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1 � �t�O_W#ZQ?\n�|gjlVC.Y!�M��{y1�AX�?!9ZO:���M&<gj?u2�/��i�-? !d�!\n�|gj:$�/�>|?CG [1]. &<gj?��l��
y = Xβ + Uξ + ǫ, (1.1)&J� y C n × 1 k"aQ� X C n × p ?��)� rank(X) = p, β C p × 1 ?F/gHd�aQ� U C�/? n × m ��)�aQ ξ C m × 1 ?+�d�aQ� ǫ C n × 1 ?+�N#aQ��H ξ ∼ Nm(0, σ2

1Im), ǫ ∼ Nn(0, σ2In), �~ Cov(ξ, ǫ) = 0. θ = (σ2, σ2
1)′ 'CW#ZQ�� V = UU ′. M�W#ZQ�HZ:��?d��W#ZOd� (ANOVAE) �Æ7&�d� (MLE) �[6Æ7&�d� (RMLE) �yIbT!Q3Kpd� (MINQUE)[1]. &fd��7*KC5!�f�E�L��ANOVAE y MINQUE �lÆ-Y℄n�P MLE y RMLEJp|�'Y\nW*H���_�W�'�3l�=G9'�/��MINQUE ~}C�E-�1?q���CAk+�n$7�i�-a?n8�j|=<?&q��O�z*C2�K[4H[���4�����_��_Y�^�?d��I-�HZ [2]:1.S7�d�gHd�yW#ZQ?�<hWR�'CtZ'd� (spec-

tral decomposition estimate, SDE). 1WRy MLE, RMLE �z�7�>ZgHd�yW#ZQ?d��~!�{�CT� SDE �y ANOVAE �zJ�W�'�&�K�+��L9�>L�!�H:�Ja"��TU�x� A′, tr(A),M(A), rk(A), A− y A+ Z���aH7) A?C5�
�UaQ%(?\nB��7�l�my Moore-Penrosel�m�CW���A− ~vXts: 2004-11-08`f~p: p�E��t
) (10271010), �0�E��t
) (1032001).



796 " r v 3 � r \ 26;'C A ? {1} l�m�P�^GW* AXA = A y XAX = X ?7) X 'C A ? {1, 2} l�m��� PA = A(A′A)−A′, ��aB� M(A) ?,#;�)� NA = I − PA.

2 ANOVAE ℄ SDEW#ZQ? ANOVAE �O<A��6��CS��y SDE �$��H��HZ [3] y [4]:?A��6��� Z C n× q(q = n−p)?U^7)�~^G Z ′X = 0, Z ′Z = Iq. � u = Z ′y,#�
E(u) = 0, Cov(u) = σ2Iq + σ2

1V1,&J� V1 = Z ′V Z. � t = rk(V1), MgW#) V1 LtZ'
V1 =

g∑

j=1

τjAj , (2.1)&J� τ1 > τ2 > . . . > τg �� V1 ?>!Z�C a1, a2, · · · , ag ?,���^A?YW/+1�
Aj(j = 1, 2, · · · , g)CM�?A
A)�W��rk(Aj ) = aj ,

∑g
j=1 aj = t. � A0 = I −

∑g
j=1 Aj ,# rk(A0) = q − t. �HJaF�� q − t > 0.� [4] /�!gj (1.1) T� σ2 y σ2

1 ? ANOVAE A�Z���C
σ̂2 =

u′A0u

q − t
, (2.2)

σ̂2
1 =

1

trV1
(

g∑

j=1

u′Aju −
t

q − t
u′A0u). (2.3)?,�/� ANOVAE !if4�T�Nw?9�n8�L��; V1 3��_YW/+1��W#ZQ? ANOVAE C UMVUE.tZ'd�?	�%`�� VMgW#)+m+mtZ'���K�tZ'=<?A
A)M�gj+m�;?\n����=
^_h?y
\ngj�&fhgj?/E�-?gHd���gj^7�:hgj?g#)0S�_�D?��tF/?W#ZQ�K�IbQ)9�H[�M`_hgjA�=<gHd�y/+1?�_d����!%��lT�gW#)?/+1�W#ZQ?\nv!��1�6r'\nW*HA��=W#ZQ?d��hWR?<./E��M�gHd�A��=
^_tZ'd��-aJ�:�Nwn8?\nd���1�A�K�&fd�MgHd�L+�����x���d���gj'LA�SU9�>L�:3D$�� s = rk(V ), MgW#) V LtZ'

V =

k∑

i=1

λiMi, (2.4)&J�λ1 > λ2 > · · · > λk �� V ?>!Z�Cm1 , m2, · · · , mk ?,���^A?YW/+1�
Mi(i = 1, 2, · · · , k)CM�?A
A)�W��rk(Mi) = mi,

∑k

i=1 mi = s. �M0 = I−
∑k

i=1 Mi,# rk(M0) = n − s.



4v �!��B��G℄o�}hk�u[(e� 797Z�� Mi(i = 0, 1, · · · , k) K)gj (1.1), �� y(i) = Miy, Xi = MiX , εi = MiUξ + Miǫ,

λ0 = 0, #=<���?hgj
y(i) = Xiβ + εi, εi ∼ N(0, (σ2 + λiσ

2
1)Mi), i = 0, 1, 2, · · · , k, (2.5)�C Mi �y
)��IbQ)9�H[A�=< σ2 + λiσ

2
1 ?d���C α∗

i

α∗

i =
1

ri

y′(Mi − PMiX)y, (2.6)&J� ri = rk(Mi) − rk(MiX)(i = 0, 1, 2, · · · , k).�HJa�� k = 1, � V = λ1M1, M0 = I − M1, 1� σ2 y σ2
1 ? SDE B��-aZ�C

σ̃2 =
1

r0
u′Z ′[M0 − PM0X ]Zu, (2.7)

σ̃2
1 =

1

λ1
[
1

r1
u′Z ′(M1 − PM1X)Zu −

1

r0
u′Z(M0 − PM0X)Zu]. (2.8)&J u 7|H (u = Z ′y), � [2] / SDE ~�W#ZQ?��Q3Kpd��

3 qVdYaR�
CS-e�H?A|&q�Jap|�T
H��j 3.1 
 V = UU ′ ?tZ'C V = λ1M1, � V 3��_YW/+1 (��>!), #
M1 = U(U ′U)−U ′.B�< U ′U y UU ′ �^A?YW/+1 λ1, ~ 1/λ1I C U ′U ?�_l�m�
HW���j 3.2 M��aH?m!^A?7) B y C, � L = (B

...C), #T�(M�
PL = PB + NBC(C′NBC)−C′NB.B�<M(L) = M(B

...NBC) � B′NBC = 0, 
H�-��j 3.3 MaH?7) B, �/ C C B ?�_ {1} l�m�# C C B ?�_ {1,2} l�m ⇐⇒ rk(B) = rk(C).-e � [5, p126] HH 5.1.3.�j 3.4 � Y ∼ Np(µ, V ), ~ V C p × p ?Yy
)�# Var(Y ′BY ) = 2tr[(BV )2] +

4µ′BV Bµ.-e � [6,§2.5].Tj 3.1 !gj (1.1) T� σ̂2 = σ̃2.	n �
H 3.1 y
H 3.2 = M0 = I − M1 = NU , ��
M0 − PM0X = NU − PNU X = I − (PU + PNUX) = I − P(U :X),f

r0 = rk(M0 − PM0X) = rk(I − P(U :X)) = n − rk(U
...X) = n − rk(X) − rk(Z ′U) = q − t. (3.1)
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Z ′(M0 − PM0X)ZA0 = Z ′(M0 − PM0X)Z(I −

g∑

j=1

Aj)

= Z ′(M0 − PM0X)Z −

g∑

j=1

1

τj

Z ′(M0 − PM0X)ZZ ′V ZAj

= Z ′(M0 − PM0X)Z −

g∑

j=1

1

τj

Z ′(M0 − PM0X)V ZAj = Z ′(M0 − PM0X)Z,�� [Z ′(M0 − PM0X)Z]A0[Z
′(M0 − PM0X)Z] = Z ′(M0 − PM0X)Z, � A0 C Z ′(M0 − PM0X)Z?�_ {1} l�m�B�<

rk(Z ′(M0 − PM0X)Z) = rk(M0 − PM0X) = rk(A0),�
H 3.3, A0 C Z ′(M0 − PM0X)Z ?�_ {1, 2} l�m���C
[Z ′(M0 − PM0X)ZA0]

′ = Z ′(M0 − PM0X)ZA0,~
[A0Z

′(M0 − PM0X)Z]′ = A0Z
′(M0 − PM0X)Z,f A0 C Z ′(M0 − PM0X)Z ? Moore-Penrose l�m����� Moore-Penrose l�m?B�n=

Z ′(M0 − PM0X)Z = A0, (3.2)� (3.1) y (3.2) = σ̂2 = σ̃2. 2Tj 3.2 !gj (1.1) T� σ̃2
1 = σ̂2

1 ⇐⇒ Z ′M1Z C
A)�	n � ⇒ ��
H 3.4 �* σ̃2
1 y σ̂2

1 ?W#=
Var(σ̂2

1) =
2

(trV1)2
(t +

t2

q − t
)σ4 +

2trV 2
1

(trV1)2
σ4

1 +
4

trV1
σ2σ2

1 , (3.3)

Var(σ̃2
1) =

2

λ2
1

(
1

r1
+

1

r0
)σ4 +

2

r1
σ4

1 +
4

λ1r1
σ2

1σ2, (3.4)M�� σ2 > 0, σ2
1 > 0, 
 σ̃2

1 = σ̂2
1 , #TdÆ_A�7�(M�
1

(trV1)2
(t +

t2

q − t
) =

1

λ2
1

(
1

r1
+

1

r0
), (3.5)

trV 2
1

(trV1)2
=

1

r1
, (3.6)

trV1 = λ1r1, (3.7)� (3.5) y (3.7) �HH 3.1 �-e?&[ r0 = q − t =
1

r2
1

(t +
t2

r0
) =

1

r1
+

1

r0
,
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rk(Z ′M1Z) = rk(Z ′(M1 − PM1X)Z), (3.8)� (3.8), K�yHH 3.1 F&?-eWR�A�-e Z ′M1Z C Z ′(M1 − PM1X)Z ? Moore-

Penrose l�m�f= Z ′M1Z C
A)��|n=-�� ⇒ �
 Z ′M1Z C
A)��tZ'?B�n= V1 ?tZ'C
V1 = λ1Z

′M1Z, (3.9)� A1 = Z ′M1Z, A0 = Z ′M0Z, ~
Z ′M1Z = Z ′M1ZZ ′M1Z = Z ′M1(I − PX)M1Z = Z ′M1Z − Z ′M1PXM1Z,���Z ′M1X(X ′X)−X ′M1Z = 0,�C|�y (X ′X)− ?q�Ki�f Z ′M1X = 0, Z ′M0X =

0, ��
σ̃2

1 =
1

λ1
(

1

r1
u′Z ′M1Zu −

1

r0
u′Z ′M0Zu) (3.10)

r1 = rk(Z ′(M1 − M1X(X ′M1X)−X ′M1)Z) = rk(Z ′M1Z) = rk(V1) = t, (3.11)� (3.9) y (3.11) =
σ̂2

1 =
1

trV1
(

g∑

j=1

u′Aju −
t

q − t
u′A0u) =

1

λ1r1
(u′Z ′M1Zu −

r1

r0
u′Z ′M0Zu) = σ̃2

1 .xl 3.1 !gj (1.1) T� σ̃2
1 = σ̂2

1 ⇐⇒ Z ′M1X = 0 ⇐⇒ Z ′M0X = 0.xl 3.2 !gj (1.1) T� σ̃2
1 = σ̂2

1 ⇐⇒ NXM1X = 0 ⇐⇒ NXM0X = 0.B�< Z ′M1ZZ ′M1Z = Z ′M1(I − PX)M1Z = Z ′M1Z − Z ′M1PXM1Z � M, M1, Z ?n8���O>[�-�xl 3.3 !gj (1.1) T� σ̃2
1 = σ̂2

1 ⇐⇒ PXPU = PUPX .	n �
H 3.1 y>[ 3.2, 3p-e NXM1X = 0 ⇐⇒ PXM1 = M1PX .

“⇒” NXM1X = 0 ⇒ (I − PX)M1PX = 0 ⇒ M1PX = PXM1PX ⇒ M1PX = PXM1 −

PXM1NX ⇒ PXM1 = M1PX .

“⇐” 
 PXM1 = M1PX , # NXM1 = M1NX , �P NXM1X = M1NXX = 0. 2� 3.1 �>[ 3.3 yHZ [1, p202]?>[ 5.5.2 /�gj (1.1) TW#ZQ σ2
1 ? SDE y

ANOVAE ^A?+Z�|4�{�gHd�?Adv!? LSE C BLUE ?+Z�|4��k 3.1 >ZK#�d�?OaZF�|gj
yij = µ + βi + αj + εij (i = 1, · · · , a, j = 1, · · · , b), (3.12)&J µy βi CgHd��αj y εij C+�d��αj y εij ��^i~<1JC 0, Var(αj) = σ2

α,

Var(εij) = σ2
ε . TH:� ⊗ �� Kronecker )�� 1a ��,��(%C 1 ? a EUaQ��

y = (y11, · · · , y1b, y21, · · · , y2b, · · · , yab)
′, ε = (ε11, · · · , ε1b, ε21, · · · , ε2b, · · · , εab)

′

β = (β1, . . . , βa)′, α = (α1, · · · , αb)
′, Ja = 1a ⊗ 1

′

a, J̄a = 1/aJa.



800 " r v 3 � r \ 26;gj (3.12) �7)��C
y = (1a ⊗ 1b)µ + (Ia ⊗ 1b)β + (1a ⊗ Ib)α + ε.k"aQ?gW#)C

Cov(y) = σ2
εI + σ2

α(Ja ⊗ Ib),
�x-1gj^G�H,.[gj?4��M�? X , U y M1 Z�C
X = (1a ⊗ 1b

...Ia ⊗ 1b), U = (1a ⊗ Ib), M1 = J̄a ⊗ Ib,1x-
NXM1X = (Ia ⊗ (Ib − J̄b))(J̄a ⊗ Ib)(1a ⊗ 1b

...Ia ⊗ 1b)

= (J̄a ⊗ (Ib − J̄b))(1a ⊗ 1b

...Ia ⊗ 1b) = 0,�1�gj (3.12) ^G>[ 3.2 ?4��f σ2
ε y σ2

α ? SDE y ANOVAE ^A�Z�C
σ̂2

ε = σ̃2
ε =

1

(a − 1)(b − 1)
y′(Ia − J̄a) ⊗ (Ib − J̄b)y =

1

(a − 1)(b − 1)

∑

i

∑

j

(yij − ȳi. − ȳ.j + ȳ..)
2,

σ̂2
α = σ̃2

α =
1

a(b − 1)
(y′

J̄a ⊗ (Ib − J̄b)y −
1

(a − 1)
y′(Ia − J̄a) ⊗ (Ib − J̄b)y)

=
1

a(b − 1)
(
∑

j

(ȳ.j − ȳ..)
2 −

1

(a − 1)

∑

i

∑

j

(yij − ȳi. − ȳ.j + ȳ..)
2).&J�̄

y.. =
1

ab

∑

i

∑

j

yij , ȳi. =
1

b

∑

j

yij, ȳ.j =
1

a

∑

i

yij , i = 1, · · · , a, j = 1, · · · , b.k 3.2 	>ZK#�d�?OaZF�|gj (3.12), :�L:Ja�� µ y αj CgHd�� βi y εij C+�d�� βi y εij ��^i~<1JC 0, Var(βi) = σ2
β , Var(εij) = σ2

ε . Ja'1gjCgj (3.13).�kx-gj (3.13) ~^G�H,.[gj?4��M�? X , U y M1 Z�C
X = (1a ⊗ 1b

...1a ⊗ Ib), U = (Ia ⊗ 1b), M1 = Ia ⊗ J̄b, QX = (Ia − J̄a) ⊗ Ib.1x-
NXM1X = ((Ia − J̄a) ⊗ Ib)(Ia ⊗ J̄b)(1a ⊗ 1b

...1a ⊗ Ib))

= ((Ia − J̄a) ⊗ J̄b)(1a ⊗ 1b

...1a ⊗ Ib) = 0.�1�gj (3.13) ~^G>[ 3.2 ?4��f σ2
ε y σ2

β ? SDE y ANOVAE ^A�Z�C
σ̂2

ε = σ̃2
ε =

1

(a − 1)(b − 1)
y′(Ia − J̄a) ⊗ (Ib − J̄b)y =

1

(a − 1)(b − 1)

∑

i

∑

j

(yij − ȳi. − ȳ.j + ȳ..)
2,
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σ̂2
β = σ̃2

β =
1

b(a − 1)
(y′(I − J̄a) ⊗ J̄by −

1

(b − 1)
y′(Ia − J̄a) ⊗ (Ib − J̄b)y)

=
1

b(a − 1)
(
∑

i

(ȳi. − ȳ..)
2 −

1

(b − 1)

∑

i

∑

j

(yij − ȳi. − ȳ.j + ȳ..)
2).&J� ȳ.., ȳi., ȳ.j(i = 1, . . . , a, j = 1, · · · , b) ?H�7�L�Tj 3.3 
 Z ′M1Z C
A)�#tZ'd� σ̃2 y σ̃2

1 Z�C σ2 y σ2
1 ? UMVUE.	n !gj (1.1) T� y ?bKv!C

f(y) = (2π)−
n

2 |σ2I + σ2
1UU ′|−

1

2 exp{−
1

2
(y − Xβ)′(σ2I + σ2

1UU ′)−1(y − Xβ)}

= (2π)−
n

2 |σ2I + σ2
1UU ′|−

1

2 exp{−
1

2
(y − Xβ)′(

1

σ2
M0 +

1

σ2 + λ1σ2
1

M1)(y − Xβ)}

= h(β, θ) exp{−
1

2σ2
y′M0y −

1

2(σ2 + λ1σ2
1)

y′M1y +
1

σ2
β′X ′M0y +

1

σ2 + λ1σ2
1

β′X ′M1y}&J h(β, θ) ��Q y Ki��C Z ′M1Z C
A)�,�
f(y) = h(β, θ) exp{−

1

2σ2
y′M0y−

1

2(σ2 + λ1σ2
1)

y′M1y+((X ′X)−1X ′(σ2I +σ2
1UU ′)−1Xβ)′X ′y}�

Θ = {(θ′1, θ2, θ3)
′ : β ∈ R

p, σ2
1 ≥ 0, σ2 > 0},w:�

θ1 = (X ′X)−1X ′(σ2I + σ2
1UU ′)−1Xβ, θ2 = −

1

2σ2
, θ3 = −

1

2(σ2 + λ1σ2
1)

.MaH? σ2, σ2
1(θ1, θ2 +0aH),7) (X ′X)−1X ′(σ2I+σ2

1UU ′)−1X Yy
�f; β ��R
p��θ1 ~�� R

p. �1 R
p⊗ (θ2, θ3)

′ ∈ Θ. +���Θ = R
p⊗∆,w: ∆ = {(θ2, θ3)

′ : σ2
1 ≥

0, σ2 > 0}, W� ∆ �5!YBD�C=���1 Θ 5!YBD�C=�����HZ [7] HH 1.6.1 = {y′M0y, y′M1y, X ′y} C (β′, θ′) ?��+Z9�Q���
σ̃2 =

1

r0
(y′M0y − y′X(X ′X)−1X ′M0X(X ′X)−1X ′y)

σ̃2
1 =

1

λ1
{

1

r1
(y′M1y − y′X(X ′X)−1X ′M1X(X ′X)−1X ′y) − σ̃2}�tZ'd� σ̃2 y σ̃2

1 Z�A���C��+Z9�Q?v!�f�HZ [7] HH 2.1.1 =-
σ̃2 y σ̃2

1 Z�C σ2 y σ2
1 ? UMVUE. 2Pgz|	
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On Spectral Decomposition Estimate for a Class of Linear Mixed

Models

SHI Jian-hong1, WANG Song-gui2

(1. College of Math. & Comp. Sci., Shanxi Normal University, Linfen 041004, China;
2. College of Appl. Math., Beijing University of Technology, Beijing 100022, China )

Abstract: The spectral decomposition estimate (SDE) proposed by Wang and Yin[2] is a new method of
simultaneously estimating fixed effects and variance components in linear mixed models. In this paper,
we furthe study the properties of SDE under linear mixed models with two variance components. We
get the necessary and sufficient condition for the equality of the analysis of variance estimate and the
SDE of variance components, and show that the SDE of variance components is a uniformly minimum
variance unbiased estimte under some conditions.

Key words: linear mixed model; variance components; SDE; ANOVAE.


