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= {z = (z1, z2, · · · , zm) : z ∈ C, ` =

1, 2, · · · , m} ⊂ C
m,
¨ ~ Iα`

= {z` = reiθ` ∈ C :| θ` |≤ α`, r ≥ 0}, (0 ≤ α` < π, ` = 1, 2, · · · ., m).²
{Mn} ³}´}µ}�}¶}� ¡·² Λ = Λ(1) × · · · ×Λ(m),

¨ ~ Λ(`) = {λ
(`)
n }(n ∈ N, ` = 1, 2, · · · , m) ³

m ¸}¹}º}»}�}´}µ}�}¶}� ¡£¼

λ(`)(r) =
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∑

λ
(`)
n ≤r

1

λ
(`)
n

, r ≥ λ
(`)
1

0, r ≤ λ
(`)
1

K(`)(r) = λ(`)(r) −
2α`

π
log r; (1)

K(`)(r) = inf{K(`)(r′) : r′ > r}; (2)

K
(`)

(r) = sup{K(`)(r′) : 0 ≤ r′ ≤ r}; (3)

S(t) = sup{nt − log Mn : n ≥ 0}. (4)

½}¾}¿}À}Á ² �£�}Â}�}�}Ã}Ä}Å}Æ}ÇÈ}É ²
f(z) = f(z1, z2, · · · , zm) ³}�}�}�}�}� Iα1 × · · · × Iαm

~��}�}�}�}�}Ê}�}�}�£ËÌ
| f (n1,n2,···,nm)(z) |≤ CnMn; (5)

f(0, 0, · · · , 0) = f
(λ

(1)

k1
,λ

(2)

k2
,···,λ

(m)

km
)
(0, 0, · · · , 0) = 0, (6)
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¨ ~ n =

∑m

`=1 n`(n ∈ N), {Mn} ³®�®¸®´®µ®�®¶®�®� (λ
(1)
k1

, λ
(2)
k2

, · · · , λ
(m)
km

) ∈ Λ, k` ∈ N, ` =

1, 2, · · · , m, × C ³}´}Ø}� ¡ Ã  }Ù}Ú}Û}Ü b ∈ R, ` = 1, 2, · · · ., m, Ý
∫ ∞

1

S(K(`)(r) − b)r−2dr = ∞, (7)

Þ}ß ¤
Iα1 × · · · × Iαm

¿
f(z) ≡ 0. à}á}�£Ã  }â}¤ ` ∈ {1, 2, · · · , m} ã}ä}�}å}Ø}� b`, Ë Ì

∫ ∞

1

S(K
(`)

(r) − b`)r
−2dr < ∞, (8)

Þ®ß ¤
Iα1 × · · · × Iαm

¿ â®¤®æ®ç®è®é®Ú®ê �®�®�®�®�®Ê®�®� f(z), Ë Ì®ë (5) ã (6).
¨ ~

S(t) Ã}ì À (4)
Á ² �£í K(`)(r), K

(`)
(r), K(`)(r)(` = 1, 2, · · · , m) Ã}ì À (1)–(3)
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¤ {}|

[3] ã [4] ~}ï�ð}�}ñ}�}ò}ó}ô ¿ �}�}�}�}�}�}�}�}� â}¤ �}ã}õ}�}�}ö}÷}�ø Å}Æ�~ α` = 0(` = 1, 2, · · · , m) ù}�}}ú ¡î
2 û m = 1 ù}� {}| [1] ã [2]

§ {}|
[3] ã [4] �}�   ª}�}�}�}�}�}�}�}� ¿ �£ü}�

�}ý}þ}Å}Æ�~ αm > 0(m = 1) ù}�}ÿ�� ¡
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f(z) ³}Ë Ì ÷ ²���� �}�}�}�a× ë (7) ��� ¡ Ä À���� f(z) ≡ 0,¯}° ý m = 2 ù}�}}ú��}Â ��� ¡
1)
Ù}Ú}Û}Ü�� Å}� λ

(2)
k2

∈ Λ(2),
¤

I(α1) ��Å}�}�}�}�}�
F1(z1) = f

(0,λ
(2)

k2
)
(z1, 0).

� ±}²���� �£û n1 ∈ N ù}�£Ý
| F (n1)(z1) |=| f

(n1,λ
(2)

k2
)
(z1, 0) |≤ CnMn (n = n1 + λ

(2)
k2

);

F1(0) = F
(λ

(1)

k1
)

1 (0) = f
(λ

(1)

k1
,λ

(2)

k2
)
(z1, 0) = 0 (k1 ∈ N).¼

S1(K
(1)(r) − b) = sup

k

{k(K(1)(r) − b) − log Mn} (n = k + λ
(2)
k2

),

¨ ~ b ³}�}¸}å}Ø}�}���}Ý
S1(K

(1)(r) − b) = sup
k

{(k + λ
(2)
k2

)(K(1)(r) − b) − log Mn} − λ
(2)
k2

(K(1)(r) − b)

= S(K(1)(r) − b) − λ
(2)
k2

(K(1)(r) − b).

���}Ù}Ú}Û� å}Ø}� b, û r ≥ 1 ù}� â}¤ Ø}� A > 0, Ë Ì
λ

(2)
k2

(K(1)(r) − b) ≤ λ
(2)
k2

(A log r + A),

�
S1(K

(1)(r) − b) ≤ S(K(1)(r) − b) ≤ S1(K
(1)(r) − b) + Aλ

(2)
k2

(log r + 1).
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� ë
(7)
�

∫ ∞

1

S1(K
(1)(r) − b)r−2dr = ∞,

� �*) 2
��� � ¤ Iα1

¿
F1(z1) = f

(0,λ
(2)

k2
)
(z1, 0) ≡ 0(z2 ∈ Iα2 ).

2)
��� Ù}Ú}Û� 

z′1 ∈ Iα1 , f(z′1, z2) ≡ 0(z2 ∈ Iα2 ).
¼

F2(z2) = f(z′1, z2), �
| F

(n2)
2 (z2) |=| f (0,n2)(z′1, z2) |≤ Cn2Mn2 ;

F2(0) = F
(λ

(2)

k2
)

2 (0) = f
(0,λ

(2)

k2
)
(z′1, 0) = 0,

¨ ~ λ
(2)
k2

∈ Λ(2), k2 ∈ N. + ¼
S2(K

(2)(r) − b) = sup
n2

{n2(K
(2)(r) − b) − log Mn2}

= S(K(2)(r) − b),

¨ ~ b ³}�}¸}´}å}Ø}� ¡ � � ë (7), Ý
∫ ∞

1

S2(K
(2)(r) − b)r−2dr = ∞.

Ú þ �,) 2
�-� � ¤ Iα2

¿
F2(z2) = f(z′1, z2) ≡ 0. + � z′1 � Û®Ü � � � ¤ Iα1 × Iα2

¿
F2(z2) = f(z′1, z2) ≡ 0.

Ú þ}Å}Æ}�}ì}ò�.}Ê ¤ m = 2 ù���� ¡¨-/ � ± Å®Å®Æ®�®ì®ò-. Ê ¤ m = s ù-�-�®��0-1 ¿-2-3-4 �®Â �5� Å®Æ®�®ì®ò-. Ê ¤
m = s + 1 ù����}� Ú þ}Å}Æ}�}ì}ò�.}Ê}� � ¡È}É�6�	�
-������ Ã  }â}¤ ` ∈ {1, 2, · · · , m},

Ù}Ú ä}�}¸}Ø}� b` ∈ R, Ë Ì Ä}� ç}éë
∫ ∞

1

S(K
(`)

(r) − b`)r
−2dr < ∞,

� ½}¾ ) 2 �}�}�}�£� ¤ Iα`

¿�7 �}¸ ç}è}é}Ú}ê �}�}�}�}�}�}� f`(z`), Ë Ì

f`(0) = f
(λ

(`)

k
`
)

` (0) = 0;

| f
(n`)
` (z`) |≤ Cn`

` M c
n`

,

¨ ~ λ
(`)
k`

∈ Λ(`), n`, k` ∈ N, C` ³}´}Ø}� ¡¼
f(z) = f`(z`), n =

∑m

`=1 n`,
¨ ~ z ∈ Iα1 × · · · × Iαm

, �}�}�
f (n1,n2,···nm)(z) =

{

0, n − n` > 0

f
(n`)
` (z`), n − n` = 0

8 í
| f (n1,n2,···,nm)(z) |≤ Cn

` M c
n ≤ Cn

` Mn (n =

m
∑

`=1

n`),
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8 í ¤ Iα1 × · · · × Iαm

¿ Ý ç}è ³ ê �}�}�}�}� f(z) Ë Ì}ë (5) ã (6), �}Å}Æ�9}ò�.®Ê}�}�
� ��� ¡�: ¿}Á�2 ���}Å}Æ}�}� ��� ¡
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Generalized Quasi-analyticity of Infinitely Differentiable Functions

with Several Complex Variables on Closed Angular Domain

LONG Pin-hong1,2, DENG Guan-tie1

(1. School of Mathematical Sciences, Beijing Normal University, Beijing 100875, China;
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Abstract: In this paper, we extend the theorem on generalized quasi-analyticity of the infinitely differ-
entiable functions in the closed angular domain to the functions of several complex variables.
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