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1. Introduction
The Genocchi numbers G,, are usually defined by means of the following generating function

2t "

n>1

and Gg := 0. The relationships of the Genocchi numbers GG,, with the Bernoulli numbers B,, and
the Euler polynomials E,,(z) are known as follows!!!

Gon = 2(1 — 2™ By, (2)
and
G, =nFE,_1(0) for n>1, (3)
where the Bernoulli numbers B,, and the Euler polynomial F, (z) are defined by the generating
functions
t "
et —1 ngo n! )
and

2etz tn
= E,(z)— 5
e~ L el (5)

respectively. We can get the following recurrence relation:

n—1
Gn:nysm_%z(;‘)@, n>1, (6)

k=0
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because
"G, 1 G, iy 2t

P — —_— = n t — n —

Thus we have the first values of the Genocchi numbers

1 2 4 6 8 10 12 14
|1 -1 1 -3 17 -155 2073 -38227

Dumont[? gave the combinatorial interpretations of the Genocchi numbers in 1970s. From

n
Gn

then on, Dumont and some collaborators>~¢ studied the Genocchi numbers. Dumont showed
that the Genocchi number (—1)"Gay, is the number of permutations of [2(n — 1)] such that each
even integer must be followed by a smaller integer (in particular, the sequence cannot end with
an even integer) and each odd integer is either followed by a larger integer or is final in the
sequence. Recently, new researches of this field have arisen!”—19,

In the present paper we give some identities related to the Genocchi numbers in terms of
Riordan arrays. The proofs are very short. The concept of the Riordan array was first intro-

(1] Tt is important in studying combinatorial identities and combinatorial

duced by Shapiro et al.
sums. For example, using Riordan arrays, we can find the generating function of many combi-
natorial sums. Moreover, we can find a closed form or asymptotic value for the sums. In 1994,
Sprugnoli’? studied Riordan arrays related to binomial coefficients, coloured walks and Stirling
numbers. In 1995, Sprugnolil’3 studied the identities of Abel and Gould by Riordan arrays. In
2003, Zhao and Wang!™ used the concept of Riordan array on reciprocal functions and gave
some identities involving binomial numbers, Stirling numbers and many other special numbers.

(15] studied many properties of Cauchy numbers in terms of generating

Recently, Merlini et al.
functions and Riordan arrays.

Let R[[¢]] be the ring of formal power series in some indeterminate t. For a sequence (fx)ken,
the formal power series f(t) = > 7=, fk’;—k! is called the exponential generating function, and we
write f(t) = E(fr)ken = E(fr)ken. If £(t) € R[[t]], fr = [t¥]f(t) denotes the coefficient of t* in
the expansion of f(¢) in t.

An exponential Riordan array is an infinite lower triangular array D = (dn, k)n, ken defined
by a couple of formal power series: D = (dp, ) = (d(t), h(t))E, such that
m
n!

}d(t) (thl(j))k , VneN. (7)

For example, the pascal triangle ((Z))n keN is an exponential Riordan array (e!,1)g, because

()= [l

The most important property of Riordan arrays is: If D = (d(t), h(t)) g is an exponential Riordan

dmk:{

array and f(t) is the exponential generating function of the sequence (fx)ren, then we have
t" t"

>~ dufi = [ |0 £ th() = [ |dO)[F() |y = th(D)], ®)
k=0

where we use the notation [f(y) |y = g(t)] as a linearization of the more common one f(y) | y—q()
to denote substitution f(g(t)).
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This paper is organized as follows. Using Riordan arrays, we give some identities involving the
Genocchi numbers and the Stirling numbers in Section 2, and give the closed form or asymptotic
value of some double sums related to the Genocchi numbers and the Cauchy numbers in Section
3.

2. Genocchi numbers and Stirling numbers

We will meet two kinds of Stirling numbers. The Stirling numbers of the first kind (—1)"* [}/]
are defined by the following exponential generating function

(e[ -

and the unsigned Stirling numbers of the first kind [Z} are defined by

5< (7] >n _ 7(loglf)k. (10)

The Stirling numbers of the second kind { s }, which are the numbers of distributions of n distinct
balls into % indistinguishable boxes (the order of the boxes does not count) such that no box is
empty, have the following exponential generating function

(1), = w

By definition (7), we have three exponential Riordan arrays:

((—1)”"“ [ZD - (1,%10g(1+t))E, (12)

({Z}):(l’%IOglit)E (13)
<{Z})_<1’ett_1>by (14)

Using the exponential Riordan array (14) and formula (8), we can get Genocchi numbers

and

from the Stirling numbers of the second kind {7 }.

Theorem 116:P54 For n € N, the following identity holds true

n k
Yt} (-3) -0 1

Proof Because the exponential generating function of the sequence k!(—%)k is H%, we have
2
n k
n 1 " 1 ] 2
k' { } - = = — = t — 1 = _
kzzo k ( 2) [n!}{l—l—% v=c nl|1+et
= D

1 et 2t Gyl
a1l (n+D)|1+et n+1
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Corollary 2 For n € N, there holds

v [ -5 w

k=0

Proof Using the inverse relation

B n n B n N
_Z{k}bk = b= (1) mak (17)
k=0 k=0
we get nl(—2)" =7 o (=1)"* [}] C;’_fll The identity follows immediately. O

From the exponential Riordan array (13) and formula (8), we have the following identities.

Theorem 3 Forn > 1, there holds

n n n—k
n 1 /1
= — | —nl —_ | =
3 Ln}Gm, 2(n —1)! n.§2k7<2> . (18)
m=0 k=1
Proof It is well known that
log(1l —t¢ 1 1 1
oplosd =8 _ and [t"]log _—
t n+1 1-—1t n
Thus we have
" " 2 1
3 [l o= 5] |72 v =ou 55
= tm n'| |1+ ey 1-—t
2(1—1t
= nl[t"] ( )1 g = 2n![t"] log + nl[t"] - log(1 —1t)
2t 1— - iy
1 ;1 log(1—1)
= 2n![t"] 1 et
e log g
*Z(n—l)'—n!il 1 "
k\2 ’
k=1
where n > 1. O

Similarly, using the exponential Riordan array (12) and formula (8), we obtain

Theorem 4 Forn > 1, we have

S [N G = (1Y l2i_l. (19)
=1

m=0

Theorem 5 Forn > 1 and m > 1, the following identity holds

rn () el e E ) s ] e

Proof Obviously, ((m+k)' [ " D is the exponential Riordan array ((1og %)m , % log %) o

m-+k
From (8), we have

i m—i—k n G — r o 1 \"[ 2y
m+k A gl—t 1+e¥

=0

—log 1
y=log—
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tn 1 \" 11—t [ 1\ -
=|—[1 2log—— - —— = |— | [ log —— S ——
{n!](ogl—t) BTt 2t [n!}(ogl—t) 1
tn 1\ 1 1\
= 1 — = — (1
[n.](°g1 t) 3| ]1—£(°g1—t>

= (m+ 1)! [mzl} gg(%)l%[”ﬂ;iﬂ :

Similarly, we have

[SIGH RSN

Theorem 6 For n,m € N, there holds

S (e [ e =g [ (47w

Using the exponential Riordan array (12), we can derive the closed form of the following
double sum

Theorem 7 For n > 2, we have

(n — 1) z(—m—l m G (D" '+1 ()" 41

n n—1

2 n odd,
={ : | 22)

Proof It is well known that
nl(n—1\ _ [t"] (5
K'\k—-1 ! k!

Then (Z—,’(Z i)?k) is the exponential Riordan array (1, %)E From (8) and (9), we have

i (Z:i)%::( 1)kt [ﬂ _ [fﬂ [(1og(1“+ y))!

k=l

)k

~+

-

11 1!

Thus (Zk (R 2k s (—1)k [ﬂ) is the exponential Riordan array ( 1 log 1”)}3. Moreover,

we can get
1 ¢ n—1 vt [K] o Lt 2y 1+t
a2 (o) (o= gl a] [Far v =ree

n
1=0 k=l

1+1¢ 1+1¢ 1+t
1—1t)log—— = [t"]log —— —
= [1")(1 — ) log 1 = [t"]log —

(
= [t"](log(1 + t) —log(1 —t)) — [t""(log(1 + t) — log(1 — t))
1

(=)t 1 (=12 1 (=) t+1 (=) 241
- 7 + - — — = — . O
n n n—1 n—1 n n—1

— [t""*log

3. Genocchi numbers and Cauchy numbers

According to Comtet!!], two kinds of Cauchy numbers are defined as the value of a definite
integral. The Cauchy numbers of the first type are C,, = fol (x)ndx, where (z), = z(x—1)--- (x—
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n + 1) is the falling factorial, and the Cauchy numbers of the second type are C, = fol (x)pdx

[15] have proved that

where (), = z(z +1)---(z + n — 1) is the rising factorial. Merlini et al.

the generating functions of the Cauchy numbers of the first type and of the second type are
t t

log(1 +1) (14 0)log(1 +1)’

respectively. Moreover, they introduced a definition: if r € Z, they call Cauchy numbers of the

£(Cy) = and & (cn) - (23)

r-th kind the numbers CLT], whose exponential generating function is

)t
£ (c,[ll) = gD (24)

In this way, we have £ (C,) =& (C,[ll]) and £ (én) =& (C,[f]) as expected.
By means of the Riordan array method, we can get the closed form or asymptotic value of
some double sums related to the Genocchi numbers and the Cauchy numbers.

Theorem 8 Forn > 1, there holds:

zn:zn: (Z)an(_l)k_l m G = (—%)nln!. (25)

1=0 k=1
Proof For
- k tn t log(1 +t))!
Z (n)cnk(_l)k—l [ ] — |:_':| (Og( |+ )) 7
= \k l n! | log(1 +t) 1!
(ZZ:l (7)Cr_ i (—1)~1 {’;D is the exponential Riordan array (m, 2 log(1 + t))E From

(8), we have

2.3 (oo [ o - [ [l v o)

] 2t 1 1" !
=== =) —— = (-2 nl. O
n!'|2+¢ 1+ 2

Theorem 9 The following identity holds true

S5 (e ol -]

Zn: <Z>énk(_1)kl {I;] N {g] (1+1¢) lég(l +1) (1og(1l!+ t))l,

(ZL; (Z)én,k(—l)k*l HD is the exponential Riordan array (
(8), we have

lzz( Jersov= [} &1 = [T crmrgrres [y |7 =1ost +0)

l
- |= A . _2KL
! 1+t 2+t) nlf\2+t 14t/ “[nl]141 L+t

N[

Proof For

m, 7 log(l —+ t))E From
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1 n
[ :
For the Cauchy numbers of the r-th kind, we have the asymptotic value of a double sum

related to it.

Theorem 10 For r > 2, we have

n

%ZZ <Z>C7[:]_k(_1)k—l m Gy 2(—1)’;1_(7;)—! il (27)

n
=0 k=l

Proof Because

B e[ - [y e

(ZZ:Z (Z)Cr[ik(—l)k_l [’fDls the exponential Riordan array (%, +log(1+ t))E From

(8), we have

w2y (et [ o -5 -

1 L 2(=1)"n?
1+t)7 = 1(1+%) (r—2)!

By means of Darboux’s method, we know [¢"] C
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