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1. Introduction

A Lie algebra is called complete Lie algebra if its centre is zero and its all derivations are
inner. A complete Lie algebra is called simple complete Lie algebra if it has no non-trivial
complete ideals.

Let £ be a finite-dimensional Lie algebra over complex field C. Then £ has the Levi
decomposition:

L=S+R,

where S is a maximal semisimple Lie subalgebra of £, called a Levi subalgebra of £; R is
the maximal solvable ideal of £, called the radical of £. The ideal N' = [£,R] is called
the nilpotent radical of L.

Since S is semisimple, R can be viewed as S-module. Let R,, be the direct sum of
non-trivial irreducible submodules, R the direct sum of one dimensional submodules. [1]
proved that if £ is a complete Lie algebra with commutative nilpotent radical, then £ is
a direct sum of two complete ideals:

L =(S+ C(Ro) + Ru) ® Cr,(Ra)

and

Cro(Ra) = {z € Roladx(R,) = 0}
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is a direct sum of 2-dimensional complete ideals. [2] proved that R, can be decomposed
into direct sum of irreducible submodules V;,V;, -, V,, such that

C(Ro) = CL + CL + -+ + CL,, adLly, = 6jid,i,5 = 1,2,---,m.

Therefore if £ is a solvable complete Lie algebra with commutative nilpotent radical, then
L is simple complete if and only if £ is a 2-dimensional complete Lie algebra. In this case,
the automorphism group of £ is isomorphic to the matrix group

1

Therefore throught out the paper we assume that £ is a finite-dimensional non-solvable
simple complete Lie algebra with commutative nilpotent radical over C, Sy is a Levi sub-

algebra of £ and S is simple.

aj,as € C,as 75 O}

2. The automorphism group Autl of £

We know every finite-dimensional Sy-module is a highest weight module, so we can
assume that

moony moor

L=8+Y Y CL+ 33 vy, (1)

i=1j=1 i=1j=1
where V;;(j = 1,2,---,n;) are irreducible highest weight modules with highest weight
Ai,t=1,2,---,m, and
[S, Li;] = 0,[Viy, Viu] = 0, (2)

a'dIiJ"Vk[ = (5,;;\,5ﬂid,j - 1,-'-,Tl,j,i = 1,-~,m,l: 1,--',k,j,k = 1,2,-",’!71. (3)
It is clear that the nilpotent radical of £ is M = 3272, 3771, Vi, the radical of L is

moong moony

R= 33 Chi+ 30V

1=1j5=1 i=1j=1

Lemma 11 Let G, be a subgroup of AutL gererated by {expadx|z € N'}. Let S; be
any Levi subalgebra of L. Then there exists o € G such that a8, = S;.

Lemma 28 Let IntS, be the inner automorphism group of S, generated by {expadx|z €

So is ad-nilpotent}, Ty, the graph-automorphism group of Sy. Then AutSy is the semidirect
product of IntSy and T'y.

Set
Go = {0 € Autl|o|s, = id}, (4)
m Ty mo Ty
W = {Z Z CL; + Z Z Cu;;|v;; is a highest weight vector of V;;
=1 j=1 i=15=1
associated with highest weight \;}, (5)
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1

Wi = {3 aijvijlaij € C}i=1,2,---,m, (6)

Jj=1
No = {0’|W10’ € G()} (7)

Lemma 3 Let 0 € Go and V), C N be the weight vector space associated with weight A.
Then oVy C V) and eW; C W;,i = 1,2,---,m.

Proof Since o|s, = id, for any z € S,v € N we have

olz,v] = [z,0v0]. (8)
It is easy to prove the lemma by (8). O
Lemmmna 4 The group Gy is isomorphic to Ny.

Proof Define f : Gy — Ny by 0 — olw. It is clear that f is a homomorphic mapping.
Let 01,02 € Gg be such that o1|w = o2|w. Then

o1(vij) = o2(vij), 5 =1,---,n;,i =1,---,m.
As V;; is a highest weight module, for any v € V;;, v has the following form:
v = [101, [102, e [sz,,vi;j] .. .]’

where 21,25, -, 2, € Sp. By o1ls, = 02|s, = id, we have

o1v = (21, [z, -, [2n, 010] -], o02v = [&1, ][22, [@n,020] - -]
Therefore oyv = g9v. O
Lemma 5 Let 0 € Gy. Then

ols, = id, 0l = L, ovia = cavii, k= 1,2, ,ni,i = 1,---,m, (9)

0’([:131, Tt [mnv'vik] e D = [21’ [Ig, Tty [mN70vik] c ']? (10)

where 11,1, - ,i,; is a range of 1,2,--- ,n;, ¢, € C* = C\{0}, 21,21, --,2,, € So,n € Z
and n > 1.

Proof By the fact that [S,, [;;] = 0, we have
0'[5'(),[1',:/‘] = [S(),O'Iij] = 0. (11)

Since 0f;; C R and Vi;{j = 1,---,n;,¢ = 1,---,m) are non-trivial irreducible Sy-modules,
by (11) we have

m Ty
O'I,j‘.,' Q Z Z C_[,'_j.
=1 j=1
By the fact that cW; C W;(i = 1,2,---,m) we know that ol;; C 317, Cly, = U,.
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Let A; = (a(“))“ , be the matrix of oy, relative to the base {I;;, iz, -+, lin;} of
U;,B; = (bLil))k‘l:1 the matrix of o|w, relative to the base {v;1,via, -, vin, } of W;. Since
(Lik, vij] = bpjvij, 0L, vij] = [0k, ovij],

we have

)E22++a(1)E X .)Bi, ]: 1,2,"'7ni’ (12)

] gy T

BiEj; = (a{] Bu1 + o
where E;; denotes the n; X n; matrix which is 1 in the j,j entry and 0 everywhere else.

As ¢ € Autl, A; and B; are reversible matrices. Therefore Ej; is similar to >} | a(kiJ)Ekk,

so there exists only one non-zero element in {aYJ ,azjj), e ”'J} Assume that ai) is non-

zero, then a( Do By (12) we can deduce that only b is non-zero in {by;,b2;, -+, bn;;}.
Therefore (9 ) is true.

Theorem 1 Gy consists of the transformations of L satisfing (9) and (10).
Proof Let oy be a transformation of W such that
U()(Iik) = Iiik;UU(llil\t) = CirViiy, k= 11 27 et ,niai = 17 27 cer, M,

where 41,12, --,%,, is a range of 1,2, -+, n;,¢c;x € C* = C\{0}. It is clear that oq is an
automorphism of Lie subalgebra W of £. Extend o to the transformation o of £ by

UlW = 00, U|S() = ldv U([Il, [IZ, Y [zna vik] v ]) = [zly [12’ T, [m‘lly Ul)vik] v '];

where T1,22, -, 2, € Sy. Since V;1,Viz, -+, Vi, are isomorphic each other, it is easy to
prove that ¢ € Autf. By Lemma 4 and Lemma 5 the Theorem holds. O

Theorem 2 If 5, is not A;(I > 1), D;(I > 4) or Eg, then Autl = (IntL)Gy, where IntL
is the inner automorphism group of L generated by {expadx|z € L is adnilpotent}.

Proof Let o € Autl. Then 08, is a Levi subalgebra of £. By Lemma 1, there exists
oy € IntL such that ¢Sy = 0(Sy. Therefore 00"1(7|‘<;0 € AutS,. By Lemma 2, o;'0ls, €
IntSy, so there exists 7 € IntL such that 7|s, = 00—10|50. Therefore T‘la'(;"lcr € Gy. We
deduce that ¢ € (Int£)Gy. On the other hand, we know that (Int£)G, C Autf. The
theorem holds. O

Lemma 6 Let G be a Cartan subalgebra of Sy,AY = {af,--+,a)/} the simple coroot
system of Sy, Ty a graph-automorphism of 8,. Let iij € G be such that

pij(ar) = X(ro(e NG = 1,2, ,niyi = 1,2,--- ,mk = 1,---,n).
Then Ty can be extended to an automorphism of L if and only if
{pijli = 1,2, nii= 1,2, ,m} = {d; = \ilj = 1,2, ,my, 0 = 1,2, - ,m}.
Proof Let {e;, fi[i = 1,2,---,n} be the Chevalley generators of S;. Assume that
o(a)) = a,k=1,2,---,n
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If 75 can be extended to an automorphism 7 of £, then rv;; is a highest weight vector
associated with highest weight u;;. So

{wijli=1,2,---,n;,i=1,2,- - m}={; =Nl =1,2,---,n;,i = 1,2,--- ,m}.

Inversely, assume that {p;;]7 = 1,2,---,n;,i = 1,2,---,m} = {A;; = M|7 = 1,2, ,ny, 4
1,2,---,m}. Then'for any module Vj, there is a responding highest weight module V;,;,
in {V;;l=1,2,---,n;,i = 1,2,--- ,m} asscciated with highest weight ui; = A;,;,. Define

Tls, = 70, T(Vkt) = Vigiy,
T([-’l?]_, [22) Tty [zs’vkl] o ]) = [Tﬂmlv [T012’ T [T()Cl?s.,T'Ukl} tC ']3T(Ikl) = Iikip
where 21,23, -, 2, € Sp. It is easy to prove that 7 € AutL. O

Theorem 3 If Sy is Ay(l > 1), D;(I > 4) or Eg. Then

(1) Autl = (IntL)Golo, Ty consists of the automorphisms of L introduced in the
proof of Lemma 6.

(2) (IntL)Gy is a normal subgroup of AutL and if Sy is Ai(l > 1), Di(l > 4) or Eg,
then [AutL : (IntL)Gy) < 2, if Sy is Dy, then [AutL : (IntL)Gy) < 6.
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