯ be a descending chain of subm odu les of A . Since

L RM
(A M )〈∞ fo r a llM ∈ Supp (A ) and since Supp (A ) is f in ite, there is an in teger s Ε 1 such

tha t A
(s)

M = A
(s+ j )

M fo r a llM ∈ Supp (A ) and a ll j Ε 1. Bu t Supp (A ( i) ) Α Supp (A ) fo r a ll i , it

is clear tha t (A (s) öA
(s+ j ) )M = 0 fo r a llM ∈M ax (R ) , and thu sA

(s) = A
(s+ j ) fo r a ll j Ε 1. Sim 2

ila rly, A sa t isf ies the ascending chain condit ion, so L R (A )〈∞.

L emma 2　 L et M , P ∈M ax (R ). T hen

E R (R öM ) P ≌
E RM

(R M öM R M ) , if M = P ,

0, 　 　　　　 if M ≠ P ,

and

Hom R (R öM , E R (R öP ) ) ≌
R öM , if M = P ,

0, 　 if M ≠ P ,

w here E R (A ) is the injective hu ll of the R 2m od u le A .

Proof T he first assert ion is a con sequence of [1, T heo rem 18. 4 (v) , (vi) ].

N ex t, let 0 ≠ f ∈Hom R (R öM , E R (R öM ) ) . T hen Im f ∩R öM ≠ 0 and so Im f Β R öM ,

since R öM is a sim p le R 2m odu le. Bu t Im f , a s a non2zero im age of a sim p le m odu le, m u st be

sim p le, it fo llow s tha t Im f = R öM . T hu s

Hom R (R öM , E R (R öM ) ) ≌Hom R (R öM , R öM ) ≌ R öM .

　　N ow suppo se tha t M ≠ P . T hen fo r a ll Q ∈ M ax (R ) , either (R öM )Q = 0 o r

E R (R öP ) Q = 0 by the first part of the lemm a. So , fo r a llQ ∈M ax (R ) ,

Hom R (R öM , E R (R öP ) )Q ≌Hom RQ
( (R öM ) Q , E R (R öP ) Q ) = 0,

and thu s Hom R (R öM , E R (R öP ) ) = 0.

　　F rom now on, letA ≠0 be an R 2m odu le of fin ite leng th. T hu s Supp (A ) is a fin ite set by

L emm a 1. If Supp (A ) = {M 1, ⋯,M n} , set Aϖ = E R (R öM 1) © ⋯ © E R (R öM n) , and define

D (A ) = Hom R (A ,Aϖ) . Fu rtherm o re, deno te by D i the loca l dua lity over R M i
, nam ely, D i =

Hom RM i
(2, E RM i

(R M i
öM iR M i

) ) .

L emma 3 D (A )M i
≌D i (A M i

) f or 1 Φ i Φ n and Supp (D (A ) ) = Supp (A ) .

Proof T he isom o rph ism s D (A )M i
≌ D i (A M i

) fo llow from L emm a 2. C learly, w e have

Supp (D (A ) ) Α Supp (A ) . O n the o ther hand, D (A )M i
≌ D i (A M i

) ≠ 0. H ence Supp

(D (A ) ) = Supp (A ) .
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Theorem 4 L et assum p tions and nota tion be as above. T hen

(1) L R (D (A ) )〈∞ and D (D (A ) ) ≌ A .

(2) F or a ll j Ε 0 and 1 Φ i Φ n , Βj (D (A )M i
) = Λj (A M i

) .

Proof (1) L R (D (A ) )〈∞ fo llow s from L emm as 1 and 3. W e nex t show , u sing induct ion on

L R (A ) , tha t the eva lua t ion m ap f A : A → Hom R (Hom R (A ,Aϖ) ,Aϖ) (= D (D (A ) ) ) is an iso2
m o rph ism. If L R (A ) = 1 , w e m ay assum e tha t A = R öM 1 , and w e haveD (R öM 1) ≌R öM 1

by L emm a 2. So , D (D (A ) ) ≌D (A ) ≌A . It is easily checked tha t f A is no t zero , and thu s

an isom o rph ism.

If A has length m 〉1 , w e can find a sho rt exact sequence 0 →A ′→A →A ″→ 0 w ith A ′

≌ R öM 1 (since A ss (A ) = Supp (A ) as seen in the p roof of L emm a 1). So the length of A ″is

m - 1. Since Aϖ is in ject ive, w e get an exact sequence

0 →Hom R (A ″,Aϖ) →Hom R (A ,Aϖ) →Hom R (A ′,Aϖ) → 0.

w e now show tha t Hom R (A ′,Aϖ) ≌ D (A ′) and Hom R (A ″,Aϖ) ≌ D (A ″) . W e first have

Hom R (A ′,Aϖ) = © n
i= 1Hom R (A ′, E R (R öM i) ) ≌Hom R (A ′, E R (R öM 1) ) ≌D (A ′) by L emm a 2.

N ex t, it is clear tha t {M 2, ⋯,M n} Α Supp (A ″) Α Supp (A ) . If Supp (A ″) = Supp (A ) , then

Hom R (A ″, Aϖ) = D (A ″) . If Supp (A ″) = {M 2, ⋯,M n} , then fo r a llQ ∈M ax (R ) , Hom R (A ″,

E R (R öM 1) )Q ≌Hom RQ
(A ″Q , E R (R öM 1) Q ) = 0 by L emm a 2, and thu s

Hom R (A ″, E R (R öM 1) ) = 0.

So Hom R (A ″,Aϖ) ≌Hom R (A ″, E R (R öM 1) ) © D (A ″) ≌ D (A ″) . It fo llow s tha t w e have the

exact sequence 0 →D (A ″) →D (A ) →D (A ′) → 0.

A pp lying Hom R (- ,Aϖ) aga in, w e get a comm u ta t ive d iagram

0 - → A ′ - → A - → A ″ - → 0

f A ′↓ f A ↓ ↓f A ″

0 - → D (D (A ′) ) - → D (D (A ) ) - → D (D (A ″) ) - → 0

show ing tha t f A is an isom o rph ism , since bo th f A ′and f A ″are isom o rph ism s by induct ion.

(2) U se L emm a 3 and the loca l dua lity.

3. Hom olog ica l d im en sion

Theorem 5 L et A ≠0 be an R 2m od u le of f in ite leng th. T hen in j. d im (A ) = p ro j. d im (D (A ) ).

Proof If R is loca l, then

in j. d im (A ) = sup { iûΛi (A ) ≠ 0} = sup { iûΒi (D (A ) ) ≠ 0} = p ro j. d im (D (A ) ).

In the genera l case, by L emm a 3 and T heo rem 4 (2) , w e have

　　　　　in j. d im (A ) = sup
1Φ iΦ n

{in j. d im (A M i
) } = sup

1Φ iΦ n
{p ro j. d im (D i (A M i

) ) }

= sup
1Φ iΦ n

{p ro j. d im (D (A ) M i) } = p ro j. d im (D (A ) ).
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　　F rom T heo rem 5 w e get the fo llow ing in terest ing

Corollary 6 L et R be an A rtin ian ring w ith J its J acobson rad ica l. T hen in j. d im (R ) = p ro j.

d im (E R (R öJ ) ) .

Proof L etM ax (R ) = {M 1, ⋯,M n}. T hen

D (R ) = Hom R (R , Rϖ) ≌Rϖ = ©
n

i= 1
E R (R öM i) ≌ E R (©

n

i= 1
R öM i) ≌ E R (R öJ ).

By T heo rem 5 the resu lt fo llow s.

In [ 3 ] and [ 4 ] it is show n tha t p ro j. d im (B ) = in j. d im (B ) fo r a ll sim p le m odu les B .

T h is can be recovered by u sing T heo rem 5, since such m odu les are self2dual by L emm a 2.

F ind ing fin itely genera ted m odu lesB w ith the p roperty tha t p ro j. d im (B ) = in j. d im (B ) is an

in terest ing equest ion. In [5 ] it is show n tha t if (R ,M ) is a loca l ring andB is a fin itely gener2
a ted R 2m odu le w ith a sim p le m odu le as its d irect summ and, then p ro j. d im (B ) = in j. d im

(B ). Bu t th is is obviou s from the facts tha t p ro j. d im (R öM ) = in j. d im (R öM ) = g lob. d im

( R ) , p ro j. d im (C © D ) = m ax{p ro j. d im (C) , p ro j. d im (D ) } and in j. d im (C © D ) = m ax{ in j.

d im (C ) , in j. d im (D ) } fo r a ll R 2m odu les C and D .

W e now give a class of m odu lesB w ith the p roperty tha t p ro j. d im (B ) = in j. d im (B ).

Corollary 7 L et A ≠0 be an R 2m od u le of f in ite leng th. T hen p ro j. d im (A ©D (A ) ) = in j. d im

(A ©D (A ) ).

Proof Since D (A © D (A ) ) ≌A © D (A ) , by T heo rem 5 the resu lt fo llow s.
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长度有限的模的对偶
揣　建　军

(河北大学数学系, 保定071002)

摘　要

　　本文推广了局部对偶理论并讨论了长度为有限的模的同调维数.
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