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1. In troduction
In th is paper, a ll the funct ion s w e con sider are suppo sed to be analyt ic in the open un it d isk

D ∶ûz û < 1. L et

M p (r, f ) = ( 1
2Π∫

2Π

0
û f (reiΗ) û p dΗ

1öp

, 0 < p < ∞;

M ∞ (r, f ) = m ax
0Φ Η< 2Π

û f (reiΗ) û;

H p = {f ∶‖f ‖H p = sup
0Φ r< 1

M p (r, f ) < ∞}, 0 < p Φ ∞;

G p = f ∶‖f ‖Gp = ∫
1

0
M p

1 (r, f ′) d r
1öp

< ∞ , 0 < p < ∞;

and

A p = f ∶‖f ‖A p =
1
Π∫∫D

û f (z ) û p dx dy
1öp

< ∞ , 0 < p < ∞.

A s it is w ell know n, f ∈A p if and on ly if∫
1

0
M p

p (r, f ) d r < ∞; m o reover, H p , G p and A p are a ll F2

spaces. W e deno te by (A ,B ) the space of the m u lt ip liers from A to B . T ha t is (A ,B ) =
{g∶f 3 g ∈B ,w henever f ∈A } , w here f 3 g is H adam ard p roduct of f and g . L et C deno te a
po sit ive con stan t depending on ly on the ind ices p , q,. . . . It m ay differ a t d ifferen t occu rences even
in the sam e fo rm u la. [x ] is the m ax im um in teger no t exceed ing x .
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　　T he coefficien t m u lt ip liers ofA p and H p in to A q, H q and G q ( 0 < p Φ 1 Φ q < ∞ ) have been

stud ied in [1 ], [ 2 ] and [3 ]. In th is paper, w e give som e co rresponding resu lts fo r 0 < p Φ q Φ
1.

2. M ultipl iers of A p

L emma 2. 1　If 0 < p < ∞ , then f ∈A p
if and on ly if f or any q and Κw ith p Φ q Φ Κ< ∞,

∫
1

0
(1 - r) ΚΑ- 1M Κ

q (r, f ) d r < ∞, (2. 1)

w here Α= 2öp - 1öq.

Proof　 If f ∈A p , then

∫
1

0
M p

p (r, f ) d r < ∞, (2. 2)

and
M p (r, f ) Φ C (1 - r) - 1öp , 　M ∞ (r, f ) Φ C (1 - r) - 2öp.

H ence

∫
1

0
(1 - r) ΚΑ- 1M Κ

q (r, f ) d r = ∫
1

0
(1 - r) ΚΑ- 1 1

2Π∫
2Π

0
û f (reiΗ) û q- p û f (reiΗ) û p

Κöq

d r

Φ∫
1

0
(1 - r) ΚΑ- 1 [M ∞ (r, f ) ] (q- p ) Κöq [M p

p (r, f ) ]Κöq- 1M p
p (r, f ) d r

Φ C∫
1

0
M p

p (r, f ) d r < ∞.

Conversely, if (2. 1) ho lds, let t ing Κ= q = p , w e ob ta in (2. 2). T h is im p lies f ∈A p .

Theorem 2. 2　S upp ose 0 < p Φ q Φ 1 and m = [2öp ] . T hen
(1)　 (A p , G q) = {g∶M 1 (r, g

(m ) ) = O (1 - r) 2öp - 1öq- m } ;
(2)　 (A p ,A q) = {g∶M q (r, g

(m ) ) = O (1 - r) 2öp - 1öq- m - 1}.

Proof　 (1) Suppo se f ∈A p , g ∈ {g∶M 1 (r, g
(m ) ) = O (1 - r) 2öp - 1öq- m }. L et h = f 3 g , then

h (Θ2z ) =
1

2Π∫
2Π

0
f (Θ2eit) g (z e- it) d t, 　 0 < Θ< 1.

D ifferen t ia t ion w ith respect to z gives

Θ2m h
(m ) (Θ2z ) =

1
2Π∫

2Π

0
f (Θ2eit) g

(m ) (z e- it) e- im td t.

H ence

Θ2mM 1 (Θ2 r, h
(m ) ) Φ M 1 (Θ2, f )M 1 (r, g

(m ) ) Φ C (1 - Θ) 1- 1öq M q (Θ, f )M 1 (r, g
(m ) ) ,

w here T heo rem 5. 9 in [4 ] has been u sed. T ak ing Θ= r, w e have

r2m q (1 - r) (m - 1) q M q
1 (r3, h

(m ) ) Φ C (1 - r) q (2öp - 1öq) - 1 M q
q (r, f ).
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It fo llow s from L emm a 2. 1 tha t∫
1

0
(1 - r) (m - 1) qM q

1 (r, h
(m ) ) d r < ∞. Bu t by successive app lica t ion s

of L emm a of [5 ], th is im p lies h ∈G q. T hu s

{g∶M 1 (r, g
(m ) ) = O (1 - r) 2öp - 1öq- m } < (A p , G q).

　　Conversely, if g ∈ (A p , G q) , f ∈A p , then by the co lsed graph theo rem , T ∶f → f 3 g is a

bounded linear opera ter. L et f (z ) = m ! zm (1 - z ) - m - 1, and ob serve tha t

h (z ) = f 3 g (z ) = zm g
(m ) (z ). (2. 3)

N ow set f Θ(z ) = f (Θz ) , h Θ(z ) = h (Θz ) , w here 0 < Θ< 1. O bviou sly, f Θ∈A p , Fu rtherm o re,

since 2öp < m + 1, w e have

M p
p (r, f Θ) Φ C (1 - rΘ) 1- (m + 1) p ,

and

‖f Θ‖A p = ∫
1

0
2rM p

p (r, f Θ) d r
1öp

Φ C (1 - Θ) 2öp - (m + 1).

By the bounded p roperty of T , w e have

‖hΘ‖Gq Φ ‖T ‖‖f Θ‖A p Φ C (1 - Θ) 2öq- (m + 1).

Bu t

‖hΘ‖Gq Ε ∫
1

Θ
M q

1 (r, h′Θ) d r
1öq

Ε M 1 (Θ, h′Θ) (1 - Θ) 1öq.

T herefo reM 1 (Θ, h′Θ) = O (1 - Θ) 2öp - 1öq- m - 1 . It fo llow s from T heo rem 5. 5 of [4 ] tha tM 1 (Θ2, h ) =

M 1 (Θ, h Θ) = O (1 - Θ) 2öp - 1öq- m. Set t ing Θ2 = r and com b in ing w ith (2. 3) w e ob ta inM 1 (r, g
(m ) ) =

O (1 - r) 2öp - 1öq- m . T hu s

(A p , G q) < {g∶M 1 (r, g
(m ) ) = O (1 - r) 2öp - 1öq- m }. (2. 4)

　　 (2)　Suppo se f ∈A p , g ∈ {g∶M q (r, g
(m ) ) = O (1 - r) 2öp - 1öq- m - 1}. If h = f 3 g , then

h (Θ3z ) =
1

2Π∫
2Π

0
f (Θ2eit) g (Θz e- it) d t, 　 0 < Θ< 1.

D ifferen t ia t ion w ith respect to z gives u s tha t

Θ2m h
(m ) (Θ3z ) =

1
2Π∫

2Π

0
f (Θ2eit) g

(m ) (Θz e- it) e- im td t.

N ow set Θ= r to conclude tha t

r2m h
(m ) (r4eiΗ) =

1
2Π∫

2Π

0
f (r2eit) g

(m ) (r2ei (Η- t) ) e- im td t.
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L et G (z ) = 6
∞

0 g ne- i (n- m ) Ηz n , w here g n is T aylo r coefficien t of g . O bviou sly, fo r arb it ra ry Η∈

[0, 2Π], G (z ) is ana lyt ic in D . H ence, so is G
(m ) (z ) , and G

(m ) (r2eit) = g
(m ) (r2ei (Η- t) ). L et F (z ) =

f (z )G
(m ) (z ). T hen F (z ) is ana ltyic in D . By T heo rem 5. 9 in [4 ], w e have

r2m ûh
(m ) (r4eiΗ) û Φ M 1 (r2, F ) Φ C (1 - r) 1- 1öqM q (r, F )

= C (1 - r) 1- 1öq 1
2Π∫

2Π

0
û f (reit) û qûg

(m ) (rei (Η- t) ) û qd t
1öq

.

H ence

　　　　　 r2m qM q
q (r4, h

(m ) ) Φ C (1 - r) q- 1M q
q (r, f )M q

q (r, g
(m ) )

Φ C (1 - r) q (2öp - 1öq) - 1- m qM q
q (r, f ).

It fo llow s from L emm a 2. 1 tha t∫
1

0
(1 - r) m qM q

q (r, g
(m ) ) d r < ∞. Bu t by successive app lica t ion s of

L emm a of [5 ], th is im p lies h ∈A q.

Conversely, an argum en t sim ila r to tha t u sed in p roof of (2. 4) now leads to tha t
(A p ,A q) < {g∶M q (r, g

(m ) ) = O (1 - r) 2öp - 1öq- m - 1}.

Corollary 2. 3　If 0 < p Φ q Φ 1, f ∈A p , then its f ractiona l in teg ra l f [Β] ∈G q , w here Β = 2öp

- 1öq.

Proof　L et

g (z ) = 6
∞

n= 1

n!
# (n + 1 + Β) z n.

T hen

g (z ) =
1

# (Β)∫
1

0
(1 - Θ) Β- 1 (1 - Θz ) - 1dΘ,

M 1 (r, g
(m ) ) Φ C∫

1

0
(1 - Θ) Β- 1 (1 - Θr) - m d ΘΦ C (1 - r) 2öp - 1öq- m.

By T heo rem 2. 2 (1) , f [Β] = f 3 g ∈G q.

Theorem 2. 4　S upp ose 0 < p Φ q Φ 1,m = [2öp ]. T hen

(A p , H q) = {g∶M q (r, g
(m ) ) = O (1 - r) 2öp - m - 1}.

　　O u r p roof w ill m ake u se of the fo llow ing lemm a.

L emma 2. 5　S upp ose 0 < q Φ 1. If∫
1

0
(1 - r) q- 1 M q

q (r, f ′) d r < ∞, then f ∈H q.

Proof of L emma 2. 5　W ithou t lo ss of genera lity, w e m ay assum e f (0) = 0. so tha t

f (z ) = ∫
1

0
f ′( tz ) z d t.
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L et tn = 1 - 2- n , n = 0, 1, 2. . . . T hen

û f (reiΗ) û Φ 6
∞

n= 1∫
tn

tn- 1

û f ′( treiΗ) ûd t Φ 6
∞

n= 1
2- nF (rtn , Η) ,

w here F (rtn , Η) = m axΘΦ rtnû f ′(ΘeiΗ) û. By T heo rem 32 (2) of [6 ],

M q
q (r, f ) Φ C6

∞

n= 1

2- nqM q
q (rtn , f ′).

Bu t

　　　　　∞ > ∫
1

0
(1 - t) q- 1M q

q ( t, f ′) d t Ε 6
∞

n= 1 ∫
tn+ 1

tn

(1 - t) q- 1M q
q (rt, f ′) d t

Ε q- 1 (1 - 2- q) 6
∞

n= 1
2- nqM q

q (rtn , f ′).

T hu s f ∈H q.

Proof of Theorem 2. 4　 If f ∈A p , g ∈ {g∶M q (r, g
(m ) ) = O (1 - r) 2öp - m - 1, h = f 3 g , then

r2m qM q
q (r4, h

(m ) ) Φ C (1 - r) q (2öp - 1öq) - 1- m q+ 1M q
q (r, f ).

H ence

∫
1

0
(1 - r)m q- 1M q

q (r, h
(m ) ) d r < ∞,∫

1

0
(1 - r) q- 1M q

q (r, h′) d r < ∞.

It fo llow s L emm a 2. 5 tha t h ∈H q.

See the p roof of (2. 4) fo r the converse.

3. M ultipl iers of H p

Theorem 3. 1　S upp ose 0 < p < q Φ 1,m = [1öp ]. T hen

(1)　 (H p , H q) = {g∶M q (r, g
(m ) ) = O (1 - r) 1öp - m - 1};

(2)　 (H p ,A q) = {g∶M q (r, g
(m ) ) = O (1 - r) 1öp - 1öq- m - 1};

(3)　 (H p , G q) = {g∶M 1 (r, g
(m ) ) = O (1 - r) 1öp - 1öq- m.

Proof　 (1) If f ∈H p , g ∈ {g∶M q (r, g
(m ) ) = O (1 - r) 1öp - m - 1}, h = f 3 g , then

r2m q (1 - r) m q- 1M q
q (r4, h

(m ) ) Φ C (1 - r) q (1öp - 1öq) - 1M q
q (r, f ).

It fo llow s from T heo rem 5. 11 of [ 4 ] tha t∫
1

0
(1 - r) m q- 1M q

q (r, h
(m ) ) d r < ∞. H ence∫

1

0
(1 -

r) q- 1M q
q (r, h′) d r < ∞. T h is im p lies h ∈H q .

Conversely, by the m ethod sim ila r to tha t u sed in the p roof of (2. 4) , w e can p rove the de2
sired conclu sion.

(2)　Suppo se f ∈H p , g ∈ {g∶M q (r, g
(m ) ) = O (1 - r) 1öp - 1öq- m - 1}, h = f 3 g. T hen

r2m qM q
q (r4, h

(m ) ) Φ C (1 - r) - m q+ q (1öp - 1öq) - 1M q
q (r. f ).
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By T heo rem 5. 11 of [4 ],∫
1

0
(1 - r) m qM q

q (r, h
(m ) ) d r < ∞. T h is im p liers h ∈A q .

See the p roof of (2. 4) fo r the converse
(3)　A n argum en t sim ila r to tha t u sed in the p roof of T heo rem 2. 2 (1) leads to the desired

conclu sion.
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A p 和H p 空间的乘子

岳 修 魁
(菏泽教育学院数学系, 山东 274016)

摘　要

给出了关于A p 和H p 空间系数乘子的一些结果.
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