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1 v"w"x"y
1.1 C∗- z|{|}|~|�|�|�

C∗− ����������������������� K- �������������������|�����|�|���|���|�|�� |¡|¢��£|¤|¥|¦|§
[1] ¨ [2]. ©|ª|«|¬|� ¦|§ [1] �|­|®|�|¯|°|±|²|³|�U´ ¦|§ [1] µ|¶|·|¸|¹|º C∗−�|�|�|�|�|�|�|»½¼|¹|¾|�|�À¿ÂÁ I �|ÃÅÄÇÆ|�|Á N, È|É|Ê|� ¦|§ [1] �|�|Ë|�½Ì ¦|§ [1] ��|�|Í|Î|Ï|Ð|Ñ|�|Ò|Ó|»Ô

I ±|¹|Õ|�À¿ÂÁ|� {Ai

∣

∣ i ∈ I} ±|¹|Ö C∗- �|�|�½�|�
∏

i∈I

Ai =

{

(ai)i∈I

∣

∣

∣

∣

ai ∈ Ai, ‖(ai)i∈I‖ = sup
i∈I

‖ai‖ < +∞

}

,

I =

{

(ai)i∈I ∈
∏

i∈I

Ai

∣

∣

∣

∣

∃ i0 ∈ I, ×|Ø|Ù i ≥ i0 Ú �½� ai = 0

}

.

Û|Ü Õ|Ý|Þ|�|�|�|ß|�à�âá ([1], ¡|¢ 6.1.1) ã ∏

i∈I Ai ä ±|¹|Õ C∗- �|�|�½å|æ|�|ç|�|�|�±àè ‖(ai)i∈I‖ = supi∈I ‖ai‖, (ai)i∈I ∈
∏

i∈I Ai. éàã I ± ∏

i∈I Ai � ∗- êàëà®àì ( íà¹à�î
). ï ∑

i∈I Ai ± I � ∏

i∈I Ai ð � îàñ (
Û çà� ), ò ∏

i∈I Ai/
∑

i∈I Ai ±àó C∗- �à�à�
π :
∏

i∈I Ai →
∏

i∈I Ai/
∑

i∈I Ai ±|©|�|�|ó|ô|õ|»ö|÷
1.1

Ô
a = (ai)i∈I ∈

∏

i∈I Ai, ø ‖π(a)‖ = inf i∈I supj≥i ‖aj‖.ù|ú û
I � ∑

i∈I Ai ðÂü|ý �½þ ‖π(a)‖ = inf {‖a − b‖ | b = (bi)i∈I ∈ I } .ª|�|ÿ��|� b = (bi)i∈I ∈ I, á I �|�|�|ã��|� i0 ∈ I , ×|Ø|Ù j ≥ i0 Ú �½� bj = 0. ���
‖a − b‖ ≥ supj≥i0

‖aj‖ ≥ inf i∈I supj≥i ‖aj‖. á b �|ÿ��|¡|ã|è ‖π(a)‖ ≥ inf i∈I supj≥i ‖aj‖. �
���	��
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¹|�|�|�½ª|�|ÿ��|� i ∈ I , �|� b = (bj)j∈I ∈ I, å ð
bj =

{

0, ) j ≥ i

aj , *|ø
ø ‖π(a)‖ ≤ ‖a − b‖ = supj≥i ‖aj‖. á i �|ÿ��|¡|ã|è ‖π(a)‖ ≤ inf i∈I supj≥i ‖aj‖. 2+

1.1
Ô

a = (ai)i∈I ∈
∏

i∈I Ai, ø
(i) ª���ÿ,��� i0 ∈ I ,

û
supj≥i ‖aj‖ ��� i -,.,/,0��21�¼ inf i∈I supj≥i ‖aj‖ = inf i≥i0 supj≥i ‖aj‖.

(ii) áÂ¡|¢ 1.1 ã|� a ∈
∑

i∈I Ai ⇐⇒ inf i∈I supj≥i ‖aj‖ = 0.3�4
1.1 5 {Ai, Φji}i,j∈I ±|¹|Õ C∗- �|�|�À¿76�8|�9) I ±|¹|Õ|�À¿ÂÁ|� {Ai

∣

∣i ∈ I} ±|¹Ö C∗- �|�|» ∀i, j ∈ I , Ù i ≤ j Ú �:�|� Φji : Ai → Aj ± C∗- �|��;�<|�:=�> Φii = idAi
(∀i ∈ I)��?�@�A�B Φkj ◦ Φji = Φki(∀i ≤ j ≤ k).3�C

1.2
Ô

{Ai, Φji}i,j∈I ±|¹|Õ C∗- �|�|�À¿76�8|�½ø�D��|�|¹|Õ C∗- �|� A, =�>|è
(i) ∀i ∈ I , �|� Φi : Ai → A ±|¹|Õ C∗- �|��;�<|�½×|Ø Φj ◦ Φji = Φi, ∀i ≤ j;

(ii)
Ô

B ±|ÿ|¹ C∗- �|�|� ×|Ø|ª|�|ÿ��|� i ∈ I , �|� λi : Ai → B ± C∗- �|��;�<|�E=
> λj ◦ Φji = λi, ∀i ≤ j, ø��|��F|¹|� C∗- �|��;�< λ : A → B, ×|Ø λ ◦ Φi = λi.ùàú

(i)
û Ü Õ C∗- �à�G;G<GHG�GIGJà�à�½þàªà�àÿG�à� i0 ∈ I ,

£ �à� µi0 : Ai0 →
∏

i∈I Ai, µ(ai0) = (bi)i∈I , ai0 ∈ Ai0 , å ð bi �|��K�L|è
bi =

{

Φii0 (ai0), ) i ≥ i0
0, *|ø

é|ã µi0 ±|¹|Õ C∗- �|��;�<|»ï Φi0 = π ◦ µi0 : Ai0 →
∏

i∈I Ai/
∑

i∈I Ai, øÀáÂ¡|¢ 1.1 ¨�M 1.1 � (i) ã
‖Φi0(ai0)‖ = inf

i≥i0
sup
j≥i

‖Φji0(ai0)‖ = inf
i≥i0

sup
j≥i

‖Φji(Φii0 (ai0))‖

= inf
i≥i0

‖Φii0(ai0)‖. (1)

Ô
i, j ∈ I , i ≤ j. ÿ�N ai ∈ Ai, ø|Ù r ≥ j Ú �âá7?�@�A�B|ã Φrj

(

Φji(ai)
)

= Φri(ai). ���
µj

(

Φji(ai)
)

− µi(ai) ∈ I, O|«|ã
Φj ◦ Φji = Φi, ∀ i ≤ j. (2)

�|�
A =

⋃

i∈I

Φi(Ai)
‖·‖ ⊆

∏

i∈I

Ai

/

∑

i∈I

Ai. (3)

ª|�|ÿ��|� ai1 ∈ Ai1 , ai2 ∈ Ai2 , α ∈ C, N j ∈ I , ×|Ø j ≥ i1 P j ≥ i2, ø
Φi1(ai1) + Φi2(ai2) = Φj

(

Φji1 (ai1) + Φji2 (ai2)

)

∈ Φj(Aj),

Φi1(ai1) · Φi2(ai2) = Φj

(

Φji1 (ai1) · Φji2(ai2 )

)

∈ Φj(Aj),

Φi1(αai1) = αΦi1 (ai1) ∈ Φi1(Ai1), Φi1(a
∗
i1

) =
(

Φi1(ai1)
)∗

∈ Φi1(Ai1).
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i∈I

Φi(Ai) ±|¹|Õ ∗- �|�|�VO|« A ±|¹|Õ C∗- �|�|»
(ii)

Ô
B ±|¹ C∗- �|�|� λi : Ai → B ± C∗- �|��;�< (i ∈ I), ×|Ø λj ◦Φji = λi, ∀i ≤ j,ø|ª|�|ÿ��|� i0 ∈ I � ai0 ∈ Ai0 ,

û
λi0 (ai0) = λi(Φii0 (ai0))(i ≥ i0), ã

‖λi0(ai0)‖ ≤ inf
i≥i0

‖Φii0(ai0)‖ = ‖Φi0(ai0)‖. (4)

ÿGW x ∈
⋃

i∈I Φi(Ai), ) x = Φi1(ai1 ) = Φi2(ai2), N j ≥ i1 P j ≥ i2, ø á (2) ¯àã
x = Φj

(

Φji1(ai1 )
)

= Φj

(

Φji2 (ai2)
)

. á (4) ¯àã λj

(

Φji1(ai1 )
)

= λj

(

Φji2(ai2 )
)

, X λi1 (ai1) =

λi2(ai2 ).�|�
λ :
⋃

i∈I

Φi(Ai) → B, λ(Φi(ai)) = λi(ai), ai ∈ Ai, (5)

øÀáÂæ|�|��Y�Z|ã|ô|õ λ �|��[|® P ±|¹|Õ�I�J|� ∗- �|��;�<|�½��� λ
£ ¼�\�] ä ±�O A ^

B �à¹àÕ C∗- �à�G;G<à�½òG\G]G_à�àôàõG`àÆà± λ. á (5) ¯àãà� λ ◦ Φi = λi, ∀i ∈ I .
û

⋃

i∈I Φi(Ai) � A ðÂü|ý �½þ�a�b|�|ô|õ λ ��F|¹|�|» 2+
1.2 (1) æ�c C∗- �|� A 5|± C∗- �|�|�À¿76�8 {Ai, Φji}i,j∈I �|�|�|�|�|�Vd�e|ò± lim−→{Ai, Φji}.

(2) á æGcà�à®à�GfhgEiGj £ ãà�½ôàõ λ ±G-GkàÙ PGl Ùàªà�àÿGmà� i ∈ I , ‖Φi(ai)‖ ≤

‖λi(ai)‖, ∀ai ∈ Ai. n,o,p��q) Ü Õ λi ±,-,k�� ø�ª���ÿ,��� ai ∈ Ai, ‖Φi(ai)‖ ≤ ‖ai‖ = ‖λi(ai)‖,��� λ ±�-�k|»
1.2 r|}|~|�|�|�

�|�|�|�|�|�|�|�|� £|¤�s|¦|§ [1] ��t 6 u|» ±|¸vg7w|  ¦ �|¹�x|��y�z�{|���|�|� �| | ð È|É|²�-�p|¶|·|¹�L|�|�|�|�|�|�|�|�|�|»E5 {Gi, ϕji}i,j∈I ±|¹|Õ|�|�|�À¿76�8|�E) I ±¹|Õ|�À¿ÂÁ|� {Gi

∣

∣i ∈ I} ±|¹|Ö|�|» ∀i, j ∈ I , Ù i ≤ j Ú �V�|� ϕji : Gi → Gj ±�}�-�~|�|�
;�<|�V=�> ϕii = idGi

(∀i ∈ I) ��?�@�A�B ϕkj ◦ ϕji = ϕki(∀i ≤ j ≤ k). ±|²�-�� s �½È|É���8
p|¼ e ò�1|�|�|�|��-�~|»½Ý�o|�|� ∏

i∈I Gi = {(ai)i∈I | ai ∈ Gi, ∀i ∈ I } �
∑

i∈I

Gi =

{

(ai)i∈I ∈
∏

i∈I

Gi

∣

∣

∣

∣

�|� i0, ×|Ø|Ù i ≥ i0 Ú �½� ai = e

}

,

ø ÛG�G� ©G�à� ∏

i∈I Gi ±à¹àÕà�à�½« ∑

i∈I Gi ± ∏

i∈I Gi �G�G�à�à�à�½ò π :
∏

i∈I Gi →
∏

i∈I Gi/
∑

i∈I Gi ±|©|�|�|ó|ô|õ|»áÂ�|�|ã|�½ª|� ∏

i∈I Gi �|ÿ����|Õ�� (ai)i∈I , (bi)i∈I ,

π
(

(ai)i∈I

)

= π
(

(bi)i∈I

)

⇐⇒ ∃ i0 ∈ I, ×|Ø|Ù i ≥ i0 Ú � � ai = bi

⇐⇒ ∀i1 ∈ I, ∃ i2 ≥ i1, ×|Ø|Ù i ≥ i2 Ú � � ai = bi. (6)

∀i0 ∈ I , �|� µi0 : Gi0 →
∏

i∈I Gi, µi0(ai0 ) = (bi)i∈I , å ð
bi =

{

ϕii0 (ai0), ) i ≥ i0
e, *|ø
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ï ϕi0 = π◦µi0 : Gi0 →
∏

i∈I Gi/
∑

i∈I Gi. é|ã|ª|�|ÿ��|� i, j ∈ I , Ù i ≤ j Ú � � ϕj ◦ϕji = ϕi.��� G =
⋃

i∈I ϕi(Gi) ±|¹|Õ|�|�½���|��K�L|���|�|¡|¢|èÔ
H ±|ÿ|¹|�|�½×|Ø|ª|�|ÿ�m i ∈ I , �|��}�-�~|�|��;�< λi : Gi → H , =�> λj ◦ ϕji =

λi, ∀i ≤ j, ø��|��F|¹|��}�-�~|�|��;�< λ : G → H , =�> λ ◦ ϕi = λi, ∀i ∈ I .�G� æà�½ªà�àÿGmà� x ∈ G, DG�à� ai1 ∈ Gi1 , ×àØ x = ϕi1(ai1). )G�G�à�G�G�à�à¹ÕG>G� i2 ∈ I � ai2 ∈ Gi2 , ×àØ x = ϕi2(ai2 ), ø £ N i �àÝG�à�½×àØ i ≥ i1, i ≥ i2 P
ϕii1 (ai1) = ϕii2 (ai2). � Ú λi1 (ai1) = λi(ϕii1 (ai1 )) = λi(ϕii2 (ai2)) = λi2 (ai2). ���|ô|õ

λ : G → H, λ
(

ϕi(ai)
)

= λi(ai), ai ∈ Gi

�|��[|® P ±|¹|Õ�}�-�~|�|��;�<|» á λ �|�|�|ã|� λ ◦ ϕi = λi, ∀i ∈ I . æ�c|� G 5|±|�|�|�¿76�8 {Gi, ϕji}i,j∈I �|�|�|�|�|�Vd�e|ò|± lim−→{Gi, ϕji}.

1.3 ������r��|} Toeplitz ���|z|{Ô
G ±|¹|Õ����|�|� E ± G �|¹|Õ|�|Á|�V=�> e ∈ E, E · E ⊆ E, E ∩ E−1 = {e}, å ð e± G ��-�~|� E−1 = {g−1

∣

∣g ∈ E}.
Ô

x, y ∈ G, �|� x ≤ y ⇐⇒ x−1y ∈ E, ø “ ≤ ” ± G æ�|¹|Õ����|��6|»3�4
1.3.1 5 (G, E) ±|¹|Õ������|�|��)|ª|� G ð �|ÿ��|�|�|Õ���� x1, . . . , xn, Ù|�|É�|¹|Õ|æ��� |� E Ú � �|É|� E ð D|��¡�¢|�|æ��|�Ea|Õ�¡�¢|�|æ��|ò|± σ(x1, . . . , xn).

Û ��|� xi ≤ σ(x1, . . . , xn) ∈ E, ∀i; ∀x ∈ E, xi ≤ x(∀i) =⇒ σ(x1, . . . , xn) ≤ x.Ô
x ∈ G, éàã x �à¹àÕàæG�G à� E, Ù PGl Ù x ∈ E · E−1; Ù x ∈ E · E−1 Ú �½ò

τ(x) = σ(x−1), ø x = σ(x)τ(x)−1 . Ù x, y ∈ E Ú �½±|²�£�� s �V; [3], ¤|��K�L|ò�{|è
x ∨ y =

{

σ(x, y), ) x, y �|¹|Õ�¥�¦|�|æ��
∞, ) x, y §|��¥�¦|�|æ��

W|�|¹|Õ������|� (G, E), ò `2(G) ± G æ|�|Ð|� £�¨�© ��ª�«|� {δg

∣

∣ g ∈ G} ±|å���¬�­® �|� pE ± `2(G) ^Àá {δg

∣

∣ g ∈ E} 1�¯ ä � î ��°�±|æ|��²�³|�|�|» ∀g ∈ G, �|� Toeplitz�|� T E
g = pEugp

E , å ð ugδh = δgh, g, h ∈ G. á {T E
g

∣

∣ g ∈ G} 1�´ ä � C∗- �|��5|± Toeplitz�|�|�|�|�½ò|± T E . á [4] ã|�
T E = span{T E

g T E
h−1

∣

∣ g, h ∈ E }‖·‖ ,

DE = span{T E
g T E

g−1

∣

∣ g ∈ E }‖·‖

±|¹ ®�µ � C∗- �|�|�|�V¶ P �|�|¹|Õ�· � ��A�B�¸�¹ θE : T E → DE , ×|Ø
θE(T E

g T E
h−1) =

{

T E
g T E

h−1 , ) g = h

0, ) g 6= h

á [4] ã|�½ª|�|ÿ��|� x ∈ G,

T E
x =

{

T E
σ(x)T

E
τ(x)−1 , ) x ∈ E · E−1

0, ) x /∈ E · E−1
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¶ P ª|�|ÿ�m|� x, y ∈ E,

(T E
x T E

x−1) · (T E
y T E

y−1) =

{

T E
x∨yT

E
(x∨y)−1 , ) x ∨ y ∈ E

0. ) x ∨ y = ∞

2 º¼»¼½¼¾
3�C

2.1
Ô

{Gi, ϕji}i,j∈I ±|¹|Õ|�|�|�À¿76�8|�½ò G =
⋃

i∈I ϕi(Gi) ±|å|�|�|�|�|» Ôª|�|ÿ��|� i ∈ I , �|� Ei ⊆ Gi, (Gi, Ei) ±|¹������|�|�½×|Ø
(i) ª|�|ÿ��|� i, j ∈ I , Ù i ≤ j Ú � ϕji(Ei) ⊆ Ej ;

(ii) ª|� Gi ð �|ÿ��|�|�|Õ�� t1, . . . , tn, )|�|É|�|¹|Õ�¥�¦|�|æ��� |� Ei, ø
ϕji(σ(t1, . . . , tn)) = σ

(

ϕji(t1), . . . , ϕji(tn)
)

, ∀j ≥ i.

ï E =
⋃

i∈I ϕi(Ei), ø (G, E) ±|¹|Õ������|�|»ùàú
(1) ÿGN i ∈ I , ò eGi

± Gi �G-G~à� eG ± G �G-G~à» û eGi
∈ Ei, þ eG =

ϕi(eGi
) ∈ E.

(2) ÿ�N a, b ∈ E,
Ô

a = ϕi1(gi1), b = ϕi2 (gi2), å ð gi1 ∈ Ei1 , gi2 ∈ Ei2 . N i3 ∈ I, i3 ≥ i1

P i3 ≥ i2, ø ab = ϕi3

(

ϕi3i1(gi1)ϕi3i2(gi2)

)

∈ E. a�b|È|É�fvgÂ¸|è E · E ⊆ E.

(3)
Ô

a, a−1 ∈ E,
£ N�;|¹|Õ i0 ∈ I � xi0 , yi0 ∈ Ei0 , ×|Ø a = ϕi0(xi0 ), a−1 = ϕi0(yi0).á (6) ¯àãà�V�à� i1 ≥ i0, ×àØàÙ i ≥ i1 Ú �½� ϕii0 (yi0) = ϕii0 (x

−1
i0

) =
(

ϕii0 (xi0 )
)−1

. á
Ei ∩ E−1

i = {eGi
}, ã|è ϕii0 (xi0 ) = eGi

, ∀i ≥ i1, ��� a = π

(

(eGi
)i∈I

)

= eG. a�b|È|É�fvg
¸|è E ∩ E−1 = {eG}.

(4)
Ô

x1, . . . , xn ± G �àÿG�à�à�àÕG�à� x ∈ E ±à�àÉà�à¹àÕG¥G¦à�àæG�à�VX x−1
p x ∈

E, p = 1, . . . , n. N i1 ∈ I , ×|Ø
x1 = ϕi1(a1), . . . , xn = ϕi1(an), a1, . . . , an ∈ Gi1 ,

x−1
1 x = ϕi1(b1), . . . , x

−1
n x = ϕi1(bn), b1, . . . , bn ∈ Ei1 ,

x = ϕi1 (a), a ∈ Ei1 .û
xp · (x−1

p x) = x, þG�à� i2 ≥ i1, ×àØ ϕi2i1(apbp) = ϕi2i1(a), p = 1, . . . , n. �G�àªà� p =

1, . . . , n,
(

ϕi2i1(ap)
)−1

ϕi2i1(a) = ϕi2i1 (bp) ∈ Ei2 . ï
t1 = ϕi2i1(a1), . . . , tn = ϕi2i1(an), s = ϕi2i1(a),

ø
x1 = ϕi2 (t1), . . . , xn = ϕi2 (tn), x = ϕi2 (s), tp ≤ s ∈ Ei2 .

��� σ(t1, . . . , tn) ≤ s, O|« ϕi2

(

σ(t1, . . . , tn)
)

≤ ϕi2 (s) = x.

ª|� p = 1, . . . , n, x−1
p ϕi2

(

σ(t1, . . . , tn)
)

= ϕi2

(

t−1
p

(

σ(t1, . . . , tn)
)

)

∈ ϕi2 (Ei2) ⊆ E, ���
ϕi2

(

σ(t1, . . . , tn)
) ± x1, . . . , xn � E ð �|¹|Õ|æ��|»
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�|¹|�|�|�½ÿ�W y ∈ E, ×|Ø y ≥ xp, p = 1, . . . , n, ;�¿ £ ã|�V�|� i3 ∈ I � l1, . . . , ln ∈

Gi3 , r ∈ Ei3 , ×|Ø
x1 = ϕi3(l1), . . . , xn = ϕi3(ln), y = ϕi3(r), l1 ≤ r, . . . , ln ≤ r.

N k ≥ i2 P k ≥ i3, ×|Ø
ϕki2 (t1) = ϕki3 (l1) ≤ ϕki3 (r),

...

ϕki2 (tn) = ϕki3 (ln) ≤ ϕki3 (r).

��� σ
(

ϕki2 (t1), . . . , ϕki2 (tn)
)

≤ ϕki3 (r), X ϕki2

(

σ(t1, . . . , tn)
)

≤ ϕki3 (r), O|«
ϕi2

(

σ(t1, . . . , tn)
)

= ϕk

(

ϕki2

(

σ(t1, . . . , tn)
))

≤ ϕk

(

ϕki3 (r)
)

= y.

a�b|È|É�fvgÂ¸|è σ(x1, . . . , xn) = ϕi2

(

σ(t1, . . . , tn)
)

.á (1)–(4) ã|� (G, E) ±|¹|Õ������|�|» 2

L|º�À|®|��fvg s ([3], ¡|¢ 1.3).Á�C
2.2

Ô
(G, E) ±|¹|Õ������|�|� {Lx

∣

∣x ∈ E} ±�-�~ C∗- �|� B �|¹|Ö £ ®�µ ��²
³|� Le = 1B, ø�L|º��|Õ�A�B|��Â|è

(i) �|�|¹|Õ�}�-�~|� C∗- �|��;�< πL : DE → B, ×|Ø πL(T E
x T E

x−1) = Lx, ∀x ∈ E;

(ii)

LxLy =

{

Lx∨y, ) x ∨ y ∈ E

0, ) x ∨ y = ∞

Ù πL ±|¹|Õ C∗- �|��;�< Ú � πL ±�-�k|Ù P�l Ù|ª|� E ð �|ÿ��|�|�|Õ���� a, z1, . . . , zn,Ù a < zi, i = 1, . . . , n Ú � ∏n
i=1(La − Lzi

) 6= 0.3�C
2.3

Ô
(G1, E1), (G2, E2) ±��|Õ������|�|� ϕ : G1 → G2 ±|¹|Õ�}�-�~|�|��;�<|�×|Ø ϕ(E1) ⊆ E2. Ã|¯�p|�|�|ô|õ γE2,E1 : T E1 → T E2 ,

γE2,E1(T E1

g T E1

h−1) = T E2

ϕ(g)T
E2

ϕ(h)−1 , g, h ∈ E1,

ø γE2,E1 �|��[|® P ±|¹|Õ�-|� C∗- �|��;�<|Ù P�l Ù�L|º�A�B�; Ú|ä�Ä è
(i) Ù x, y ∈ E1 Ú � ϕ(x) = ϕ(y) =⇒ x = y.

(ii) ∀x, y ∈ E1, x∨y ∈ E1 ⇐⇒ ϕ(x)∨ϕ(y) ∈ E2; Ù x∨y ∈ E1 Ú � ϕ(x∨y) = ϕ(x)∨ϕ(y).

(iii) ϕ(G1) ∩ E2 = ϕ(E1).ù|ú Å�Æ�Ç » Ô ô|õ γE2,E1 �|��[|® P ±|¹|Õ�-|� C∗- �|��;�<|�VL�f�A�B (i)–(iii) ä
Ä »

(1)
Ô

x, y ∈ E1, ø ϕ(x) = ϕ(y) =⇒ T E2

ϕ(x) = T E2

ϕ(y) =⇒ T E1

x = T E1

y =⇒ T E1

x δeG1
=

T E1

y δeG1
=⇒ δx = δy =⇒ x = y.

(2)
Ô

x, y ∈ E1, x ∨ y ∈ E1 ⇐⇒ (T E1

x T E1

x−1) · (T E1

y T E1

y−1) 6= 0 ⇐⇒ (T E2

ϕ(x)T
E2

ϕ(x)−1) ·

(T E2

ϕ(y)T
E2

ϕ(y)−1) 6= 0 ⇐⇒ ϕ(x) ∨ ϕ(y) ∈ E2. Ù x ∨ y ∈ E1 Ú � (T E1

x T E1

x−1) · (T E1

y T E1

y−1) =
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T E1

x∨yT
E1

(x∨y)−1 , ���
T E2

ϕ(x∨y)T
E2

ϕ(x∨y)−1 = γE2,E1

(

(T E1

x T E1

x−1) · (T
E1

y T E1

y−1)

)

= (T E2

ϕ(x)T
E2

ϕ(x)−1) · (T
E2

ϕ(y)T
E2

ϕ(y)−1) = T E2

ϕ(x)∨ϕ(y)T
E2
(

ϕ(x)∨ϕ(y)
)−1 .

��� ϕ(x ∨ y) = ϕ(x) ∨ ϕ(y).

(3) á,È ã,A,B�ã�� ϕ(E1 ) ⊆ ϕ(G1)∩E2. É,Ê�� Ô x ∈ G1 ×�Ø ϕ(x) ∈ E2, ø T E2

ϕ(x)−1T
E2

ϕ(x) =

1.
û

γE2,E1 ±�-�k|�V1|¼|� T E1

x−1T
E1

x = 1; n�o�p|� T E1

x−1T
E1

x δeG1
= δeG1

, ��� x ∈ E1.Ë�Ì Ç
.
Ô A�B (i)–(iii) ä�Ä �VL�f γE2,E1 �|��[|® P ±|¹|Õ�-|� C∗- �|��;�<|»½ï A =

span {T E2

ϕ(g)T
E2

ϕ(h)−1

∣

∣ g, h ∈ E1}
‖·‖ , øÀá7A�B (ii) ã A ± T E2 � C∗- �|�|�|»�|� ρ : span {T E2

ϕ(g)T
E2

ϕ(h)−1

∣

∣ g, h ∈ E1} → T E1 ,

ρ

(

∑

i

λiT
E2

ϕ(gi)
T E2

ϕ(hi)−1

)

=
∑

i

λiT
E1

gi
T E1

h
−1

i

, λi ∈ C, gi, hi ∈ E1. (7)

∀ε > 0,
û

span{δg

∣

∣ g ∈ E1} � `2(E1) ð üàý �V1à¼G�à� ξ =
∑

p µplp, µp ∈ C, lp ∈ E1,

‖ξ‖2 =
∑

p |µp|
2 = 1, ×|Ø

∥

∥

∥

∥

∑

i

λiT
E1

gi
T E1

h
−1

i

∥

∥

∥

∥

≤

∥

∥

∥

∥

(

∑

i

λiT
E1

gi
T E1

h
−1

i

)

(ξ)

∥

∥

∥

∥

+ ε. (8)

ï η =
∑

p µpδϕ(lp), ø ‖η‖ = 1 P á7A�B (i)–(iii) ã|�
∥

∥

∥

∥

(

∑

i

λiT
E1

gi
T E1

h
−1

i

)

(ξ)

∥

∥

∥

∥

=

∥

∥

∥

∥

(

∑

i

λiT
E2

ϕ(gi)
T E2

ϕ(hi)−1

)

(η)

∥

∥

∥

∥

. (9)

á (8)–(9) ¯|� ε �|ÿ��|¡|ã
∥

∥

∥

∥

∑

i

λiT
E1

gi
T E1

h
−1

i

∥

∥

∥

∥

≤

∥

∥

∥

∥

∑

i

λiT
E2

ϕ(gi)
T E2

ϕ(hi)−1

∥

∥

∥

∥

. (10)

���|ô|õ ρ �|��[|® P £ ¼�\�] ä ±�O A ^ T E1 ��^|æ|� C∗- �|��;�<|ô|õ|�½ò�\�]�_|�|ôõ�`|Æ|± ρ. L�f ρ ±�-�k|�VO|« γE2,E1 = l ◦ ρ−1 ±|¹ C∗- �|��;�<|ô|õ|�Va�Í l ±�O A ^
T E2 ��Î�Ï|ô|õ|»ò

D(A) = A ∩ DE2 = span{T E2

ϕ(g)T
E2

ϕ(g)−1

∣

∣ g ∈ E1 }
‖·‖ ,

θE2 |A ± θE2 � A æ|�|��Ð|»½é|ã�L�Ñ £ ®�µ è
A

ρ
−→ T E1

θE2 |A ↓ θE1 ↓

D(A)
ρ

−→ DE1



3 � $	%	&�1(' � Toeplitz A�B�C�/�@�b�c�d�e 569

∀x ∈ E1, ï Lx = T E2

ϕ(x)T
E2

ϕ(x)−1 , øÀá7À|® 2.2 ã|�Ò�|� C∗- �|��;�Ó|ô|õ πL : DE1 → D(A), ×
Ø πL

(

T E1

x T E1

x−1

)

= T E2

ϕ(x)T
E2

ϕ(x)−1 , x ∈ E1. Ô|Æ|� ρ|D(A) = π−1
L , ��� ρ|D(A) : D(A) → DE1 ±

C∗- �|��;�Ó|ô|õ|�ÕO|«|ª|�|ÿ�m|� T ∈ A, ) ρ(T ) = 0, ø ρ

(

θE2(T ∗T )

)

= θE1

(

ρ(T ∗T )

)

= 0,

��� θE2(T ∗T ) = 0, Ö|«Àá θE2 ��· � ¡|ã T ∗T = 0, X T = 0. 23�C
2.4

Ô
{Gi, ϕji}i,j∈I ±|¹|Õ|�|�|�À¿76�8|�½ò G =

⋃

i∈I ϕi(Gi) ±|å|�|�|�|�|» Ôª|�|ÿ��|� i ∈ I , �|� Ei ⊆ Gi, (Gi, Ei) ±|¹������|�|�½×|Ø|�|® 2.1 ð ��A�B ä�Ä »V���|ª�|ÿ��|� i, j ∈ I , Ù i ≤ j Ú �
(i) Ù x, y ∈ Ei Ú � ϕji(x) = ϕji(y) =⇒ x = y.

(ii) ∀x, y ∈ Ei, x ∨ y ∈ Ei ⇐⇒ ϕji(x) ∨ ϕji(y) ∈ Ej ; Ù x ∨ y ∈ Ei Ú � ϕji(x ∨ y) =

ϕji(x) ∨ ϕji(y).

(iii) ϕji(Gi) ∩ Ej = ϕji(Ei).ø C∗- �|�|�À¿76�8 {T Ei , γEj ,Ei} �|�|�|�|��;�Ó|� T E , a�Í E =
⋃

i∈I ϕi(Ei).ù|ú
∀i, j ∈ I , Ù i ≤ j Ú �âáÂ�|® 2.3 ã γEj ,Ei : T Ei → T Ej ±|¹|Õ�-|� C∗- �|��;

<|�V=�>
γEj ,Ei(T Ei

g T Ei

h−1) = T
Ej

ϕji(g)T
Ej

ϕji(h)−1 , ∀g, h ∈ Ei. (11)

áÂ��;�<|��?�@�A�B ϕkj ◦ ϕji = ϕki ã
γEk,Ej ◦ γEj ,Ei = γEk,Ei (i ≤ j ≤ k),

��� {T Ei , γEj ,Ei}i,j∈I ±|¹ C∗- �|�|�À¿76�8|»
∀i0 ∈ I , fvg7�|� γE,Ei0 : T Ei0 → T E ±�-|� C∗- �|��;�<|�V=�>

γE,Ei0 (T
Ei0
g T

Ei0

h−1 ) = T E
ϕi0

(g)T
E
ϕi0

(h)−1 , ∀g, h ∈ Ei0 . (12)

±��|�½µ|��×�f|�|® 2.3 ��Ø|Õ�A�B�Ù ä�Ä X £ »
(1)

Ô
x, y ∈ Ei0 , ) ϕi0 (x) = ϕi0(y), ø��|� k ≥ i0, ×|Ø ϕki0 (x) = ϕki0 (y), O|«Àá�ÈÂã

A�B (i) ã x = y.

(2)
Ô

x, y ∈ Ei0 , ×|Ø x ∨ y ∈ Ei0 , ø ϕi0(x) ≤ ϕi0(x ∨ y), P ϕi0 (y) ≤ ϕi0 (x ∨ y), ���
ϕi0(x) ∨ ϕi0(y) ∈ E.

É�i�Ú|�:) ϕi0(x)∨ϕi0 (y) ∈ E, ø��|� i1 ∈ I � a ∈ Ei1 , ×|Ø ϕi0 (x)∨ϕi0 (y) = ϕi1 (a). áÂ�® 2.1 ��fvg7i�j £ ã|�	�|� k ∈ I , k ≥ i0, k ≥ i1, ×|Ø ϕki0 (x) ≤ ϕki1 (a) P ϕki0 (y) ≤ ϕki1 (a),��� ϕki0 (x) ∨ ϕki0 (y) ≤ ϕki1 (a), O|«|�
ϕk

(

ϕki0 (x) ∨ ϕki0 (y)

)

≤ ϕk

(

ϕki1 (a)

)

= ϕi0 (x) ∨ ϕi0(y). (13)

á7A�B (ii) ã|� ϕki0 (x) ∨ ϕki0 (y) = ϕki0 (x ∨ y), ���Àá (13) ¯|ã ϕi0(x ∨ y) ≤ ϕi0(x) ∨ ϕi0(y).

�|¹|�|�|�VÔ|Æ|� ϕi0(x) ∨ ϕi0 (y) ≤ ϕi0 (x ∨ y), ��� ϕi0(x) ∨ ϕi0 (y) = ϕi0(x ∨ y).

(3)
Ô

x ∈ Gi0 , ×|Ø ϕi0(x) ∈ E, ø��|� i1 ∈ I � y ∈ Ei1 , ×|Ø ϕi0(x) = ϕi1(y). ������ k ≥ i0, k ≥ i1, ×|Ø ϕki0 (x) = ϕki1 (y) ∈ Ek, O|« x ∈ Ei0 .
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á (11)–(12) ¯|ã|�½ª|�|ÿ��|� i, j ∈ I , Ù i ≤ j Ú �½� γE,Ej ◦ γEj ,Ei = γE,Ei .

û Ü Õ
γE,Ei H|±�-�k|�âá7M 1.2 ã {T Ei , γEj ,Ei}i,j∈I �|�|�|�|��;�Ó|� T E . 2+

2.1 (1)
Ô

Z ±�Û|�|�|� Z+ ±�Ü�Ý�Û|��ª�«|� ª|�|ÿ�W|�ÅÄÇÆ|� n, ï Gn = Zn, En =

Zn
+. Ù n ≤ m Ú � ï ϕmn : Gn → Gm, ϕmn(z1, . . . , zn) = (z1, . . . , zn, 0, . . . , 0). é|ã|ª|��a�b|��|�|�À¿76�8|�½�|® 2.4 ð ��A�B�=�>|»

(2)
Ô

{aα

∣

∣α ∈ ∧} ±|¹�Ü�°|Á�[|» ∀i ⊆ ∧, ï Gi ±Àá {aα

∣

∣α ∈ i} 1�´ ä �ÅÄÂáÂ�|� Ei±Àá {aα

∣

∣α ∈ i} 1�´ ä ��Þ|�|»½ª|� ∧ ���|Õ�Ü�°|�|Á i, j, �|� i ≤ j ⇐⇒ i ⊆ j. Ù i ⊆ jÚ �½�|� ϕji : Gi → Gj ±�Î�Ï|ô|õ|»½é|ã|ª|��aGb|�à�à�|� ¿76G8à�½�à® 2.4 ð ��A�B�ß�=
>|» á ¦|§ [4] ��t�à | ã|� ª|� ∧ �|ÿ�m|�|�|�|Á i, Toeplitz �|�|�|� T Ei ��á�O|� ( �|��á
O|�|�|�|�7â s|¦|§ [4] ��t�ã | ), X T Ei ª Gi �|��ä�å�æ��|���|�|¡|¢|»|áÂ�|® 2.4 é|ã|�
L�c�ç|±|¹|¾|�|Í�Z�ß ä�Ä èè�é

2.5
Ô

{aα

∣

∣α ∈ ∧} ±|¹�Ü�°|Á�[|� G, E Ý�o|±Àá {aα

∣

∣α ∈ ∧} 1�´ ä �ÅÄÂáÂ�|¨ÄÂá7Þ|�|�½ø|©|�|�������|� (G, E), Toeplitz �|�|�|� T E ��á�O|�|»
ê¼ë¼ì¼í¼î
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Inductive Limits of Toeplitz Algebras

XU Qing-xiang, ZHANG Xiao-bo
(Dept. of Math., Shanghai Normal University, Shanghai 200234, China )

Abstract: Let (G1, E1), (G2, E2) be two quasi-lattice ordered groups, and T E1 , T E2 be the associated
Toeplitz algebras. Let ϕ : G1 → G2 be a unital group homomorphism such that ϕ(E1) ⊆ E2. This paper
gives a necessary and sufficient condition under which the natural morphism from T E1 to T E2 becomes
an injective C∗-algebra morphism. As an application, inductive limits of Toeplitz algebras are clarified.
In particular, we show that Toeplitz algebras over free groups are always amenable.

Key words: Toeplitz algebra; inductive limit.


