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Abstract: In this paper, we introduce the concept of strongly clean general ring (with or
without unity) and extend some of the basic results to a wider class. We prove that every
strongly m-regular general ring is strongly clean and the corner of the strongly clean general
ring is strongly clean. It is also proved that upper triangular matrix rings of the commutative
clean general ring with J(I) = Q(I) are strongly clean.
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1. Introduction

An element in a ring R is called strongly clean if it is the sum of an idempotent and a unit
which commute, and R is called a strongly clean ring if every element of R is strongly clean. The
notion was introduced by Nicholson in [5] where he proved that every strongly m-regular ring is
strongly clean (A ring R is strongly 7-regular if all chains of the forms aR D a?R D - - - terminate,
or equivalently, all chains Ra 2 Ra? D --- terminate). In [7], Nicholson and Zhou defined the
notion of a clean general ring, and some properties about clean rings!’3*4 were extended. In this
paper we extend the definition of a strongly clean ring to general rings (with or without unity),
and extend some of the basic results.

Let I be a general ring. We call a general ring strongly clean if every element is the sum of an
idempotent and an element ¢ € Q(I) which commute (¢ € Q(I) means g+p+qgp=0=p+q+pq
for some p € I). In this paper, we prove that if I is strongly w-regular (that is, for every a € I,
there exist n € N and y € I such that a" = a"*ly), then I is strongly clean. For A< I, we
prove that if I is a strongly clean general ring, then A and the corner of A are both strongly
clean. Finally, we proved that upper triangular matrix rings of the commutative clean general
ring with J(I) = Q(I) are strongly clean.

By the term ring we mean an associative ring with unity and by a general ring we mean an
associative general ring with or without unity. For clarity, R, S will always denote rings, and

a general ring will be written as I. We denote the group of units of the ring R by U(R), and
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the Jacobson radical of the general ring I by J(I). We write A < I for an ideal of I and write
M, (I) (T,,(I)) for the general ring of all (respectively all upper triangular) n x n matrices over
the general ring I.

2. Strongly clean general rings

Let I be a general ring with p, g € I, and write p*q =p + ¢ + pq. Let
QUI)={q€Ilpxq=0=qx*pfor some p € I}.

Note that J(I) C Q(I). Recall that R is strongly clean if every element a € R can be written as

the sum of an idempotent and a unit which commute.

Lemma 2.1 The following statements are equivalent for a ring R.
(1) R is strongly clean.
(2) Foreacha € R, a = e+ q and eq = qe where e?> = e and q € Q(R).

2 = ¢ and

Proof Let a € R. If R is strongly clean, write a + 1 = e + u and eu = ue where e
u € U(R). Thena=¢e+q, eq=qe where g =u—1and g+xp =0 = pxq with p=u=t — 1.
Conversely, if a — 1 = e + ¢ and eq = ge where €2 = e and ¢ € Q(R), then we have a = e +u
where u = ¢+ 1 € U(R) and eu = ue.

An element a in a general ring [ is called a strongly clean element if « = e + ¢ and eq = ge
where e2 = e € I and ¢ € Q(I); and I is called a strongly clean general ring if every element of
I is strongly clean. Hence idempotents, nilpotents and elements of Q(I) are all strongly clean.
Clearly, every homomorphic image of a strongly clean general ring is strongly clean, and the
direct product IT; K; and the direct sum @;K; of general rings are strongly clean if and only if

each K is strongly clean.

Theorem 2.2 Let I be a general ring. The following are equivalent for a € I.
(1) o™ =a"za™ and za™ = a"x forn € N and = € I.
(2) a* =a**'z and o' = ya!t! fork, | € N and z, y € I
(3) a" =a" 'z and za = ax forn € N and z € I.

(4) a™ = e+ q where e? =e € I and eq = ge = q € Q(I) for some n € N.

Proof (1)= (2). Since za” = a"z, a" = a"za" = a*"z = "1 (a" " 1x). Similarly, a" =
(xan—1>an+1.

(2= (3). By (2), we can assume that a” = a""'z = ya"*'. Then a" = ya"™' =
y(yan-i-l)a — y2an+2 — ... = yn+1a2n+l — yn(yan—i-l)an — yn(an-i-lx)an — yn—l(yan—i-l)wan —
y" (@M a)ra® = - = @Mz Tla" = a"z"a". Set e = a"z", then a" = ea™ and a"e =
aa™z" = a" (a"Ttx)z" ! = a""ta"2" ! = ... = g™z = @". Similarly, there exists f =
y™a™, such that a™ = fa”™ = a™ f. Therefore, e = a"x" = fa"x™ = fe = y"a"e = y"a™ = f. Set
b=-ex"e € ele, and c = ey™e € ele. Then e = a™b = ca™. In addition, ba™ = eba™ = ca™ba™ =

cea™ = ca”™ = a"b = e. Set z = a" b = a" lebe = a®" 134" € ele, whence az = a™b = e.
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Then z = ez = ze and a""'z = a"™a""b = a?b = a". Set g = za. Then ¢g? = 2(az)a =
zea = za = g € el, whence eg = g. Since Ia" = lea™ = Iba®™ C Ia?™ C Ia"t! C Ia™, we have
Ie=1Ia" =Ia""' = Ia"a = Ia"t'za C Tza = Ig, whence e = eg = g = za. Therefore, za = az.

(3)= (4). a" = a1z =a(a"Tlz)z = a"T?2? = ... = a®2" = a"2z"a". Let b= z"a"a".
Then we have a"ba™ = a™ and ba"b =b. Set e = ba™ and q¢ = a”™ — ba™. Note that xa = az, so
e? = e and ¢ € Q(I) with p = b — ba™, whence eq = ge = q, as required.

(4)= (1). If a" = e+ q, eq = ge = q where e = e and ¢ € Q(I). Then there exists
p = ep = pe such that pxq = 0 = g*p. Thus we have a™(e+p)a™ = (e+q)(e+p)(e+q) = e+q = a”,
and a™(e +p) = (e +p)a™.

Corollary 2.3 Let R be a ring. Then R is strongly m-regular if and only if for every a € R,
there exist n € N, €2 = e € R and ¢ € Q(R) such that a™ = e+ q and eq = ge = q.

From the proof of Theorem 2.2, the following result is immediate.

Corollary 2.4 Let I be a general ring. The following are equivalent for a € I.

(1) a*x =a=vya® forz, y € I.

(2) a = aba and ab = ba for some b € I.

(3) a=e+qandeq=qe=qwheree?=cc I and qc Q(I).

Recall that a ring R is strongly regular if every element of R can be written as the product
of an idempotent and a unit which commute (or equivalently, for each a € R, there exists b € R
such that a = aba and ab = ba). By Corollary 2.4, we obtain easily a new characterization of

strongly regular rings.

Corollary 2.5 Let R be a ring. Then R is strongly regular if and only if for every a € R, there
exist €2 = e € R and q € Q(R) such that a = e + q and eq = qe = q.

An element a in a general ring [ is called strongly m-regular if it satisfies the condition of
Theorem 2.2. In [2], H. Chen and M. Chen introduced a strongly m-regular ideal. We define
analogously a strongly m-regular general ring in case for any x € I there exist n € N and y € T

such that 2" = 2" "1y. The proof of [2, Theorem 2.3] adapts to prove the next result.

Lemma 2.6 The following statements are equivalent for a general ring I.
(1) I is strongly m-regular.

(2) Every element in I is strongly w-regular.

Proof (2)= (1). It is clear.

(1)= (2). Suppose that I is strongly m-regular and let « € I. Then we have n € N and
y € I such that 2" = z"*!y. Also we have some m € N and z € I such that y" = y"*1z. We
may assume m = n. One easily checks that 2" = z?"y" and y" = y?"2". Set a = 2", b = y"
and ¢ = 2. Then a = a?b and b = b%c. Since I is strongly m-regular, there exist £ € N and
d € I such that (¢ — a)¥ = (c — a)kT1d. Note that ac = (a?b)c = a(a?b)be = a3(b*c) = a®b = a?
and abc = a?(b*c) = a®b = a. Hence (c —a)? = ¢* — ca — ac+a® = ¢(c — a), whence ab(c —a)? =
abc(c — a) = a(c —a) = 0. Observe that b(c — a) = b?c(c — a) = b*(c — a)? = b[b(c — a)](c — a) =
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b[p?(c — a)?)(c —a) = b3 (c —a)® = --- = b¥(c — a)*. Thus b(c — a)’d = b*(c — a)kTld =
b*(c —a)* = b(c — a). So ab(c — a) = ab(c — a)?d = 0, whence a = abc = aba. Furthermore,
0 = ab(c—a)d = ab?*(c—a)*d = ablb(c—a)] = ab*(c — a). It implies that ab?a = ab?c. Therefore,

d
a = aba = a(b*c)a = ab?*a®. By Theorem 2.2, x is a strongly m-regular element in I.
Theorem 2.7 FEvery strongly m-regular general ring is strongly clean.

Proof Let I be a strongly w-regular general ring and let a € I. By Lemma 2.6 there exist n € N
and b € I such that ™ = a""'b and ab = ba. Then a" = a"™b = a(a"1b)b = a"T2p? = ... =
a®"b" = a™b"a". Set e = a™b"™ = b"a" is an idempotent in I. In fact, we may assume n is even and
using a virtual 1 for clarity. We write ¢ = a—e and p = (a—a?+a®—- - -+a""1)(e—1)+a" b e—e.

Thus we have

gsp=a—c+(a—a*+a*—---+a"He—-1)+a""'b"e — e+
(a®>—a*+a* = +a")(e—1)+a"b"e —ae —a" 1be+e

=a—ae+ (a+a")(e—1)=0.
Similarly, p * ¢ = 0. Therefore, a = e+ ¢, ¢ € Q(I) whence eq = ge.

3. Extensions of strongly clean general rings

If S'is a ring and I is a general ring such that I =g Ig is a bimodule, the ideal extension of S
by I is defined to be the additive group E(S; ) = S @ I with multiplication (r, a)(s, b) = (rs,rb+
as+ ab). This is an associative ring if and only if the conditions s(ab) = (sa)b, a(sb) = (as)b and
(ab)s = a(bs) are satisfied for all s € S and a, b € I. In particular, I’ = E(Z; I) is the standard

unitization of the general ring I.

Proposition 3.1 The following are equivalent for a general ring I.
(1) I is strongly clean.
(2) Whenever I < R where R is a ring, each a € I is a strongly clean element of R.

(3) There exists a ring S such that I =g Is and (0,a) is strongly clean in E(S;I) for all
acl.

Proof (1)= (2). Let a € R. By (1) we have —a = e + ¢, ¢ = ¢, ¢ € Q(I) and eq = ge. Then
a=(1—-¢e)+(—1—q) where (1 —¢€)? =1—¢e and —1 — ¢ is a unit of R.

(2)=> (3). This is trivial with S = Z.

(3)= (1). Given S as in (3), write R = E(S;I). Let a € I, then (0,—a) = o+ 3 in R
where o = o, 3 € U(R) and a3 = fa. Hence a = (e,z) and 3 = (—e,y) where e € S and

2 2

—a =x+y for z, y € I. Since a? = a, we obtain e> = e and z = ex + ze + 22. We have

e = 1 because 3 is a unit in R, so (—x)? =
a unit in R, then exists 37! = (=1, 2) such that (—y) * (—z) = 0 = (—2) * (—y). Hence we have

a=(—z)+ (—y) and (—z)(—y) = (—y)(—z) by af = fa, as required.

—x is an idempotent in I. Note that (—1,y) = 3 is
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Proposition 3.2 Let I be a strongly clean general ring and A< I. Then A is strongly clean.

Proof Assume first that I = R is a ring. Let a € A, by Lemma 2.1 we have —a = ¢ — u where
e?=e€ R, uc UR) and eu = ue. Thus 1 —e = u u(l —e)] = u[a(l — e)] € A. Write
u =1+ q where ¢ € Q(R). Then a = —e+u = (1 —e) + ¢ whence ¢ € ANQ(R) = Q(A), and
(I—e)g=q(l—e).

If T has no unity, write R = E(Z;I). Then A 2 (0, A)< R so it suffices by (2) of Proposition
3.1 to show that (0, a) is strongly clean in R for each a € A. But if —a = f + ¢ is a strongly clean
expression of —a in I, then (0,a) = (1, — f)+(—1, —q) where (1, — f)?> = (1, — f), (-1, —q) € U(R)
(the inverse is (—1,—p)) where g p=0=p=xgq, and (1,—f)(—1,—q) = (=1, —¢)(1, —f).

Theorem 3.3 Let I be a strongly clean general ring and let A< I with e = e € I. Then eAe

is also strongly clean.

Proof Given a € A and eae € A. A is a strongly clean general ring by Proposition 3.2, so there
exist f2 = f € A and q € Q(A) such that eae = f + ¢, fq¢ = qf. Thus we have

feae=f+ fq=[+qf = eaef,

whence
feae =ef +efq= fe+ qfe = eacf. "
Note that ¢ € Q(A), there exists p € A such that gxp =0 = p=q. Since gp = pq and fq = qf, it
is obtained that fp = pf and peae = eaep. Thus we haveef = ef+ef(q+p+qp) = (ef +efq)+
(ef +efq)p = feac+ feaep = feae+pfeae = fe+qfe+p(fe+afe) = fe+(g+p+pg)fe = fe
(by (x)). Therefore, cae = efe + eqe where (efe)? = efe and eqe € Q(A) Nede = Q(eAe)
commute.
In [8], we showed that semiperfect rings and matrix rings over strongly clean rings need not
be strongly clean. However, we do not know whether the corner of the strongly clean ring is

strongly clean. The following result answers the question.
Corollary 3.4 Let R be a strongly clean ring with e2 = e € R. Then eRe is also strongly clean.

Proof It follows from Theorem 3.3 and Lemma 2.1.

ql * e *k
q2 DR *

Lemma 3.5 Let I be a general ring. Then . ) € Q(T,(I)) if and only if
an

each ¢; € Q(I).
Proof It is directly verified.

Theorem 3.6 Let I be a commutative clean general ring with J(I) = Q(I). Then T,(I) is

strongly clean for all n > 1.

Proof We prove the implication by induction on n. It is true if n = 1. Assume that n > 1 and
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Tn—1(I) is strongly clean. Let

A:(“(‘)l a )eTn(I),

alnn

where A1 € T,—1(I), apn € I and v is an (n—1) x 1 matrix. By (1) and by induction hypothesis,

Ay and ay, have strongly clean expressions in T;,—1 (/) and in I respectively,
Al = El + Ql; Apn = €nn + Gnn-

Therefore, it suffices to prove that there exists an (n — 1) x 1 matrix a; such that

. Aq « - FEy o Q1 a—m
is a strongly clean expression in T, (I). Let E = ( Er o ) and @ = ( @ o= )

O €Enn O dnn
Clearly, Q € Q(T,,(I)) by Lemma 3.5. We denote

a

@/ (n—1)x(n-1)

by al,_; for clarity. It is easy to verify that

E2 =F <= Fia1 + ajey, = a1 <= (El + e,mIn_l)al = Q. (1)

EQ = QE < El(a - al) + @1qnn = Qlal + (Oé - al)enn
<~ (Ql = qunln—1 — 2€nnIn71)041 + (El + ennInfl)Oél = (El - ennlnfl)a. (2)

Combining (1) with (2) gives
(Ql - anIn—l - 2ennIn—1)al + o = (El - ennIn—l)a'

Because (—2epy) * (—2€nn) =0, (—2epnn) € Q(I). Note that ¢n, € Q(I), Q1 € Q(Th—1(I)) and
Q(I) = J()<I. Hence Q1 — Gnnln-1 — 2ennln-1 € Q(Tn-1(I)). By Lemma 3.5, there exists
P e T,_1(I) such that

P« (Ql - anIn—l - 2ennIn—l) = (Ql - anIn—l - 2ennIn—l) * P =0. (3)

So a1 = (F1 — epnlpn—1)a+ P(E1 — ennln—1)a. Next we verity that a; = (E1 — epplpn—1)a +
P(Ey — ennln—1)a satisfies (1) and (2). Set X = Q1 — gnnln—1 — 2¢nnln—1. Using (3), we
get PX = XP. Note that E1Q1 = Q1F1, then B4 X = XF;. Observe that PE; = (PE; +
E\)(X + P+ XP)+ PFE, = (PX + P+ X)E; + (PX + P+ X)E,P + E P = E;, P. Therefore,
Fr+ennln_1, Q1 — gunln_1 — 2eunl,_1 and P all commute. Thus

(El + ennlnfl)al - (El + ennInfl)[(El - ennlnfl)a + P(El - ennInfl)a]
= (El - ennInfl)a + P(El - ennInfl)a = ag.
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So ay satisfies (1). Similarly, oy satisfies (2). Therefore, the proof is completed.
In [7], Nicholson and Zhou proved that every uniquely clean general ring I satisfies J(I) =
Q(I). By Theorem 3.6, if I is a commutative uniquely clean general ring, then T, () is strongly

clean. Thus, we obtain a new class of strongly clean general rings.
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