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Abstract In this paper, we discuss the properties of g-frames and g-frame operators for Hilbert
spaces by utilizing the method of operator theory. Furthermore, we study perturbations of
g-frames, and obtain some meaningful results.
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1. Introduction

Frames for Hilbert spaces were formally defined by Duffin and Schaeffer(!l in 1952 to study
some deep problems in nonharmonic Fourier series. Basically, Duffin and Schaeffer introduced
the fundamental concept of Gabor frames for studying signal processing. Later generalized frame
theory or simply g-frame theory was introduced by Sun Wenchang as a natural generalization
of the frame theory in Hilbert spaces. In the paper, we consider g-frames in a Hilbert space H,
and extend some of the known results about frames to g-frames.

Let H and K be Hilbert space. {K; : i € I} is a sequence of subspaces of K. Where I
is a subset of Z and Z is the set of intergers. B(H, K;) is the collection of all bounded linear
operators from H into K;, and Iy is the identity operator on H.

A sequence of {U; € B(H, K;) : i € I} is called a g-frame for H with respect to {K; : i € I},
if there exist 0 < C' < D < oo such that for all f € H,

CIFI? <D IUfI1> < DIFIP, vf € H. (1.1)

i€l
The number C and D are called a lower and upper frame bounds. A g-frame {U; : i € I} is
called a tight g-frame if C = D and a Parseval tight g-frame if C = D = 1. Let {U; : i € I} be a

g-frame. Then the g-frame operator

S(f) =Y UU:f (1.2)

el
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associated with {U; € B(H, K;) : i € I} is a bounded, invertible and positive operator mapping
H onto itself. This provides the reconstruction formula
[F=88"Nf)=51S(f) =D UiUif = U;Uf, Vf €H, (1.3)
i€l il
where U; = U;S~!. The family {Ul 4 € I} is also a g-frame for H, called the canonical dual
g-frame of {U; : i € I}.
The main result of this paper deals with g-frame operators on H and perturbations of g-

frames. We refer to [2] for an excellent introduction to g-frames. Our references for frames are
[1,3,5,6].

2. Main results
In order to prove our assertions, we first give the following lemma.

Lemma 2.1 Let {U; € B(H, K;) : i € I} be a family of operators. We define an operator S by
Sf =721 UtUf,Vf € H. Then the family of operators {U; : i € I} is a g-frame for H with
respect to {K; : i € I} if and only if S is a positive and invertible operator on H.

Proof Necessity is clear. We only need to prove sufficiency. Conversely, if the operator S is
a positive and invertible operator, then for any f € H, we have that A(S)||f]|? < (Sf, f) <

IISII | £1I?. Hence, the family of operators {U; : i € I} is a g-frame with the frame bounds A(S)
and ||S||, where A(S) = inf{||Sf]| : f € H,||f|| = 1} denotes the minimal module of S.

Indeed, Lemma 2.1 gives a relation between g-frames and g-frame operators.

Suppose that a g-frame is Parseval tight. We have that (Sf, f) = || f||? for all f € H. In this

case, S = Iy. Furthermore, we get the following assertion.

Proposition 2.2 Let {U; € B(H,K;) :i € I} be a g-frame for H with respect to {K; : i € I}
with the frame operator S, and {U; € B(H,K;) : i € I} be the canonical dual g-frame of
{U; :i € I}. Then the following assertions are equivalent.

(1) S=1Ig.

(2) IFII* = X NUS1I, VS € H.

(3) IFI1? =X, IUsf 112,V € H.
Proof We easily see from (1.2) that (1) = (2) and (1) = (3) are evident.

(2) = (1) Since S™'f =%, S=1UFU, f, for any f € H, we have

(ST ) = SOUSTUIUS T £ = S US U = (872, ).
el i€l

Hence S~ = S§~2. This implies that S = Iy.

(3) = (1) Using the formula (1.3), we see that

(S 1) =S (TS, ) = S TS FI? = (S°. f), Vf € H.

icl el
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Thus S = S2. This implies that S = Iy.

The next theorem is analogous to Proposition 4.1 in [3], but the proof is different from [3].

Theorem 2.3 Let {U; € B(H, K;) :i € I} be a g-frame for H with respect to {K; : i € I} with
frame bounds C' and D, and let {V; € B(H, K;) : i € I} be a family of operators. If there exists
a 0 < R < C such that

DU = Vil DIP < RIIFIIP (2.1)

el
for all f € H, then {V; : i € I} is a g-frame for H with respect to {K; : i € I} with frame bounds
(VC —VR) and 2(D + R).
Proof For a family of operators {V; };cr, the operator S is defined by
Sf =Y _V;Vif, Vf€H. (2.2)
iel
By Lemma 2.1, to prove that {V; };cr is a g-frame, it suffices to show that S is a positive invertible

operator.

First of all, S is well defined on H. To see this, let n < m be integers. Then we have

Hm

=N

sup ‘<iVi*Vif,h>‘— sup ‘Z Vf,Vh’

hed,|hll=1 llAlI=1

< o (Smvrr?) - ()

llall=
< V2D + R)l/Q(Z ”VifHQ)I/Q

Now we see from (2.1) that the series in (2.2) are convergent. Thus, S is well defined for any
feH.
On the other hand, it is easy to check that for any f € H,

502 = ()"

el
> (Sws?) - (Shw-vsz)”
el iel

> (VO -VR)?| 1],
and therefore,
(Sf.f) = (VC-VR)fI?, vfeH. (2.3)

Hence S is positive and bounded below.

We now estimate an upper bound of S. For any f € H, we have

.02 = (S isR)” = (v - v+ vps)

iel el

VA IVi-vs+ S v E)

icl iel
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<V2(D+ R)'|f],
therefore,

(Sf.f)y<2D+R)|fI?, VfeH. (2.4)
Combining (2.3) with (2.4), for any f € H, we have

(VC = VR)||fI* < (Sf. f) < 2(D+ R)| fII*- (2.5)

From(2.5), it is clear that S is invertible.

Theorem 2.4 Let {U; € B(H,K;) : i € I} be a g-frame for H with respect to {K; : i € I}
with frame bounds Cy and Dy, and let {V; € B(H, K;) : i € I} be a family of operators. The
following are equivalent.

(1) {V, € B(H,K;) : i € I} is a g-frame for H with respect to {K; : i € I} with frame
bounds Cy and Dy .
(2) There is a constant M > 0 so that for any f € H we have
SO = Vi) I < Mmin (3012 D IViFIR). (2.6)
iel iel iel
Proof (1) = (2). For any f € H, we have

SOl = Vi) < 2( SIS + Y IV fI?)

el iel iel

(
<2( Y IwifI? + Dyl £12)
(

(

i€l

<2( TP + 5 S IUAIP)
i€l iel
<2 1+—)Z|\Uf|\2 (2.7)

By symmetry, since we are assuming in (1) that {U; € B(H, K;) : i € I} is also a g-frame for
H with respect to {K; : i € I'}, we have

Sl - vsIP <21+ 52) IV (2:8)

icl el

Combining (2.7) with (2.8), we see that (2.6) holds .
(2) = (1). By (2.6), for any f € H we have

CullfI? < SN0 < 2( 30 =V fIP + S IVf 1)

iel el i€l
<2(MDIVifIP + Y IVifI?)
icl iel

=2(M +1))_|IVifI?,

icl
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and

STV < 2( SN - Vs I+ Y U1

i€l icl icl

<2(MY TSI+ Y10 12)

icl el

<2M+1) Y |Uf]? < 2(M + 1)Dy]| £
iel
Therefore, we have
Cu 2 2 2
R S < f <2(M+1)D . O
s I < I <20 + )Dul |

icl
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