WSH WAL B ¥ W R 5 ¥ B Vol.25, No.4
2005411 3 JOURNAL OF MATHEMATICAL RESEARCH AND EXPOSITION  Nov., 2005

Article ID: 1000-341X(2005)04-0610-05 Document code: A

Ranks of Generalized Star Sign Patterns

GAOQO Yu-bin, SHAO Yan-ling

(Dept. of Math., North University of China, Taiyuan 030051, China )
(E-mail: ybgao@nuc.edu.cn)

Abstract: A sign pattern is a matrix whose entries are from the set {+,—,0}. A sign
pattern is a generalized star sign pattern if it is combinatorial symmetric and its graph is a
generalized star graph. The purpose of this paper is to obtain the bound of minimal rank of
any generalized star sign pattern (possibly with nonzero diagonal entries).
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1. Introduction

A sign pattern (matrix) A is a matrix whose entries are in the set {+, —, 0}. Denote the set
of all n x n sign patterns by Q. Associated with each sign pattern A = (a;;) € Qn is a class of
real matrices, called the sign pattern class of A, defined by

Q(A) = {B = (b;;) | B is an n x n real matrix, and signb;; = a;; for all i and j}.

Let A € @n. A has an identical zero determinant provided each of the n! terms in the
standard determinant expansion is 0. A is said to be sign nonsingular if each matrix B € Q(A) is
nonsingular. It is well known that A is sign nonsingular if and only if det(A) = + or det(4) = —,
that is, in the standard expansion of det{A) into n! terms, there is at least one nonzero term,
and all the nonzero terms have the same sign.

Let A =(ai;) € Qn. Ifa;; # 0 whenever a;; # 0, then A is called combinatorially symmetric.
For a combinatorially symmetric sign pattern A € @,, by G(A) we mean the undirected graph
of A, with vertex set {1,---,n} and (i, ;) is an edge if and only if a;; # 0. We call G(A) the
graph of the sign pattern A.

For a sign pattern A € @Q,,, we define mr(A), the minimal rank of 4 by

mr(A) = min{ rank(B) | B € Q(A4) }.
Similarly, the maximal rank of A, MR(A4), is

MR(A) = max{ rank(B) | B € Q(A) }.
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The minimal rank and maximal rank of a sign pattern can be used to consider the inertia
of the sign pattern(?l.

In (2], it was proved that, for a combinatorially symmetric sign pattern A, MR(A) is the
maximum number of nonzero entries of A with no two of the nonzero entries in the same row
and column (it is the term rank of A as defined in [4]). But, in a general way, how to decide the
minimal rank of a sign pattern is difficult. The purpose of this paper is to obtain the bound of
minimal rank of a generalized star sign pattern (defined as follows).

Let K; n—1 be a star graph of order n. The graph G is obtained from K ,—; by inserting
some vertices on each edge. We call G a generalized star graph. A sign pattern A € @, is a
generalized star sign pattern if A is combinatorially symmetric and G(A) is a generalized star
graph, possibly with loops.

For an n X n matrix or sign pattern A and nonempty subsets a and 3 of {1,2,---,n}, Ala, §]
denotes the submatrix of A that lies in the rows of A indexed by & and the columns indexed by
B. We also abbreviate Ala, o] as Ala].

2. Main results

‘

Theorem 2.1 Let A € ), with mr(A) = m and MR(A) = M. Then there exists a real matrix
B € Q(A) such that rank(B) =k for anym < k < M.

Proof Clearly, there exist two matrices B;, Bz € Q(A) such that rank(B;) = m and rank(B;) =
M. Denote the row vectors of By as a,s,...,an, and the row vectors of Bz as 31, 52, . -, On.
For 2 < k < n, let Cy, be a real matrix with row vectors Sy, ..., Bk—1,0%,--.,0n, and C1 = By
and Cp41 = Bz. Thus C; € Q(A) for i =1,2,...,n+ 1. It is not difficult to verify that

| rank(C;) — rank(Ciy1) |€ 1, fori=1,2,...,n.
Thus the theorem follows. © D

Lemma 2.2 Let B be a real matrix of order n as follows

%

G a1
b1 e a»
>B — b2 ‘. R N .;’ ,
Ap—1
bn—l Cn

where a; # 0 and b; # 0 for,i = 1,2,...,n— 1. If rank(B) = n — 1, then the first row (column)
vector of B can be linearly represented by the other row (column) vectors of B.

Proof Denote the row vectors of B by aj,0s,...,a,. Since rank(B) = n — 1, the vectors
Q1,0z2,...,0, are linearly dependent, that is, there exist n numbers ki, kg, . . ., kn which are not
all zeros such that kyay+keon+. . .+knan = 0. If by =0, then, by b; #0fori =1,2,...,n—1, we
have ko = k3 = ... = k, = 0, a contradiction. Thus k; # 0, and a; can be linearly represented by
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asz,...,0,. Similarly, we can prove that the first column vector of B can be linearly represented
by the other column vectors of B. The theorems follow. a

Theorem 2.3 Let A € Q,, whose graph G(A) is a path, possibly with loops. Then
n—1 < mr(4) < MR(4) < n.

Proof Without loss of generality, we may assume that A is a tridiagonal sign pattern. For any
B € Q(A), it is clear that

det B[{1,2,...,n—1},{2,3,...,n}] #0.

Then n — 1 < rank(B) < n, so the theorem holds. 0

From Theorem 2.3, the following theorem is clear, and we may omit the proof.

Theorem 2.4 Let A € Q,, whose graph G(A) is a path, possibly with loops. Then mr(A) =n—1
* if and only if A is not sign nonsingular, that is, one of the following holds.
(1) A has an identically zero determinant.

(2) In the standard expansion of det(A) into n! terms, there are at least two nonzero terms,
one is + and the other one is —.

Theorem 2.5 Let A € Q. whose graph G(A) is a generalized star graph in Fig. 1, possibly
with loops, wheren =n; +na+...+npg+1, k>3 andn; > 1 fori =1,2,...,k. Then

n—k+1< mr(4) < MR(4) < n.

Vin,

vkﬂk
Fig. 1 Graph G(A)

Proof It is clear that mr(A4) < MR(A) < n. We need only prove that mr(4) > n —k + 1.

Without loss of generality, we order vertices of G(A) as vg, v11,V12,-.-,Vin,, V21,22, ..,
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Y2nas -« -y Vk1yVk2,-- -5 Vkn, - Then A has the following form
Agw Ao Aoz -+ Aok
A An 0 -~ O
A=1]Ax 0 Ap - 1 |, (2.1)
T |
A 0 - 0 Ay
where A;; is a tridiagonal sign pattern of order n; for i = 0,1,2,..., k with ng = 1, and Ag; and
Ajo are 1 x n; and n; x 1 sign patterns, respectively, with the first entry is nonzero and other
entries are zero for j = 1,2,...,k.
Let A= A[{2,3,...,n}]- Then 4 is a block diagonal sign pattern, and each diagonal block
of A is a tridiagonal sign pattern. Clearly, it follows that

k
mr(A4) > mr(4) = Y mr(Ay), (2.2)
¢ i=1
and
n,-—lSmr(A;,-)_<_'n,~, i=1,2,...,k. (23)

Now we consider the following two cases.

Case 1. mr(A;) =n;fori=1,2,...,k.
By (2.2), it is clear that mr(A) > Zf=l mr(Ay) = Z:‘___l ni=n-1>n—-k+1 The
theorem hoids.

Case 2. There exists 1 < s < k such that mr(A4,,) =n, — 1.
For any real matrix B € Q(A), by (2.1), B has the following form

Boo Bo] Boz b BOk
BlO Bu 0 v 0
B=|Bx 0 Bnp - : |, (2.4)
. . . . 0

By 0 -+ 0 By

where B;; € Q(A;;), and rank(B,,) = n, — 1. By Lemma 2.2, the first row vector of B,, can be
linearly represented by the other row vectors of B,,, and the first column vector of B,, can be
linearly represented by the other column vectors of B,,. Thus there exist nonsingular matrices
P and @ of order n such that

[ 0 COs
Cu

PBQ=C= (2.5)

CsO Cu ’

Cir |
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where Cy0 = Bso, Cos = Bos, Cii = By for 1 < i < k and ¢ # s, Css is a matrix obtained
from B, by replacing the first row and first column of B,, by zero. In this case, we have that
rank(B) = rank(C), and rank(B;;) = rank(Cj;) for 1 <4 < k. Then

k k
rank(B) = > rank(Cii) +2> Y (ni—1)+2=n—-k+1.
=1 =1

The theorem follows. O

Theorem 2.6 Let A € @, be a generalized star sign pattern having the following form

Ao Aor Aoz -+ Aok
A10 A11 0 tee 0
A=| Axn 0 Axn . i |, (2.1)
P P
Ao 0 -+ 0 A
where A;; is a tridiagonal sign pattern of order n; (n; > 1) fori = 0,1,2,...,k with ng = 1,

n=m+n2+...+ng+1andk > 3, and Ag; and Ajo are 1 X n; and n; x 1 sign patterns,
respectively, with the first entry is nonzero and other entries are zero for j = 1,2,...,k. Then
mr(A) =n—k+1 ifand only if mr(Ay) =n, —1 fori=1,2,... k.

Proof It is clear from the proof of Theorem 2.4. m]
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