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1. Introduction

In the study of dynamical systems, topological entropy is an important invariant. The

concept of topological entropy for a continuous map was originally introduced by Adler, Kon-

heim, and McAndrew[1]. Later, Bowen[2] gave an equivalent definition when the space under

consideration is metrizable. In the same paper, Bowen also introduced a definition of topological

entropy for one parameter flow by using separated set and spanning set. However, it is not

easy to show whether it is invariant under conjugacy. In [3], [4], Thomas posed a new direction

to redefine topological entropy by using strongly separated set and weakly spanning set which

allow reparametrizations of orbits. He clarified that the new definition is equivalent to Bowen’s

definition for any semi-flow without fixed points, and it is invariant in a certain sense under

conjugacy. One can see some other results on entropies of flows in [5]–[8].

It is well known that the topological entropy of a mapping measures the rate at which the

action of the mapping disperses points in the future. In particular, when the mapping under

consideration is a homeomorphism, the topological entropy of the mapping and that of its inverse

mapping are equal. However, when the mapping is not invertible, how to describe the complexity

of the system by using the “inverse orbits”? In recent years, Hurley[9] and Nitecki[10] formulated

and studied several entropy-like invariants–preimage entropies based on preimage structure of a

mapping. For some recent results on preimage entropies of mappings, one can see [11]–[15].

In this paper, we formulate and study several preimage entropies for a semi-flow. In Section

2, we give the definitions of two types of pointwise preimage entropies , hp(ϕ) and hm(ϕ), by
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using the separated set and the spanning set. For any semi-flow without fixed points, we give

their equivalent definitions by using strongly separated set and weakly spanning set. In Section 3,

two types of preimage branch entropies, hi(ϕ) and Hi(ϕ), are given by using preimage separated

set and preimage spanning set, preimage strongly separated set and preimage weakly spanning

set, respectively. In Section 4, we show that the entropies h(ϕ), hp(ϕ), hm(ϕ) and Hi(ϕ) are all

invariant in a certain sense under conjugacy for any semi-flow free of fixed points. In Section

5, we study the relation between these entropies, and get an inequality about them. In Section

6, We show that most of these entropies for a semi-flow are consistent with that for its time-1

mapping. So, the relation between the entropies for a continuous map and for its suspension is

given.

Everywhere in this paper, let (X, d) be a compact metric space, ϕ : X × R+ −→ X be a

semi-flow on X , i.e., and let ϕ be continuous and satisfy the following properties:

1) ϕ0x = x, ∀x ∈ X ;

2) ϕs+tx = ϕs ◦ ϕtx, ∀s, t ∈ R+, x ∈ X .

2. Pointwise preimage entropies

Let K be a compact subset of X , and t ∈ R+, ε > 0.

A subset F ⊂ X is said to be a (ϕ, t, ε)-spanning set of K, if for any x ∈ K, there exists

y ∈ F such that d(ϕsx, ϕsy) ≤ ε, s ∈ [0, t]. Let r(ϕ, t, ε,K) denote the smallest cardinality of

any (ϕ, t, ε)-spanning set of K.

A subset E ⊂ K is said to be a (ϕ, t, ε)-separated set of K, if for x, y ∈ E, x 6= y, there

exists s ∈ [0, t] such that d(ϕsx, ϕsy) > ε. Let s(ϕ, t, ε,K) denote the largest cardinality of any

(ϕ, t, ε)-separated set of K.

It is easy to prove that (similar to the proof for the mapping in [16]) for any 0 < ε1 < ε2,

we have r(ϕ, t, ε1,K) ≥ r(ϕ, t, ε2,K), s(ϕ, t, ε1,K) ≥ s(ϕ, t, ε2,K), and for any ε > 0, we have

r(ϕ, t, ε,K) ≤ s(ϕ, t, ε,K) ≤ r(ϕ, t, ε
2 ,K).

The topological entropy of ϕ is defined by

h(ϕ) = lim
ε→0

lim sup
t→∞

1

t
log s(ϕ, t, ε,X) = lim

ε→0
lim sup

t→∞

1

t
log r(ϕ, t, ε,X).

See [2] and [3] for more details. Now we give the following definitions.

Definition 2.1 The two types of pointwise preimage entropies of ϕ are defined by

hp(ϕ) = sup
x∈X

lim
ε→0

lim sup
t→∞

1

t
log s(ϕ, t, ε, ϕ−1

t (x))

= sup
x∈X

lim
ε→0

lim sup
t→∞

1

t
log r(ϕ, t, ε, ϕ−1

t (x)),

hm(ϕ) = lim
ε→0

lim sup
t→∞

1

t
log(sup

x∈X

s(ϕ, t, ε, ϕ−1
t (x)))

= lim
ε→0

lim sup
t→∞

1

t
log(sup

x∈X

r(ϕ, t, ε, ϕ−1
t (x))).
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Clearly, hp(ϕ) ≤ hm(ϕ) ≤ h(ϕ). In particular, if for any t ∈ R+, ϕt is a homeomorphism, then

hp(ϕ) = hm(ϕ) = 0.

A reparametrization of interval [0, t] is an orientation-preserving homeomorphism from

[0, t] onto its image fixing the origin. Denote by Rep[0, t] the set of all reparametrizations of

interval [0, t].

A subset F ⊂ X is said to be a (ϕ, t, ε)-weakly spanning set of K, if for any x ∈ K, there

exist y ∈ F and α ∈ Rep[0, t] such that d(ϕα(s)x, ϕsy) ≤ ε, s ∈ [0, t]. Let R(ϕ, t, ε,K) denote

the smallest cardinality of any (ϕ, t, ε)-weakly spanning set of K.

A subset E ⊂ K is said to be a (ϕ, t, ε)-strongly separated set of K, if for any x, y ∈ E, x 6= y

and for any α, β ∈ Rep[0, t], d(ϕα(s)x, ϕsy) > ε for some s ∈ [0, t], or d(ϕsx, ϕβ(s)y) > ε for

some s ∈ [0, t]. Let S(ϕ, t, ε,K) denote the largest cardinality of any (ϕ, t, ε)-strongly separated

set of K.

A subset G ⊂ K is said to be a (ϕ, t, ε)-tracing set, if for any x ∈ K, there exists y ∈ G

which (ϕ, t, ε)-tracing x, i.e., there is a α ∈ Rep[0, t] such that d(ϕsx, ϕα(s)y) ≤ ε, s ∈ [0, t]. Let

T (ϕ, t, ε,K) denote the smallest cardinality of any (ϕ, t, ε)-tracing set of K.

By using weakly spanning set, strongly separated set and tracing set, we will give the

equivalent definitions of the pointwise preimage entropies for fixed point free semi-flows.

Similar to Lemma 1.2 of [3] we have the following lemma.

Lemma 2.2 Let ϕ be a semi-flow without fixed points. For any λ > 0, there exists ε > 0 such

that for any t ∈ R+, x, y ∈ X and α ∈ Rep[0, t], if d(ϕα(s)x, ϕsy) ≤ ε, ∀s ∈ [0, t], then

1) |α(s) − s| < λ for s < 1, s ∈ [0, t];

2) |α(s) − s| < sλ for s ≥ 1, s ∈ [0, t].

Lemma 2.3 Let ϕ be a semi-flow without fixed points. Let K be a compact subset of X and

t ≥ 1.

1) For any ε > 0, we have R(ϕ, t, ε,K) ≤ S(ϕ, t, ε,K). For any λ > 0, there exists ε′ > 0

such that S(ϕ, (1 − λ)t, ε,K) ≤ R(ϕ, t, ε
2 ,K) for any 0 < ε ≤ ε′.

2) For anyλ > 0, there exists ε′ > 0 such that T (ϕ, (1− λ)t, ε,K) ≤ R(ϕ, t, ε,K), R(ϕ, (1−

λ)t, ε,K) ≤ T (ϕ, t, ε,K) for any 0 < ε ≤ ε′.

3) For any ε > 0, we have T (ϕ, t, ε,K) ≤ r(ϕ, t, ε,K). For any ε > 0, there exists 0 < δ < ε
3

such that for any τ > 0, t > τ , r(ϕ, t, δ,K) ≤ 3 · 3
t

τ T (ϕ, t, ε,K).

Proof 1) From the definitions, for any ε > 0, a (ϕ, t, ε)-strongly separated set with the largest

cardinality must be a (ϕ, t, ε)-weakly spanning set. So R(ϕ, t, ε,K) ≤ S(ϕ, t, ε,K).

For any λ > 0, choose ε′ > 0 satisfying Lemma 2.2 with respect to λ. For given 0 < ε ≤ ε′,

let E be a (ϕ, (1 − λ)t, ε)-strongly separated set of K and F a (ϕ, t, ε
2 )-weakly spanning set of

K. For any x ∈ E, we can choose some point f(x) ∈ F and some α ∈ Rep[0, t] such that

d(ϕα(s)x, ϕsf(x)) ≤
ε

2
, 0 ≤ s ≤ t.
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We claim that f defines an injective map from E to F . Therefore,

S(ϕ, (1 − λ)t, ε,K) ≤ R(ϕ, t,
ε

2
,K).

Proof of the claim: If for x′, x′′ ∈ E there exist f(x′), f(x′′) ∈ F , α′, α′′ ∈ Rep[0, t] such

that

d(ϕα′(s)x
′, ϕsf(x′)), d(ϕα′′(s)x

′′, ϕsf(x′′)) ≤
ε

2
, 0 ≤ s ≤ t,

and f(x′) = f(x′′), then d(ϕα′(s)x
′, ϕα′′(s)x

′′) ≤ ε, 0 ≤ s ≤ t. By taking u = α′(s), we get

d(ϕux
′, ϕα′′·α′−1(u)x

′′) ≤ ε, 0 ≤ u ≤ (1 − λ)t.

Since E is a (ϕ, (1 − λ)t, ε)-strongly separated set, x′ = x′′.

2) For any λ > 0, choose ε′ satisfying Lemma 2.2 with respect to λ. For given 0 < ε ≤ ε′,

let F be a (ϕ, t, ε)-weakly spanning set of K. Then for any x ∈ K, there exist y ∈ F and

α ∈ Rep[0, t] such that d(ϕα(s)x, ϕsy) ≤ ε, 0 ≤ s ≤ t. By taking u = α(s), we get

d(ϕux, ϕα−1(u)y) ≤ ε, 0 ≤ u ≤ (1 − λ)t.

This implies that F is a (ϕ, (1 − λ)t, ε)-tracing set of K. Therefore,

T (ϕ, (1 − λ)t, ε,K) ≤ R(ϕ, t, ε,K).

Similarly, we have R(ϕ, (1 − λ)t, ε,K) ≤ T (ϕ, t, ε,K).

3) From the definitions, for any ε > 0, a (ϕ, t, ε)-spanning set of K must be a (ϕ, t, ε)-

tracing set. So T (ϕ, t, ε,K) ≤ r(ϕ, t, ε,K). Similar to the proof of Proposition 14 in [4], for any

ε > 0, there exists 0 < δ < ε
3 such that for any x ∈ X, τ > 0 and t > τ , the set of points which

can be (ϕ, t, ε)-traced by x can be (ϕ, t, δ)-spanned by a set with the cardinality less than 3 · 3
t

τ .

Therefore,

r(ϕ, t, δ,K) ≤ 3 · 3
t

τ T (ϕ, t, ε,K). 2

Proposition 2.4 For the semi-flow ϕ without fixed points, we have

h(ϕ) = lim
ε→0

lim sup
t→∞

1

t
logA(ϕ, t, ε,X),

and

hp(ϕ) = sup
x∈X

lim
ε→0

lim sup
t→∞

1

t
logA(ϕ, t, ε, ϕ−1

t (x));

hm(ϕ) = lim
ε→0

lim sup
t→∞

1

t
log(sup

x∈X

A(ϕ, t, ε, ϕ−1
t (x))),

where A(·) = R(·), S(·) or T (·).

Proof We only prove the case of hm(ϕ). From (1) of Lemma 2.3, for any λ > 0, there exists

ε > 0 such that

sup
x∈X

S(ϕ, (1 − λ)t, ε, ϕ−1
t (x)) ≤ sup

x∈X

R(ϕ, t,
ε

2
, ϕ−1

t (x)) ≤ sup
x∈X

S(ϕ, t,
ε

2
, ϕ−1

t (x)).
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Since λ is arbitrary,

lim
ε→0

lim sup
t→∞

1

t
log(sup

x∈X

S(ϕ, t, ε, ϕ−1
t (x))) = lim

ε→0
lim sup

t→∞

1

t
log(sup

x∈X

R(ϕ, t, ε, ϕ−1
t (x))). (1)

Similarly, from (2) of Lemma 2.3, we have

lim
ε→0

lim sup
t→∞

1

t
log(sup

x∈X

R(ϕ, t, ε, ϕ−1
t (x))) = lim

ε→0
lim sup

t→∞

1

t
log(sup

x∈X

T (ϕ, t, ε, ϕ−1
t (x))). (2)

From (3) of Lemma 2.3, we have

lim
ε→0

lim sup
t→∞

1

t
log(sup

x∈X

T (ϕ, t, ε, ϕ−1
t (x)))

≤ lim
ε→0

lim sup
t→∞

1

t
log(sup

x∈X

r(ϕ, t, ε, ϕ−1
t (x))) = hm(ϕ). (3)

And for any τ > 0, t > τ ,

1

t
log(sup

x∈X

r(ϕ, t, δ, ϕ−1
t (x))) ≤

1

t
log 3 +

1

τ
log 3 +

1

t
log(sup

x∈X

T (ϕ, t, ε, ϕ−1
t (x))).

Therefore,

lim
δ→0

lim sup
t→∞

1

t
log(sup

x∈X

r(ϕ, t, δ, ϕ−1
t (x))) ≤

1

τ
log 3 + lim

ε→0
lim sup

t→∞

1

t
log(sup

x∈X

T (ϕ, t, ε, ϕ−1
t (x))).

Since τ is arbitrary,

hm(ϕ) ≤ lim
ε→0

lim sup
t→∞

1

t
log(sup

x∈X

T (ϕ, t, ε, ϕ−1
t (x))). (4)

From (1), (2), (3) and (4), we completes the proof of the case of hm(ϕ). 2

3. Preimage branch entropies

In this section, we formulate two types of preimage branch entropies for semi-flows.

For x ∈ X, t ∈ R+, the t-preimage tree of x under ϕ is the set

Tt(x) = {Orb[0,t](z) | z ∈ ϕ−1
t (x)},

where Orb[0,t](z) : = {ϕsz | s ∈ [0, t]} is said to be a branch of Tt(x).

Let x, x′ ∈ X, t ∈ R+. The preimage trees Tt(x) and Tt(x
′) are said to be (t, ε)-adjacent, if

for any branch β = Orb[0,t](z) of Tt(x), there exists a branch β′ = Orb[0,t](z
′) of Tt(x

′) such that

d(ϕsz, ϕsz
′) ≤ ε, s ∈ [0, t] and for any branch β′ = Orb[0,t](y

′) of Tt(x
′), there exists a branch

β = Orb[0,t](y) of Tt(x) such that d(ϕsy, ϕsy
′) ≤ ε, s ∈ [0, t].

A set F ⊂ X is said to be a (ϕ, t, ε)-preimage spanning set of X , if for any x ∈ X , there

exists y ∈ F such that Tt(x) and Tt(y) are (t, ε)-adjacent. Let ri(ϕ, t, ε,X) denote the smallest

cardinality of any (ϕ, t, ε)-preimage spanning set of X .
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A set E ⊂ X is said to be a (ϕ, t, ε)-preimage separated set of X , if for any x, y ∈ E, x 6= y,

Tt(x) and Tt(y) are not (t, ε)-adjacent. Let si(ϕ, t, ε,X) denote the largest cardinality of any

(ϕ, t, ε)-preimage separated set of X .

One can see that for any 0 < ε1 < ε2, ri(ϕ, t, ε1, X) ≥ ri(ϕ, t, ε2, X), si(ϕ, t, ε1, X) ≥

si(ϕ, t, ε2, X), and for any ε > 0, ri(ϕ, t, ε,X) ≤ si(ϕ, t, ε,X) ≤ ri(ϕ, t,
ε
2 , X).

Definition 3.1 The first type of preimage branch entropy of ϕ is defined by

hi(ϕ) = lim
ε→0

lim sup
t→∞

1

t
log si(ϕ, t, ε,X) = lim

ε→0
lim sup

t→∞

1

t
log ri(ϕ, t, ε,X).

The preimage trees Tt(x) and Tt(x
′) are said to be (t, ε)-weakly adjacent, if for any branch

β = Orb[0,t](z) of Tt(x), there exist a branch β′ = Orb[0,t](z
′) of Tt(x

′) and α′ ∈ Rep[0, t] such

that d(ϕsz, ϕα′(s)z
′) ≤ ε, s ∈ [0, t]; and for any branch β′ = Orb[0,t](y

′) of Tt(x
′), there exist a

branch β = Orb[0,t](y) of Tt(x) and α ∈ Rep[0, t] such that d(ϕα(s)y, ϕsy
′) ≤ ε, s ∈ [0, t].

A set F ⊂ X is said to be a (ϕ, t, ε)-preimage weakly spanning set of X , if for any x ∈ X ,

there exists y ∈ F such that Tt(x) and Tt(y) are (t, ε)-weakly adjacent. Let Ri(ϕ, t, ε,X) denote

the smallest cardinality of any (ϕ, t, ε)-preimage weakly spanning set of X .

A set E ⊂ X is said to be a (ϕ, t, ε)-preimage strongly separated set of X , if for any

x, y ∈ E, x 6= y, Tt(x) and Tt(y) are not (t, ε)-weakly adjacent. Let Si(ϕ, t, ε,X) denote the

largest cardinality of any (ϕ, t, ε)-preimage strongly separated set of X .

One can see that for any 0 < ε1 < ε2,

Ri(ϕ, t, ε1, X) ≥ Ri(ϕ, t, ε2, X), Si(ϕ, t, ε1, X) ≥ Si(ϕ, t, ε2, X).

Proposition 3.2 Let ϕ be a semi-flow without fixed points, t ≥ 1, then we have:

1) For any ε > 0, Ri(ϕ, t, ε,X) ≤ Si(ϕ, t, ε,X).

2) For any λ > 0, there exists ε′ > 0 such that Si(ϕ, (1 − λ)t, ε,X) ≤ Ri(ϕ, t,
ε
2 , X) for any

0 < ε ≤ ε′.

Proof From the definitions, for any ε > 0, a (ϕ, t, ε)-preimage strongly separated set with the

largest cardinality must be a (ϕ, t, ε)-preimage weakly spanning set. So (1) is established.

For any λ > 0, choose ε′ satisfying Lemma 2.2 with respect to λ′. For given 0 < ε ≤ ε′, let E

be a (ϕ, (1−λ)t, ε)-preimage strongly separated set of X and let F be a (ϕ, t, ε
2 )-weakly spanning

set of K. For any x ∈ E, we can choose some point f(x) ∈ F such that Tt(x) and Tt(f(x)) are

(t, ε
2 )-weakly adjacent. We claim that f defines a injective map from E to F . Therefore, (2) is

established.

Proof of the claim: In fact, if we assume that for some x, x′ ∈ E we have f(x) = f(x′) := y,

then Tt(y) and Tt(x) are (t, ε
2 )-weakly adjacent, and so does Tt(y) and Tt(x

′). So for any z ∈

ϕ−1
t (x), there exist y′ ∈ ϕ−1

t (y) and α ∈ Rep[0, t] such that d(ϕsz, ϕα(s)y
′) ≤ ε

2 , ∀s ∈ [0, t].

And for y′, there exist z′ ∈ ϕ−1
t (x′) and α′ ∈ Rep[0, t] such that

d(ϕuy
′, ϕα′(u)z

′) ≤
ε

2
, ∀u ∈ [0, t].
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In the above equation, let u = α(s). Then d(ϕα(s)y
′, ϕα′◦α(s)z

′) ≤ ε
2 , ∀s ∈ [0, (1−λ)t]. Therefore,

d(ϕsz, ϕα′◦α(s)z
′) ≤ d(ϕsz, ϕα(s)y

′) + d(ϕα(s)y
′, ϕα′◦α(s)z

′) ≤ ε, ∀s ∈ [0, (1 − λ)t].

Similarly, for every z′ ∈ ϕ−1
t (x′), there must exist some point z ∈ ϕ−1

t (x) and a reparametrization

in Rep[0, t] satisfying a similar inequality. This implies that Tt(x) and Tt(x
′) are ((1 − λ)t, ε)-

weakly adjacent. Since E is a (ϕ, (1 − λ)t, ε)-preimage strongly separated set of X then x = x′.

This completes the proof of the claim. 2

From Proposition 3.2, we can give the following definition.

Definition 3.3 For any semi-flow ϕ without fixed points, the second type of preimage branch

entropy is defined by

Hi(ϕ) = lim
ε→0

lim sup
t→∞

1

t
logRi(ϕ, t, ε,X) = lim

ε→0
lim sup

t→∞

1

t
logSi(ϕ, t, ε,X).

From the definitions, for any semi-flow ϕ without fixed points, we have hi(ϕ) ≥ Hi(ϕ). by

applying Lemma 2.3, we have that if for any t ∈ R+, ϕt is a homeomorphism, then hi(ϕ) =

Hi(ϕ) = h(ϕ). But we do not know whether we have hi(ϕ) = Hi(ϕ) for any semi-flow without

fixed points.

4. Entropies of topological conjugate semi-flows

It is said that semi-flows (X,ϕ) and (Y, ψ) are topological conjugate, if there is a homeo-

morphism h : X −→ Y mapping orbits of ϕ onto orbits of ψ with preserved orientation. Similar

to Lemmas 3.1 and 3.2 of [3], we have the following lemma.

Lemma 4.1 If (X,ϕ) and (Y, ψ) are conjugate semi-flows with a conjugate homeomorphism

h : X −→ Y and have no fixed points, then there exists a continuous function σ : X×R+ → R+

such that

1) σx(0) = 0, σx : R+ → R+ is a homeomorphism, ∀x ∈ X ;

2) h(ϕtx) = ψσx(t)h(x), ∀x ∈ X , t ∈ R+;

3) σx(s+ t) = σϕtx(s) + σx(t), ∀x ∈ X , t, s ∈ R+;

4) There exist m,M > 0 such that mt ≤ σx(t) ≤Mt, ∀x ∈ X , t ≥ 1.

Theorem 4.2 If (X,ϕ) and (Y, ψ) are conjugate semi-flows with a conjugate homeomorphism

h : X −→ Y and have no fixed points, and σ : X × R+ → R+ is the continuous function in

Lemma 4.1, then

1) mh(ψ) ≤ h(ϕ) ≤Mh(ψ);

2) mhp(ψ) ≤ hp(ϕ) ≤Mhp(ψ), mhm(ψ) ≤ hm(ϕ) ≤Mhm(ψ);

3) mHi(ψ) ≤ Hi(ϕ) ≤MHi(ψ).

Proof For any ε > 0, take δ > 0 such that

d(x, y) ≤ δ =⇒ d(h(x), h(y)) ≤ ε, ∀x, y ∈ X.
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Let K be a compact subset of X , and let F be a (ϕ, t, δ)-weakly spanning set of K with the

smallest cardinality. For any y ∈ h(K) with y = h(x), there exist z ∈ F and α ∈ Rep[0, t] such

that

d(ϕα(s)x, ϕsz) ≤ δ, s ∈ [0, t].

So

d(ψσx(α(s))h(x), ψσz(s)h(z)) = d(h(ϕα(s)x), h(ϕsz)) ≤ ε, s ∈ [0, t].

Let u = σz(s), β(u) = σx(α(σ−1
z (u))). Then d(ψβ(u)y, ψuh(z)) ≤ ε, u ∈ [0,mt]. Therefore,

h(F ) is a (ψ,mt, ε)-weakly spanning set of h(K). This implies R(ψ,mt, ε, h(K)) ≤ R(ϕ, t, δ,K).

From the equivalent definitions of entropies (Proposition 2.4), we have

mh(ψ) ≤ h(ϕ), mhp(ψ) ≤ hp(ϕ), mhm(ψ) ≤ hm(ϕ).

Similarly,

h(ϕ) ≤Mh(ψ), hp(ϕ) ≤Mhp(ψ), hm(ϕ) ≤Mhm(ψ).

This completes the proof of (1) and (2).

Let F be a (ϕ, t, δ)-preimage weakly spanning set of K with the smallest cardinality. For

any y ∈ Y with y = h(x), take z ∈ F such that the preimage trees Tt(x) and Tt(z) are (ϕ, t, δ)-

weakly adjacent. From the above discussion, Tt(y) and Tt(h(z)) are (ψ,mt, ε)-weakly adjacent.

So h(F ) is a (ψ,mt, ε)-preimage weakly spanning set of of Y . Therefore,

Ri(ψ,mt, ε, Y ) ≤ Ri(ϕ, t, δ,X).

And then mHi(ψ) ≤ Hi(ϕ). Similarly, we have Hi(ϕ) ≤ MHi(ψ). This completes the proof of

(3). 2

5. An inequality relating these entropies

Theorem 5.1 Let ϕ be a semi-flow without fixed points. Then h(ϕ) ≤ Hi(ϕ) + hm(ϕ).

Proof Let t ≥ 1. For any λ > 0, choose ε satisfying Lemma 2.2 with respect to λ and let Y be

a (ϕ, t, ε
3 )-preimage strongly separated set of X with the largest cardinality. For any x ∈ X , Let

M(x) be a maximal (ϕ, t, ε
3 )-strongly separated set of ϕ−1

t (x), and write M =
⋃

y∈Y M(y). We

claim thatM is a (ϕ, (1−λ+λ2)t, ε)-weak spanning set ofX . So R(ϕ, (1−λ+λ2)t, ε,X) ≤ cardM .

From the choice of Y and M , we have

R(ϕ, (1 − λ+ λ2)t, ε,X) ≤ cardY · sup
y∈Y

{cardM(y)} ≤ Si(ϕ, t,
ε

3
, X) · sup

x∈X

S(ϕ, t,
ε

3
, ϕ−1

t (x)).

Therefore,

lim sup
t−→∞

1

t
logR(ϕ, (1 − λ+ λ2)t, ε,X)

≤ lim sup
t−→∞

1

t
log Si(ϕ, t,

ε

3
, X) + lim sup

t−→∞

1

t
log(sup

x∈X

S(ϕ, t,
ε

3
, ϕ−1

t (x))).



No.3 ZHANG J L: Preimage entropies of semi-flows 521

Let ε −→ 0. And note that λ is arbitrary to get the desired inequality

h(ϕ) ≤ Hi(ϕ) + hm(ϕ).

Proof of the claim: For any x ∈ X , let ω = ϕtx. Since Y is a maximal (ϕ, t, ε
3 )-preimage

strongly separated set of X , it must be a (ϕ, t, ε
3 )-weakly spanning set of X . So either ω ∈ Y , or

there exists y ∈ Y such that Tt(ω) and Tt(y) are (ϕ, t, ε
3 )-weakly adjacent. In either case, there

exist z ∈ ϕ−1
t (y) and α ∈ Rep[0, t] such that d(ϕα(s)x, ϕsz) ≤ ε

3 , s ∈ [0, t]. By the maximality

of the (ϕ, t, ε
3 )-strongly separated set M(y), there exist z′ ∈ M(y) and α′ ∈ Rep[0, t] such that

d(ϕα′(u)z, ϕuz
′) ≤ ε

3 , u ∈ [0, t]. By taking α′(u) = s, we have

d(ϕsz, ϕα′−1(s)z
′) ≤

ε

3
, s ∈ [0, (1 − λ)t].

Then

d(ϕα(s)x, ϕα′−1(s)z
′) ≤ d(ϕα(s)x, ϕsz) + d(ϕsz, ϕα′−1(s)z

′) ≤
2ε

3
, s ∈ [0, (1 − λ)t].

And by taking α′−1(s) = v, we have

d(ϕα◦α′(v)x, ϕvz
′) ≤

2ε

3
, v ∈ [0, (1 − λ+ λ2)t].

This completes the proof of the claim. 2

Therefore, for any semi-flow ϕ without fixed point, we have

hp(ϕ) ≤ hm(ϕ) ≤ h(ϕ) ≤ Hi(ϕ) + hm(ϕ) ≤ hi(ϕ) + hm(ϕ).

6. Entropies of semi-flow and its time-1 mapping

Before consider the relation between the entropies for a semi-flow and for its time one

mapping, we first state the concepts of entropies of continuous maps[10].

Let f : X −→ X be a continuous map, and K be a subset of X and n ∈ Z+, ε > 0.

A set F ⊂ X is said to be an (f, n, ε)-spanning set of K, if for any x ∈ K, there exists y ∈ F

such that

d(f i(x), f i(y)) ≤ ε, 0 ≤ i ≤ n− 1.

Let r(f, n, ε,K) denote the smallest cardinality of any (f, n, ε)-spanning set of K.

The topological entropy of f is defined by

h(f) = lim
ε→0

lim sup
n→∞

1

n
log r(f, n, ε,X).

The two types pointwise preimage entropies of f are defined by

hp(f) = sup
x∈X

lim
ε→0

lim sup
n→∞

1

n
log r(f, n, ε, f−n(x)),
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and

hm(f) = lim
ε→0

lim sup
n→∞

1

n
log(sup

x∈X

r(f, n, ε, f−n(x))).

For x ∈ X , the n-preimage tree of x under f is the set

Tn(x) = {Orb[0,n](z) | z ∈ f−n(x)},

where Orb[0,n](z) : = {z, f(z), f2(z), . . . , fn−1(z)} ∈ Tn(x) is a branch of Tt(x).

For x, x′ ∈ X , the preimage trees Tn(x) and Tn(x′) are said to be (n, ε)-adjacent, if for any

branch β = Orb[0,t](z) of Tn(x), there exists a branch β′ = Orb[0,t](z
′) of Tn(x′) such that

d(f i(x), f i(x′)) ≤ ε, 0 ≤ i ≤ n− 1.

And for any branch β′ = Orb[0,t](y
′) of Tn(x′), there exists a branch β = Orb[0,t](y) of Tn(x)

such that d(f i(y′), f i(y)) ≤ ε, 0 ≤ i ≤ n− 1.

A set F ⊂ X is said to be a (f, n, ε)-preimage spanning set of X , if for any x ∈ X , there

exists y ∈ F such that Tn(x) and Tn(y) are (n, ε)-adjacent. Let ri(f, n, ε,X) denote the smallest

cardinality of any (f, n, ε)-preimage spanning set of K.

The preimage branch entropy of f is defined by

hi(f) = lim
ε→0

lim sup
n→∞

1

n
log ri(f, n, ε,X).

Theorem 6.1 Let ϕ be a semi-flow, ϕ1 be its time-1 mapping. Then

1) h(ϕ) = h(ϕ1);

2) hp(ϕ) = hp(ϕ1), hm(ϕ) = hm(ϕ1);

3) hi(ϕ) = hi(ϕ1).

Proof Let n ∈ Z+, t ∈ R+. For any ε > 0, choose δ > 0 such that

d(x, y) ≤ δ =⇒ d(ϕsx, ϕsy) ≤ ε, 0 ≤ s ≤ 1.

1) Since a (ϕ, t, ε)-spanning set must be a (ϕ1, [t], ε)-spanning set,

r(ϕ, t, ε,X) ≥ r(ϕ1, [t], ε,X).

Therefore, h(ϕ) ≥ h(ϕ1). And since a (ϕ1, n, δ)-spanning set must be a (ϕ, n, ε)-spanning set,

r(ϕ1, n, δ,X) ≥ r(ϕ, n, ε,X).

Therefore, h(ϕ1) ≥ h(ϕ).

Accordingly, we have h(ϕ) = h(ϕ1).

2) Similar to the discussion in (1), we only note that for any x ∈ X , if F is a (ϕ1, n, δ)-

spanning set of ϕ−n
1 (x), then F is a (ϕ, n, ε)-spanning set of ϕ−1

n x. And if F is a (ϕ, t, ε)-spanning

set of ϕ−1
t x, then ϕt−[t]F is a (ϕ1, [t], ε)-spanning set of ϕ

−[t]
1 (x).
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3) Similar to the discussion in (1) and (2), we only note that a (ϕ1, n, δ)-preimage spanning

set of X must be a (ϕ, n, ε)-preimage spanning set of X . And a (ϕ, t, ε)-preimage spanning set

of X must be a (ϕ1, [t], ε)-preimage spanning set of X . 2

Let (X, d) be a compact metric space, f : X −→ X be a continuous map, and θ : X →

(0,+∞) be a continuous function.

The suspension semi-flow ϕ(θ) of f under θ on the space

X(θ) =
⋃

0≤t≤θ(x)

{(x, t) | (x, θ(x)) ∼ (f(x), 0)}

is defined for small time by (ϕ(θ))t(x, s) = (x, t+ s), 0 ≤ t+ s < θ(x).

Note 6.2 Each suspension ϕ(θ) of f under θ is conjugate to the suspension ϕ(1) under the

constant function with value 1. In fact, the according conjugate homeomorphism is

h : X(1) −→ X(θ), (x, t) 7→ (x, tθ(x)),

and the continuous map as in Lemma 4.1 is σ : X × R+ → R+, (x, t) 7→ t.

Proposion 6.3 Let f : X −→ X be a continuous map, and ϕ be a suspension under θ : X →

(0,+∞), then

1) 0 < h(f) < +∞ implies 0 < h(ϕ) < +∞; h(f) = 0 (or +∞) implies h(ϕ) = 0 (or +∞);

2) 0 < ha(f) < +∞ implies 0 < ha(ϕ) < +∞; ha(f) = 0(or +∞) implies ha(ϕ) = 0(or

+∞), where a = p,m.

In particular, if f is a homeomorphism, then

3) 0 < hi(f) < +∞ implies 0 < hi(ϕ) = Hi(ϕ) < +∞; hi(f) = 0 (or +∞) implies

hi(ϕ) = Hi(ϕ) = 0 (or +∞).

Proof If θ is the constant function 1, and ϕ is the suspension of f under θ, then the time-1

mapping of ϕ is f itself. From Theorem 6.1, we have

h(f) = h(ϕ), ha(f) = ha(ϕ), a = m, p or i.

1) and 2) come from Theorem 4.2 and Note 6.2, and 3) comes from Theorem 4.2, Note 6.2 and

the statement at the end of Section 3. 2

By Theorem 6.1, we can get some information for the entropies of semi-flows from the results

for the entropies of continuous maps in [10]. Fox examples, if ϕ is a suspension of a positively

expansive mapping under constant function 1, then hp(ϕ) = hm(ϕ); if ϕ is a suspension of

either a positively expansive covering map or a graph mapping under constant function 1, then

hi(ϕ) = Hi(ϕ) = 0, and then h(ϕ) = hm(ϕ). Furthermore, [11] gave an example by the symbolic

system such that hp(f) 6= hm(f). Therefore, if ϕ is a suspension of such mapping f under

constant function 1, then hp(ϕ) 6= hm(ϕ).
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