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1 v%w%x%y%z%{}|~��
K � p ��������� � RpK(p > −1) � ~�������� ��������������� R.J Gardner ��������
1998 ����� [4]. ������������ �¡�� ~�� K ��¢�£�¤�¥���¦ � SpK §�¨�©�ª�«

RpK = ((p + 1)V (K))−
1

p SpK,¬�­ ~�������� ��®�¯�°�±�����«³²�´ � DK ��µ�¶ � ��· � Π∗K ¸�¨�¹�£��³º���»�®�¼�½¾ ��¿�¨�«
Π∗K = S−1K ⊆ SpK ⊆ SqK ⊆ S∞K = DK,−1 ≤ p ≤ q.

� � R∞K = DK, ÀÂÁ p �Â�Ã�Ä�Â� � �Â�Â�ÂÅÂÆÂÇ��ÂÈ �ÄÉ�ÊÂË ���ÄÈ�Ì Ê ��ÍÂÎ��ÏÈ p > 0,~�� � p ��������� � � ~���ÐÑ�Ò�Ó »�Ô�Õ���Ö�È�À�×���Ø�Ù�Ú�Û���Ü�Ý�Ç�Þ�±�ß�à�á��ãâ�Ô�Õ�ä�Ö�å�æ ~�� K � p �������� � RpK ��¡�ç�è�é�ç��ëê���È Ò [4]
�

RpK È�ì ��í ��¡�ç�é�î���ï�ð�������Í�Î��¬�ñ�ò�ó »�ô�õ�� p ��������� ��ö ��ô�õ���������÷�ø���ç�ù�« RpRqE = RqRpE, ú � E ûô�õ�� p, q > −1,
ñ

pq 6= 0.
~�� ��ú�· � � ��í�ü�í ��ý�þ�ÿ������������ Blaschke-Santalóè���� Ð ��½�È����	��
�â�Ô�Õ���Ö�å�æ�÷�§�Í�Î���� p ��������� � ������
���è���� ( ��¤�

3.3). § � ~������ ����������ð�Å���Æ Ò�� [3],[7].

��
�â�� ������� ¾ En
� ������������õ���������õ�´� �Ü�û o, Sn−1 � B. ! u ∈ Sn−1,"

u⊥ #�$�%   � u � n − 1 &�' � ¾ � lu
#�$�( ������) ��* � u �� �¡ Ð

! ( � x ��+�,� �¡�� En
� ��-�. L /�¢ � ��, ( Å�0�1 Ê � ) 2�¡�3�� " Ì L § � �

x ��¦�4�� Ð65�7 -�. L ��8 � ©�- ñ § � � x ��¦�4����69�: L Ô�� x �����<;�= ρL(x, u)¤�¥�û
ρL(x, u) = max{c : x + cu ∈ L}, u ∈ Sn−1.>@?BADC
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T  �U��³â ρL(o, u) Þ�Ü�û ρL(u).5�7

ϕ ��8�V�W�¡�ç�é�î�� " �����<;�=���¤�¥�Å � [3]

ρϕL(x,u) = ρL(ϕ−1x, ϕ−1u), (1.1)

ρϕL(u) = ρL(ϕ−1u). (1.2)

X
λk
#�$ En

� � k & Lebesgue Y�Z ( ��[ � k & Hausdorff Y�Z ), ú � 1 ≤ k ≤ n , \] ��
 X V ^�_ λn. È � En
� ������õ B, ÷
λn(B) = κn, λn−1(B) = κn−1. (1.3)

5�7
ϕ ��8�V�W�`�a�é�î��b9�:�È � En

� +���� λn− Å�Y�- E[8], ÷
V (ϕE) = |detϕ|V (E). (1.4)

T  �c λ ≥ 0 d��³÷
V (λE) = λnV (E). (1.5)

e
u ∈ Sn−1, E û En

� ÷�þ�Å�Y�-�� " E Ô u
* ��� X a�¡�¤�¥�û [3]

XuE(x) = Xu1E(x) = λ1(E ∩ (lu + x)), (1.6)

ú � x ∈ u⊥, 1E � E � T�f ;�=�� Xu � X a�¡�é�î Ðg
K � En

� � ~�� ( ÷�8 �ih ����© ~ - ) � " K ��²�´ � DK = K + (−K), j�k
ρDK(u) = max

x∈K
ρK(x, u) = max

y∈u⊥

λ1(K ∩ (lu + y)), u ∈ Sn−1. (1.7)

g
K � En

� � ~�� ñ ����û�ú h ��� K ��· � K∗ ¤�¥�û
K∗ = {x ∈ En|x · y ≤ 1, y ∈ K}. (1.8)

Beta ;�=�¤�¥�û
B(p, q) =

∫ 1

0

tp−1(1 − t)q−1dt. (1.9)

2 lnmno p pnqnrnsntvu
È�8�w�x�= p > −1,

~��
K � p ��������� � RpK �����<;�=�j�k [4]

ρRρK(u) = (
1

V (K)

∫

K

ρK(x, u)pdx)1/p, u ∈ Sn−1. (2.1)

g
u ∈ Sn−1, K � En

� � ~�� � e
EK(r, u) = {y ∈ u⊥ : XuK(y) ≥ r}, (2.2)
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"
K ��~�����µ�¶�;�= aK(r, u) ¤�¥�û [9]

aK(r, u) = λn−1 (EK(r, u)) , r ≥ 0. (2.3)

����� «bc r = 0 d�� EK(r, u) = K|u⊥
ñ

aK(0, u) = hΠK(u);

c r > ρDK(u) d�� EK(r, u) = ∅
ñ

aK(r, u) = 0.���
2.1 ¡�ç������ ~�� � p ��������� ��ö ��¡�ç������ Ð�� ��! ϕ ������¡�ç�é�î��

K � En
� � ~�� � p > −1,

"
Rp(ϕK) = ϕ(RpK).

��� g
u ∈ Sn−1. � X (1.1),(1.4) � (1.2),

� �

ρRp(ϕK)(u) = (
1

V (ϕK)

∫

ϕK

ρϕK(x, u)pdx)1/p

= (
1

V (ϕK)

∫

ϕK

ρK(ϕ−1x, ϕ−1u)pdx)1/p

= (
1

|detϕ|

1

V (K)

∫

K

ρK(y, ϕ−1u)p|detϕ|dy)1/p

= ρRpK(ϕ−1u) = ρϕ(RpK)(u),

� ÷ Rp(ϕK) = ϕ(RpK). 2���
2.2

[4]
g

K � En
� � ~�� � u ∈ Sn−1, c p > −1 d��³÷

∫

K

ρK(x, u)pdx =

∫ ρDK (u)

0

aK(r, u)rpdr.

���
2.3 ��������È�Ì�� n &�ô�õ�� p ��������� ��ö ������È�Ì�� n &�ô�õ Ð�� � È�

En
� +���������È�Ì���ô�õ E, ÷ RpE = aE, ú � a ��� ] = Ð��� ��� ò�ó « En

� ����õ B � p ��������� � ��õ Ð� (2.2),(2.3) ��Å�Ú��b����õ���~�����µ�¶�;�=�û
aB(r, u) = λn−1(

√

1 − (
r

2
)2B). (2.4)

� (1.7),
� �

ρDB(u) = 2, u ∈ Sn−1. (2.5)

��� �
2.2, (2.4),(2.5) � (1.3), ÷

ρRpB(u) = (
1

V (B)

∫

B

ρB(x, u)pdx)1/p = (
1

V (B)

∫ ρDB(u)

0

aB(r, u)rpdr)1/p

= (
κn−1

κn

∫ 2

0

(1 −
r2

4
)

n−1

2 rpdr)1/p.

e
r = 2 sin θ, θ ∈ [0, π

2 ],
"

ρRpB(u) = 2(2
κn−1

κn
K(p))1/p,
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ú � K(p) =

∫ π
2

0 sinp θ cosn θdθ, p > −1
ñ

p 6= 0. c p � n ��¤�d�� K(p) û�¯ � 0 � ] =���
ρRpB(u) = aB, ú � a û���x�= Ðg

E � En
� ����È�Ì�� n &�ô�õ�� " ��¤���Ô�¡�ç�é�î ϕ, � � E = ϕB. ��¤ � 2.1 ÅÚ

Rp(E) = Rp(ϕB) = ϕ(RpB) = ϕ(aB) = aϕB = aE.

��
���â ò�ó ô�õ�� p ��������� � ������÷�ø���ç�ù Ð���
2.4

g
E � En

� ����È�Ì���ô�õ�� p > −1, q > −1
ñ

pq 6= 0,
"

RpRqE = RqRpE.

��� ��Í�ð 2.3 � ò�ó Å�Ú RpB ������û a = 2(2κn−1

κn
K(p))

1

p ��õ�� " RpB ��~����µ�¶�;�=
aRpB(r, u) = λn−1(

√

a2 − (
r

2
)2B).

� X � � 2.2 � í ´�é�î��³Å�Í �
ρRqRpB(u) = (

1

V (RpB)

∫

RpB

ρRpB(x, u)qdx)1/q

= (
κn−1

anκn

∫ 2a

0

(a2 −
r2

4
)

n−1

2 rqdr)1/q

= (
κn−1

anκn

∫ π
2

0

(a cos θ)n−1(2a sin θ)q(2a cos θ)dθ)1/q

= 2a(
κn−1

κn

∫ π
2

0

2 sinq θ cosn θdθ)1/q

= 4(2
κn−1

κn
K(p))1/p(2

κn−1

κn
K(q))1/q .

[ � Å ò
ρRpRqB(u) = 4(2

κn−1

κn
K(q))1/q(2

κn−1

κn
K(p))1/p.

���
RqRpB = RpRqB.� û E ������È�Ì���ô�õ�� � ��Ô�¡�ç�é�î ϕ j�k E = ϕB. ��¤ � 2.1 Ú

RpRqE = RpRq(ϕB) = Rp(ϕ(RqB)) = ϕ(RpRqB),

[ � ÷ RqRpE = ϕ(RqRpB).
��� ï�ð���æ Ð 2��  È � ��¡ ~�� K, ��¢���Ô RpRqK = RqRpK?

3 £n¤n¥n¦n§no p pnqnrnsntvuvov¨ª©v«
g

µ � En
� ÷�È�=�¬�ç���Y�Z�� � È En

� ��À�÷ ~�� K � L, 0 ≤ a ≤ 1, ÷
µ((1 − a)K + aL) ≥ µ(K)(1−a)µ(L)a.

Gardner � ����� ��È ~�� � p ��������� � ��)�»�Í�Î [4]:
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g
K, L � En

� � ~�� �bj�k K ⊆ L,
"

K � L � p ��������� � Rp(K, L, µ) j�k
ρRp(K,L,µ)(u) = (

1

µ(K)

∫

K

ρL(x, u)pdµ(x))1/p, (3.1)

ú � u ∈ Sn−1, p > −1.­�®
En
� � Brunn-Minkowski è�������Õ���4�� [2], Å�Ú n & Lebesgue Y�Z λn ��È�=

¬�� Ð " è�¯�â (3.1) é�û
ρRp(K,L,λn)(u) = (

1

V (K)

∫

K

ρL(x, u)pdx)1/p. (3.2)

Blaschke-Santaló è������ ~��������<° °�±���®���`±a���² è��±��½ � [1,5−8], ³�±�´�µ» ��É È�Ì�� ~���¶ ú�· � � ��í�ü�í ��ý�þ�ÿ�� Ð ��·�/�È�������
�å�æ�»�����§ � Í�Î����
p ��������� � ��
���è���� Ð���

3.1
[2]
g

K, L � En
� � ~�� � x ∈ En, 9�:�;�= gK,L(x) = V (K ∩ (L + x))

1

n Ôú�¸�¹�ý���¬�;�= Ð���
3.2

[7]
g

K, L � En
� � ~�� � ñ ����û���
�� h � ÐD5�7 K ⊆ L, 9�:�÷ K∗ ⊇ L∗.���

3.3
g

K � En
� � ~�� � ñ ����û�ú h ��� B1 � B2 ´� ���º�»�Ô K

� � ° ¯��õ���º�» K � °�¼ ��õ Ð c p > −1 d��³÷
V (Rp(B1, K))V (Rp(B

∗
2 , K∗)) ≥ (2Cn,p)

2n(
r

R
)nk2

n,

ú � r � R ´� �� B1 � B2 ������� cn,p = (p B(p, n + 1))
1/p

, c ñ�½ c K ��õ�d���Ý���æ Ð��� è�¯ g B1 ������û r,
"

u ∈ Sn−1 d�� ρDB1
(u) = 2r, ÷

ρ
p
Rp(B1,K)(u) =

1

V (B1)

∫

B1

ρ
p
K(x, u)dx

=
1

V (B1)

∫

B1

(p

∫ ρK (x,u)

0

tp−1dt)dx

=
p

V (B1)

∫ ρDB1
(u)

0

(

∫

B1∩(K+tu)

dx)tp−1dt

=
p

V (B1)

∫ ρDB1
(u)

0

V (B1 ∩ (K + tu))tp−1dt

=
p

V (B1)

∫ 2r

0

V (B1 ∩ (K + tu))tp−1dt.

� � � 3.1 Ú gB1,K(tu)
1

n = V (B1 ∩ (K + tu))
1

n ��Ô�¸�¹ DB1 ý���¬�;�=�� À�Á�c 0 ≤ t ≤ 2r

d��
V (B1 ∩ (K + tu)) ≥ V (B1)(1 −

t

2r
)n.

"
ρRp(B1,K)(u) ≥ (

p

V (B1)

∫ 2r

0

V (B1)(1 −
t

2r
)ntp−1dt)1/p

= (p

∫ 2r

0

(1 −
t

2r
)ntp−1dt)1/p = 2r(p

∫ 1

0

(1 − y)nyp−1dy)
1

p

= 2rcn,p = 2cn,pρB1
(u).
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Rp(B1, K) ⊇ 2cn,pB1, À�Á�÷
V (Rp(B1, K)) ≥ (2cn,p)

nV (B1). (3.3)

­�® � �
3.2 Å�Ú�� � � B2 ⊇ K, À�Á B∗

2 ⊆ K∗. [ � Å �
V (Rp(B

∗
2 , K∗)) ≥ (2cn,p)

nV (B∗
2). (3.4)

¾ Ú B1, B2 ������´� �û r, R,
­�®

(1.5) ����· � ��¤�¥ (1.8), ÷
V (B1) = rnκn, V (B∗

2 ) =
1

Rn
κn. (3.5)

ï�. (3.3),(3.4) � (3.5) ��� � �
V (Rp(B1, K))V (Rp(B

∗
2 , K∗)) ≥ (2cn,p)

2nV (B1)V (B∗
2) = (2Cn,p)

2n(
r

R
)nκ2

n.
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Several Properties of the Radial pth Mean Bodies of Convex Bodies

YUAN Shu-feng1,2, ZHANG Hai-juan2, YUAN Jun3

(1. Shangyu College, Shaoxing University, Zhejiang 312300, China;
2. Inst. of Appl. Math. Mechanics, Shanghai University, Shanghai 200444, China;
3. Dept. of Math., Shanghai University, Shanghai 200444, China; )

Abstract: This paper proves that the radial pth mean body is invariant under a general linear trans-
formation and that the radial pth mean body of an ellipsoid is an ellipsoid. And corresponding to the
Blaschke-Santaló inequality, a reverse inequality for the radial pth mean body is given.

Key words: the radial pth mean body; convex body; radial function.


