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Abstract: In this paper, we introduce the concept of strongly clean general ring (with or
without unity) and extend some of the basic results to a wider class. We prove that every
strongly π-regular general ring is strongly clean and the corner of the strongly clean general
ring is strongly clean. It is also proved that upper triangular matrix rings of the commutative
clean general ring with J(I) = Q(I) are strongly clean.
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1. Introduction

An element in a ring R is called strongly clean if it is the sum of an idempotent and a unit

which commute, and R is called a strongly clean ring if every element of R is strongly clean. The

notion was introduced by Nicholson in [5] where he proved that every strongly π-regular ring is

strongly clean (A ring R is strongly π-regular if all chains of the forms aR ⊇ a2R ⊇ · · · terminate,

or equivalently, all chains Ra ⊇ Ra2 ⊇ · · · terminate). In [7], Nicholson and Zhou defined the

notion of a clean general ring, and some properties about clean rings[1,3,4] were extended. In this

paper we extend the definition of a strongly clean ring to general rings (with or without unity),

and extend some of the basic results.

Let I be a general ring. We call a general ring strongly clean if every element is the sum of an

idempotent and an element q ∈ Q(I) which commute (q ∈ Q(I) means q+p+qp = 0 = p+q+pq

for some p ∈ I). In this paper, we prove that if I is strongly π-regular (that is, for every a ∈ I,

there exist n ∈ N and y ∈ I such that an = an+1y), then I is strongly clean. For A ⊳ I, we

prove that if I is a strongly clean general ring, then A and the corner of A are both strongly

clean. Finally, we proved that upper triangular matrix rings of the commutative clean general

ring with J(I) = Q(I) are strongly clean.

By the term ring we mean an associative ring with unity and by a general ring we mean an

associative general ring with or without unity. For clarity, R, S will always denote rings, and

a general ring will be written as I. We denote the group of units of the ring R by U(R), and
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the Jacobson radical of the general ring I by J(I). We write A ⊳ I for an ideal of I and write

Mn(I) (Tn(I)) for the general ring of all (respectively all upper triangular) n × n matrices over

the general ring I.

2. Strongly clean general rings

Let I be a general ring with p, q ∈ I, and write p ∗ q = p + q + pq. Let

Q(I) = {q ∈ I|p ∗ q = 0 = q ∗ p for some p ∈ I}.

Note that J(I) ⊆ Q(I). Recall that R is strongly clean if every element a ∈ R can be written as

the sum of an idempotent and a unit which commute.

Lemma 2.1 The following statements are equivalent for a ring R.

(1) R is strongly clean.

(2) For each a ∈ R, a = e + q and eq = qe where e2 = e and q ∈ Q(R).

Proof Let a ∈ R. If R is strongly clean, write a + 1 = e + u and eu = ue where e2 = e and

u ∈ U(R). Then a = e + q, eq = qe where q = u − 1 and q ∗ p = 0 = p ∗ q with p = u−1 − 1.

Conversely, if a − 1 = e + q and eq = qe where e2 = e and q ∈ Q(R), then we have a = e + u

where u = q + 1 ∈ U(R) and eu = ue.

An element a in a general ring I is called a strongly clean element if a = e + q and eq = qe

where e2 = e ∈ I and q ∈ Q(I); and I is called a strongly clean general ring if every element of

I is strongly clean. Hence idempotents, nilpotents and elements of Q(I) are all strongly clean.

Clearly, every homomorphic image of a strongly clean general ring is strongly clean, and the

direct product ΠiKi and the direct sum ⊕iKi of general rings are strongly clean if and only if

each Ki is strongly clean.

Theorem 2.2 Let I be a general ring. The following are equivalent for a ∈ I.

(1) an = anxan and xan = anx for n ∈ N and x ∈ I.

(2) ak = ak+1x and al = yal+1 for k, l ∈ N and x, y ∈ I.

(3) an = an+1x and xa = ax for n ∈ N and x ∈ I.

(4) an = e + q where e2 = e ∈ I and eq = qe = q ∈ Q(I) for some n ∈ N.

Proof (1)=⇒ (2). Since xan = anx, an = anxan = a2nx = an+1(an−1x). Similarly, an =

(xan−1)an+1.

(2)=⇒ (3). By (2), we can assume that an = an+1x = yan+1. Then an = yan+1 =

y(yan+1)a = y2an+2 = · · · = yn+1a2n+1 = yn(yan+1)an = yn(an+1x)an = yn−1(yan+1)xan =

yn−1(an+1x)xan = · · · = an+1xn+1an = anxnan. Set e = anxn, then an = ean and ane =

ananxn = an−1(an+1x)xn−1 = an−1anxn−1 = · · · = an+1x = an. Similarly, there exists f =

ynan, such that an = fan = anf . Therefore, e = anxn = fanxn = fe = ynane = ynan = f . Set

b = exne ∈ eIe, and c = eyne ∈ eIe. Then e = anb = can. In addition, ban = eban = canban =

cean = can = anb = e. Set z = an−1b = an−1ebe = a2n−1b3an ∈ eIe, whence az = anb = e.
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Then z = ez = ze and an+1z = an+1an−1b = a2nb = an. Set g = za. Then g2 = z(az)a =

zea = za = g ∈ eI, whence eg = g. Since Ian = Iean = Iba2n ⊆ Ia2n ⊆ Ian+1 ⊆ Ian, we have

Ie = Ian = Ian+1 = Iana = Ian+1za ⊆ Iza = Ig, whence e = eg = g = za. Therefore, za = az.

(3)=⇒ (4). an = an+1x = a(an+1x)x = an+2x2 = · · · = a2nxn = anxnan. Let b = xnanxn.

Then we have anban = an and banb = b. Set e = ban and q = an − ban. Note that xa = ax, so

e2 = e and q ∈ Q(I) with p = b − ban, whence eq = qe = q, as required.

(4)=⇒ (1). If an = e + q, eq = qe = q where e2 = e and q ∈ Q(I). Then there exists

p = ep = pe such that p∗q = 0 = q∗p. Thus we have an(e+p)an = (e+q)(e+p)(e+q) = e+q = an,

and an(e + p) = (e + p)an.

Corollary 2.3 Let R be a ring. Then R is strongly π-regular if and only if for every a ∈ R,

there exist n ∈ N, e2 = e ∈ R and q ∈ Q(R) such that an = e + q and eq = qe = q.

From the proof of Theorem 2.2, the following result is immediate.

Corollary 2.4 Let I be a general ring. The following are equivalent for a ∈ I.

(1) a2x = a = ya2 for x, y ∈ I.

(2) a = aba and ab = ba for some b ∈ I.

(3) a = e + q and eq = qe = q where e2 = e ∈ I and q ∈ Q(I).

Recall that a ring R is strongly regular if every element of R can be written as the product

of an idempotent and a unit which commute (or equivalently, for each a ∈ R, there exists b ∈ R

such that a = aba and ab = ba). By Corollary 2.4, we obtain easily a new characterization of

strongly regular rings.

Corollary 2.5 Let R be a ring. Then R is strongly regular if and only if for every a ∈ R, there

exist e2 = e ∈ R and q ∈ Q(R) such that a = e + q and eq = qe = q.

An element a in a general ring I is called strongly π-regular if it satisfies the condition of

Theorem 2.2. In [2], H. Chen and M. Chen introduced a strongly π-regular ideal. We define

analogously a strongly π-regular general ring in case for any x ∈ I there exist n ∈ N and y ∈ I

such that xn = xn+1y. The proof of [2, Theorem 2.3] adapts to prove the next result.

Lemma 2.6 The following statements are equivalent for a general ring I.

(1) I is strongly π-regular.

(2) Every element in I is strongly π-regular.

Proof (2)=⇒ (1). It is clear.

(1)=⇒ (2). Suppose that I is strongly π-regular and let x ∈ I. Then we have n ∈ N and

y ∈ I such that xn = xn+1y. Also we have some m ∈ N and z ∈ I such that yn = yn+1z. We

may assume m = n. One easily checks that xn = x2nyn and yn = y2nzn. Set a = xn, b = yn

and c = zn. Then a = a2b and b = b2c. Since I is strongly π-regular, there exist k ∈ N and

d ∈ I such that (c − a)k = (c − a)k+1d. Note that ac = (a2b)c = a(a2b)bc = a3(b2c) = a3b = a2

and abc = a2(b2c) = a2b = a. Hence (c− a)2 = c2 − ca− ac + a2 = c(c− a), whence ab(c− a)2 =

abc(c− a) = a(c− a) = 0. Observe that b(c− a) = b2c(c− a) = b2(c − a)2 = b[b(c− a)](c− a) =
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b[b2(c − a)2](c − a) = b3(c − a)3 = · · · = bk(c − a)k. Thus b(c − a)2d = bk(c − a)k+1d =

bk(c − a)k = b(c − a). So ab(c − a) = ab(c − a)2d = 0, whence a = abc = aba. Furthermore,

0 = ab(c−a)d = ab2(c−a)2d = ab[b(c−a)] = ab2(c−a). It implies that ab2a = ab2c. Therefore,

a = aba = a(b2c)a = ab2a2. By Theorem 2.2, x is a strongly π-regular element in I.

Theorem 2.7 Every strongly π-regular general ring is strongly clean.

Proof Let I be a strongly π-regular general ring and let a ∈ I. By Lemma 2.6 there exist n ∈ N

and b ∈ I such that an = an+1b and ab = ba. Then an = an+1b = a(an+1b)b = an+2b2 = · · · =

a2nbn = anbnan. Set e = anbn = bnan is an idempotent in I. In fact, we may assume n is even and

using a virtual 1 for clarity. We write q = a−e and p = (a−a2+a3−· · ·+an−1)(e−1)+an−1bne−e.

Thus we have

q ∗ p =a − e + (a − a2 + a3 − · · · + an−1)(e − 1) + an−1bne − e+

(a2 − a3 + a4 − · · · + an)(e − 1) + anbne − ae − an−1bne + e

=a − ae + (a + an)(e − 1) = 0.

Similarly, p ∗ q = 0. Therefore, a = e + q, q ∈ Q(I) whence eq = qe.

3. Extensions of strongly clean general rings

If S is a ring and I is a general ring such that I =S IS is a bimodule, the ideal extension of S

by I is defined to be the additive group E(S; I) = S
⊕

I with multiplication (r, a)(s, b) = (rs, rb+

as+ab). This is an associative ring if and only if the conditions s(ab) = (sa)b, a(sb) = (as)b and

(ab)s = a(bs) are satisfied for all s ∈ S and a, b ∈ I. In particular, I ′ = E(Z; I) is the standard

unitization of the general ring I.

Proposition 3.1 The following are equivalent for a general ring I.

(1) I is strongly clean.

(2) Whenever I ⊳ R where R is a ring, each a ∈ I is a strongly clean element of R.

(3) There exists a ring S such that I =S IS and (0, a) is strongly clean in E(S; I) for all

a ∈ I.

Proof (1)=⇒ (2). Let a ∈ R. By (1) we have −a = e + q, e2 = e, q ∈ Q(I) and eq = qe. Then

a = (1 − e) + (−1 − q) where (1 − e)2 = 1 − e and −1 − q is a unit of R.

(2)=⇒ (3). This is trivial with S = Z.

(3)=⇒ (1). Given S as in (3), write R = E(S; I). Let a ∈ I, then (0,−a) = α + β in R

where α2 = α, β ∈ U(R) and αβ = βα. Hence α = (e, x) and β = (−e, y) where e ∈ S and

−a = x + y for x, y ∈ I. Since α2 = α, we obtain e2 = e and x = ex + xe + x2. We have

e = 1 because β is a unit in R, so (−x)2 = −x is an idempotent in I. Note that (−1, y) = β is

a unit in R, then exists β−1 = (−1, z) such that (−y) ∗ (−z) = 0 = (−z) ∗ (−y). Hence we have

a = (−x) + (−y) and (−x)(−y) = (−y)(−x) by αβ = βα, as required.
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Proposition 3.2 Let I be a strongly clean general ring and A ⊳ I. Then A is strongly clean.

Proof Assume first that I = R is a ring. Let a ∈ A, by Lemma 2.1 we have −a = e − u where

e2 = e ∈ R, u ∈ U(R) and eu = ue. Thus 1 − e = u−1[u(1 − e)] = u−1[a(1 − e)] ∈ A. Write

u = 1 + q where q ∈ Q(R). Then a = −e + u = (1 − e) + q whence q ∈ A ∩ Q(R) = Q(A), and

(1 − e)q = q(1 − e).

If I has no unity, write R = E(Z;I). Then A ∼= (0, A) ⊳R so it suffices by (2) of Proposition

3.1 to show that (0, a) is strongly clean in R for each a ∈ A. But if −a = f + q is a strongly clean

expression of −a in I, then (0, a) = (1,−f)+(−1,−q) where (1,−f)2 = (1,−f), (−1,−q) ∈ U(R)

(the inverse is (−1,−p)) where q ∗ p = 0 = p ∗ q, and (1,−f)(−1,−q) = (−1,−q)(1,−f).

Theorem 3.3 Let I be a strongly clean general ring and let A ⊳ I with e2 = e ∈ I. Then eAe

is also strongly clean.

Proof Given a ∈ A and eae ∈ A. A is a strongly clean general ring by Proposition 3.2, so there

exist f2 = f ∈ A and q ∈ Q(A) such that eae = f + q, fq = qf . Thus we have

feae = f + fq = f + qf = eaef,

whence

feae = ef + efq = fe + qfe = eaef. (*)

Note that q ∈ Q(A), there exists p ∈ A such that q ∗ p = 0 = p ∗ q. Since qp = pq and fq = qf , it

is obtained that fp = pf and peae = eaep. Thus we have ef = ef +ef(q+p+qp) = (ef +efq)+

(ef + efq)p = feae+ feaep = feae+pfeae = fe+ qfe+p(fe+ qfe) = fe+(q +p+pq)fe = fe

(by (∗)). Therefore, eae = efe + eqe where (efe)2 = efe and eqe ∈ Q(A) ∩ eAe = Q(eAe)

commute.

In [8], we showed that semiperfect rings and matrix rings over strongly clean rings need not

be strongly clean. However, we do not know whether the corner of the strongly clean ring is

strongly clean. The following result answers the question.

Corollary 3.4 Let R be a strongly clean ring with e2 = e ∈ R. Then eRe is also strongly clean.

Proof It follows from Theorem 3.3 and Lemma 2.1.

Lemma 3.5 Let I be a general ring. Then











q1 ∗ · · · ∗
q2 · · · ∗

. . .
...

qn











∈ Q(Tn(I)) if and only if

each qi ∈ Q(I).

Proof It is directly verified.

Theorem 3.6 Let I be a commutative clean general ring with J(I) = Q(I). Then Tn(I) is

strongly clean for all n ≥ 1.

Proof We prove the implication by induction on n. It is true if n = 1. Assume that n > 1 and
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Tn−1(I) is strongly clean. Let

A =

(

A1 α

0 ann

)

∈ Tn(I),

where A1 ∈ Tn−1(I), ann ∈ I and α is an (n−1)×1 matrix. By (1) and by induction hypothesis,

A1 and ann have strongly clean expressions in Tn−1(I) and in I respectively,

A1 = E1 + Q1, ann = enn + qnn.

Therefore, it suffices to prove that there exists an (n − 1) × 1 matrix α1 such that

A =

(

A1 α

0 ann

)

=

(

E1 α1

0 enn

)

+

(

Q1 α − α1

0 qnn

)

is a strongly clean expression in Tn(I). Let E =

(

E1 α1

0 enn

)

and Q =

(

Q1 α − α1

0 qnn

)

.

Clearly, Q ∈ Q(Tn(I)) by Lemma 3.5. We denote







a

. . .

a







(n−1)×(n−1)

by aIn−1 for clarity. It is easy to verify that

E2 = E ⇐⇒ E1α1 + α1enn = α1 ⇐⇒ (E1 + ennIn−1)α1 = α1. (1)

EQ = QE ⇐⇒ E1(α − α1) + α1qnn = Q1α1 + (α − α1)enn

⇐⇒ (Q1 − qnnIn−1 − 2ennIn−1)α1 + (E1 + ennIn−1)α1 = (E1 − ennIn−1)α. (2)

Combining (1) with (2) gives

(Q1 − qnnIn−1 − 2ennIn−1)α1 + α1 = (E1 − ennIn−1)α.

Because (−2enn) ∗ (−2enn) = 0, (−2enn) ∈ Q(I). Note that qnn ∈ Q(I), Q1 ∈ Q(Tn−1(I)) and

Q(I) = J(I) ⊳ I. Hence Q1 − qnnIn−1 − 2ennIn−1 ∈ Q(Tn−1(I)). By Lemma 3.5, there exists

P ∈ Tn−1(I) such that

P ∗ (Q1 − qnnIn−1 − 2ennIn−1) = (Q1 − qnnIn−1 − 2ennIn−1) ∗ P = 0. (3)

So α1 = (E1 − ennIn−1)α + P (E1 − ennIn−1)α. Next we verity that α1 = (E1 − ennIn−1)α +

P (E1 − ennIn−1)α satisfies (1) and (2). Set X = Q1 − qnnIn−1 − 2ennIn−1. Using (3), we

get PX = XP . Note that E1Q1 = Q1E1, then E1X = XE1. Observe that PE1 = (PE1 +

E1)(X + P + XP ) + PE1 = (PX + P + X)E1 + (PX + P + X)E1P + E1P = E1P . Therefore,

E1 + ennIn−1, Q1 − qnnIn−1 − 2ennIn−1 and P all commute. Thus

(E1 + ennIn−1)α1 = (E1 + ennIn−1)[(E1 − ennIn−1)α + P (E1 − ennIn−1)α]

= (E1 − ennIn−1)α + P (E1 − ennIn−1)α = α1.



34 Journal of Mathematical Research and Exposition Vol.27

So α1 satisfies (1). Similarly, α1 satisfies (2). Therefore, the proof is completed.

In [7], Nicholson and Zhou proved that every uniquely clean general ring I satisfies J(I) =

Q(I). By Theorem 3.6, if I is a commutative uniquely clean general ring, then Tn(I) is strongly

clean. Thus, we obtain a new class of strongly clean general rings.
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