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Abstract: Under some conditions on probability, we discuss the results in [1] for the
part » > 1, which Yangl! had not solved, such that the convergence rates are solved
thoroughly in this case. Obviously, our conditions are weaker than Yang’s corresponding
moment conditions. Meanwhile, Banach spaces of type p(1 < p < 2) are characterized.
For 0 < ¢t < 1, we prove that the corresponding results hold for independent random
elements in any Banach space. As application we give the corresponding results for
randomly indexed partial sums.
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1. Introduction

Let B be a real separable Banach space with norm || - || and {X,;,n > 1} a sequence of
B-valued independent random elements and put S, = Y., X;,n > 1.

Banach space B is called space of type p (1 < p < 2) if for any zero mean B-valued
independent random element sequence {X,,n > 1}, there exists C = Cp > 0 such that

E| Y X <CY E|X:|P,n > 1.

=1 =1

Let S be the class of positive non-decreasing function ¢(z) on R* = [0, 00) satisfying
the following conditions:
(i) There exists a constant k = k() > 0 such that

o(zy) < k(p(2) + ¢(y)), Vz,y € BT,
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(ii) z/¢(z) is non-decreasing for sufficiently large =.
Yang!! obtained the following result:

Theorem A Let 0 < t < 2, and let B be a Banach space of type 2. When1 <t < 2,
further let EX,, = 0. Suppose that p(z) € 5,6 >0,d=1o0r —-1. If

n

2 EUX:lM (e (1 X:11) =+ = O(n),

=1

then for every ¢ > 0,

Eoo: L dy1/t
Z S ..
n=1 "P(lrSn’?an"Sk" 2 €~ (n(p(n))°)"") < oo,

> ~ (ISl > € (n(p()))*) < oo.

n=1

In 1997, we improved Theorem A and obtained a characterization of Banach spaces
of type p(1 < p < 2). In this paper, under some weaker conditions on probability than
Ya.ng’sm corresponding moment conditions, we discuss the convergence rates correspond-
ing Theorem A for the part r > 1, we solved thoroughly in this case, and also obtain the
characterization of Banach spaces of type p(1 < p < 2). For 0 < t < 1, we prove that the
corresponding results hold for independent random elements in any Banach space. As an
application we give the corresponding results for randomly indexed partial sums.

In the sequel, C' and ¢ denote positive finite constants whose value may vary from
statements to statements. I(z) is a slowly varying function as z — 0.

2. Main results

Theorem 2.1 Let1l <t < 2,p(z) € S,r > 1,6§ > 0,d = 1 or —1. The following
statements are equivalent: )

(a) B is of type p for some t < p < 2;

(b) For each sequence {X,} of zero mean B-valued independent random elements, if

1 Pl (1 X:l)) ¢ > 2) < Cne=(+9) for sufficiently large = and n, then Ve > 0,

we have

() T2y =2 P(ISa]l > ¢ - (n(p(n)) ) < oo;

(ii) T, n7~21(n) Plmaxy ko 1Sl 2 & - (n(1(m)}4)1/¥) < o0;

(iii) Yooy 7 ~U(m) P(supion 1Skl / ((0()) ) > €) < oo.

Theorem 2.2 Let0<t<1,p(z)€ S,r>1,8 >0.

(a) If %, P(IX:It/e(1X:]l) > 2) < Cnz=+9) for sufficiently large z and n, then
we have the following statements, which are also equivalent:

() £y n=2U(n)P(Sall 2 € - (np(n))/%) < 00, Ve > 0.

(i) £, 7"~ 2(n)P(max;<k<n [|Skll > € - (ne(n))/t) < 00, Ve > 0.

(iii) Loy n"~2(n) P(supiya(l|Skll/(ke(k))/¢) 2 €) < 00, Ve > 0.

(b) Y™, P(|| X:|Ite(l1 X:]]) > 2) < Cnz~ (49 for sufficiently large n and = > 0, then
we have the following statements, which are also equivalent:
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(i) Tozan " H(n)P(||Sall 2 € - (n/e(n))/t) < 00, Ve > 0.
(i) T2, n""2(n)P(maxick<n ||Skll > € - (n/p(n))/t) < 00, Ve > 0.
(iii) T o217~ 2U(n) P(supsn (| Skll/(k/p(k))*/*) 2 €) < 00, Ve > 0.

3. Proofs of main results

Lemma 3.1% Let ¢(:) € 5,6 > 0, then for any z > 0, there exists positive constant C
such that

Co(z) < p(ze(z)) < Colz), Co(z) < p(z/¢(z)) < Cp(z), Co(z) < ¢(2°) < Co(z).

Lemma 3.2 Let {X,} be a sequence of zero mean independent random elements in a
Banach space of type p. Then for ¢ > p,there exists C > 0 such that

q< q (|P)a/P 9y,

B max 157 < (560°((C - B + B sma. 1%,

We prove only Theorem 2.1 for the case in d = 1, the proof of Theorem 2.1 for the
case in d = —1 and Theorem 2.2 is analogous.

Proof of Theorem 2.1. (a) =(b) Clearly, (ii) and (iii) imply (i), so, we need only
to prove (ii) and (iii). First, we prove (ii). Let Y,; = X;I(|| X;|| < (ng(n))!/t), Spx =
Z?=1 Yni, Tuk = Sk — Spk. Obviously

o0

> mU(m)P(max ISkl 2 € - (ne(n)))

n=1

M3

r—2 f. 1/t
< 2 HmP(max [ Takll 2 5 - (me(n))') +

1

(8 3

- €
n"H(m)P(max 1Sl > 5 - (ne(m)*) =: h + .

n=1

By the monotonicity of z/¢(z) and Lemma 3.1 we have

L <Y a7 (n) Y P(IXell > (re(n))V*) < € Y n~0+i(n) 4 C < oo
n=1 k=1 n=1
From the definition of ¢(z) and Lemma 3.1, we may obtain that for every a,8 > 0
p(z*) < C2P (3.1)

for sufficiently large z. From the definition of ¢(z), by EX,, = 0, (3.1) and Lemma 3.1,
for sufficiently large n, we have

max 1B Sull/(np(m)t < 3 BIXMIX:l > (np(m) /) (mp()/t =0 38 1 = oo.
== =1
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Thus, to prove I < oo, it suffices to show that

Z n -2z(n)P( max. nsnk — ESn]l > € - (np(n))!t) < o0, Ve > 0.
n=1

In fact, by the Markov inequality, choose ¢ > max{p, £ tpr__tl B _: ;_11 ,7t}, from Lemma 3.2

we get

L < €Y nU(n) - (ne(n)™ B(max |5k = BSnil)’

n=1

IA

CZn’ 2l(n) - (np(n))~ Q/t[ZE“y :|I7] q/p+

=1
r—2 . —q/t .||19
c E n"*(n) - (np(n) "' E max ||Yu

=: I3 + I4.
By the monotonicity of ¢(z),2/¢(z) and Lemma 3.1 we get

) " rng(n)
B o= X m) - (ap(m) (Y [ S PO > )iz
n=1 i=1

C i n"2-9/ttalp](q) . (p(n))~ ¥t +

<
n=1
C Ty m=2Help=ar+0) 2y n) 2 -r—5>0
C T2, n=2Ha/p=a/t](q) . (p(n))dr+E)/P=a/tlog(np(n))]¢/P if 2_pr_6=0
C YLy "~ 2Ha/Palt(n) - (p(n))str+0)/p=alt if2—r-§<0
< oo.

Similarly, we can get Iy < oo.
Next, we prove (iii). By the property of I(z) , the definition of ¢(z) and Lemma 1 of
Bai and Sull we have

Z n"l(n suP(IISkII/(kSO(k))l/‘) 2¢€) <

Clmzzo2"‘(1’—1)1(2"‘)13(2".<k<2m+1 ”Sk” > €. (2"‘ (2m))1/t)

Denote by Ym; = XoI(|| Xil} < (2™@(2™)'%), Sk = T51 Yimis Trnk = Sk — Smk. As in
the proof in (ii), we get

Z n""% n)P(sup(nskn/(ksa(k))l/‘) >€) <

n=1
2m(r_1)[ ™y P Tm > i (2™ (2™ 1/t
C"‘Z=° &) (2'"51}32("'“ 1 Tomll 2 2 (2™e(2™))") +
oo om(r-1)j(9m\ p Skl > = - (2™p(2™ 1/t < oo.
szzo (2™) (2,,,;}:2‘,,,“ 1S mill = = - (2™(2™))Mt) < o0
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(b) = (a) Since (ii) and (iii) imply (i), if (b) is satisfied, taking {(z) = 1,¢(z) = 1,
and further let {X,} be symmetric, assume that 37, P(||X;||t > z) < Cnz~(+9) for
sufficiently large z,n. Then from (b) we have 32, n"~2P(||S,|| > € - n!/t) < o0,Ve > 0.
Hence, as in the proof of Proposition 1.1 in Liang et al.®! we get

S./nt’t 5 0. (3.2)

Let {z,,n > 1} be any bounded sequence in B, and {¢,,n > 1} be the Bernoulli
sequence of random variables. Set X,, = ¢,2,, n > 1. Then {X,,,n > 1} is a sequence of
independent symmetric B-valued random elements.

Since {z,} is a bounded sequence in B, for all n > 1 and sufficiently large z we have
P(||X;||t > 2) = 0. Hence, for all n > 1 and sufficiently large z we have

STP(IX|)f > 2) < Cnz=(H9),

=1

By (3.2) we get -1 Y1, €i2; £, 0. From Proposition 5 in Wu and Wang®"249] it follows
that # St ieizi — 0 a.s. which implies that B is of type pfort < p < 2.

4. Convergence rates for randomly indexed sums

In this section, let {,,,n > 1} be a sequence of non-negative, integer valued random
variables, and 7 be a positive random variable. All random variables are defined on the
same probability space.

Theorem 4.1 Let1l <t < 2,r > 1,¢p(z) € §,6§ > 0,d = 1 or —1. The following
statements are equivalent:
(a) B is of type p for some t < p < 2;
(b) Under the assumptions of Theorem 2.1(b), if there exists v > 0 such that
227" 2(n)P(Tr < 7) < oo, then Ve > 0 we have

n=1

[ ]

32 n" AU R)P(IS | 2 ¢ - (rale(Ta))) V") < co.

n=1
(c) Under the assumptions of Theorem 2.1(b), if there exists €9 > 0 such that

o0
> n'_zl(n)P(l% — 7| > €0) < 00,

n=1
with P(tr < B) = 1 for some B > 0, then Ye > 0 we have

i n" "2 n)P(||Sr || > € - (n(p(n))?)H*) < 0.
n=1

Similarly, we can get the results on randomly indexed partial sums corresponding to
Theorem 2.2.
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