Journal of Mathematical Research & FEzposition
May, 2010, Vol. 30, No. 3, pp. 543-551
DOI:10.3770/j.issn:1000-341X.2010.03.019
Http://jmre.dlut.edu.cn

Local Solvability of Cauchy Problem for
Kaup-Kupershmidt Equation

Xiang Qing ZHAO*, Shen Ming GU
School of Mathematics, Physics and Information Science, Zhejiang Ocean University,
Zhejiang 316000, P. R. China

Abstract This paper deals with the local solvability of initial value problem for Kaup-Kupershmidt
equations. Indeed, using Bourgain method, we prove that the Cauchy problem of Kaup-Kupershmidt
equation is local well-posed in H® whenever s > 37 which improves the former results in [5].
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1. Introduction

This paper studies the initial value problem (IVP) associated to Kaup-Kupershmidt equa-
tions:
{ Ut + QUgze + Plzgeze + YUz, =0, wER, L ER, (1)
u(0,2) = uo(x), x€R
and
{ U + QUggy + BUgzzee + V2Uslee =0, T E€R, t €R, @)
u(0,2) = up(x), x € R,
where 1, 2 are the nonlinear perturbed coefficients; a, 8 € R are the dispersive coefficients.
These equations are important dispersive equations proposed first by Kaup in 1980 ([1]) and
developed by Kupershmidt in 1994 ([2]).
There has been much interest in the traveling wave solutions of Kaup-Kupershmidt equation
using either numerical methods, asymptotic methods or fundamental theoretical methods [3-4].
However, we should owe the first result of the well-posedness of Kaup-Kupershmidt equations to

Tao and Cui [5]. They showed that IVP (1) and (2) are locally well-posed in H*(R) for s > 2
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we shall lower the regularity of the initial value space to s > %, which improves the former result
in [5].

and s > respectively. In this paper, using the Fourier transform restriction norm method,
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This paper will concentrate on IVP (1), since IVP (2) can be dealt with in the same way. To

study IVP (1), we shall consider its equivalent formulation instead:

¢
u="U(t)ug + )\/ U(t — 8)[uugz](s)ds,
0
where
Ut) = F, le O F,

is the unitary operator associated to the linear equation, and the operator F(.) denotes the

Fourier transform in the (-) variable. Here the phase function is
$(€) = ag” — Be”.
Before precisely stating the main results, we first introduce some definitions and notations.

Definition 1 For s, b € R, we define Bourgain space X, to be the completion of the Schwartz

function space on R? with respect to the norm:

Xow = N+ 1ED* A+ |7 = 6©)) Ful€, 7)ll 2z = 1(6)*(7 = &(€)) Ful€, 7)ll 2 r2,

where, (-) = (1+|-|) and Fu = u(§, 7) denotes the Fourier transform in t and x of u.
51,61 holds if S1 S S92, b1 S bQ.

The main result of this work reads as follows:

[l

Obviously, |Jul|x < lullx

s9,bg

Theorem 1 Let o8 < 0. The initial value problem (1) and (2) are locally well-posed for given
data in Sobolev spaces H®, for s > %.

The layout of this paper is as follows. In the next section, we establish some preliminary
lemmas. Section 3 is devoted mainly to establishing a bilinear estimate in the Bourgain space,

which is the core of this paper. The proof of the main theorem will be given in the last section.

2. Preliminary lemmas

Assume the symbol of partial differential operator R(D), denoted by R(), satisfies:
(Hl) R(f) = Rl(f) + Rg(g), where Rl()\f) = )\”Rl(g), EERAN>0,r32>1r1>2,0=1,2.

(H2) Ri(§)R2(€) >0, V¢ € R\ {0}
Then, we have

Lemma 1 ([6]) The solution of Cauchy problem

ug +iR(D)u=0, z€R,tER,
u(0, ) = up(x), r € R,

u(t) = S(t)ug = F e "B q)(z) satisfies:
I1S(t)uoll s < Ct 7 " fug| 1, t € RY,

[1S@)uollzLy < Clluol| L2,
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According to Lemma 1, we deduce directly
Lemma 2 If af < 0, then the unitary group U(t) (t € R) satisfies

IU@)ellzses < llollL- 3)

To eliminate the singularity of phase function ¢(§), we introduce the following Fourier re-

striction operators:

PNf = e f(E)dE, Pyf = e f(€)d€, YN > 0.
|§I>N |E|<N

Let DS = F Y€ Fy, a = max{1, /g—g} In the following, we always assume that af < 0.

Lemma 3 The group U(t) (t € R) satisfies

ID2U(#)P* ¢l pee 12 < [l 22, (4)

IU@)P*pllrare < lloll 1, (5)
1

D2 U6 P>l o s < Il - (6)

Proof Since ¢/(£) = 3a&? — 53¢* and af < 0, it follows that if |¢] > 0, ¢(€) is invertible. Then

P2 (1) = / €€ it0) 3(£)de
|§|>2a

R T |
= [ e S do
l6=11>2a ¢
izt~ — 1
:ft(e i) 1)$X{|¢*1\22a})-
By Plancherel’s theorem and the above estimate, we have

S
IP2U®)el7: = Hw(cﬁ 1)g><{|¢71\22a}
|4/(€)

- /|¢122a|90(¢_ o W = [ . 1per
1

—~ S(EV2— - 4
§/§|>2a|<p( I |¢’( )| = |£|>2a|90(§)| |55§4||1_5ﬁ52|
C —d C 2.
< / - |§|4 £ <Ol

This implies the estimate (4).
With the help of Theorem 2.5 in [7], we have

2

1

|2¢'(§)d§

(0) |4
U(t)P**¢| 74 o FP2p(€)? d
U@ P2, < /E>2a| PO Sk ae

58¢* — 3a€?| |2

fP2a 2
< /E>2a| o(©)]

2a
< /E FPp(c)

d
20767 <
B 56641 — 5% |
|2Oﬁ§3||1 - 10g52|

ld§
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a 1 a
</ PPl < 0P
§]>2a

This gives the estimate (5).
Finally, (6) follows by interpolation between (4) and (5). O

Let ﬁp(f, T) = % Then we have

Lemma 4 Ifp > %, for any fixed N with 0 < N < oo, there holds that

| PnEpllzpee < OHfHLng,
where the constant C' depends on N.
Proof Consult the proof of Lemma 2.3 in [8].
: 14(¢—2)
Lemma 5 (i) If p > §q3—q, for 2 < q <8, then
[ Fpllaze < CHfHLgLE' (7)

ii) If p > 2, then
(i) Ifp >3
3
D3 P2 F,||paps < Cllfllpzre- (8)

Proof Change variable 7 = A 4 ¢(¢), then

)= [ [ et o e

= [ ([ e e o))

1+ AD?
Therefore, using (3), Minkowshi’s integral inequality and taking p > %, one easily shows that
dA
1Folzses <€ [ 15(€A+ S s s < Oz ©)
By interpolation between (9) and the trivial inequality
[ Follz2 L2 < HfHLgLaa (10)

we obtain (7).
By (6) and Minkowshi’s integral inequality and taking p > %, one easily shows that

)z —2

Dm _—
” Har iy
Then (8) follows by interpolation between (10) and (11). O

< Ol fl22e. (11)

Lemma 6 (i) Let p > & with 0 € [0,1]. Then
”D?P%FPHL;%Lf < COlfllezee-
(ii) Let p> &. Then
1
1Dz * P2 Fyll sz < CllfllLzre-

Proof The proof is similar to that of Lemma 5 with the help of (3) and (4).
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Lemma 7 ([11]) Assume that f, f1, fo belong to Schwartz space on R?. Then
[ Fenfiemiba s = [7ifale ot

where f* dé = f£:£1+£2,7:n+rg dé1déedmdrs.

Let Z be any Abelian additive group with an invariant measure d¢. For any integer k > 2,
we denote by I'y(Z) the Hyperplane T'y(Z) = {(&1,&a,...,&k) € ZF, &1+ &+ -+ &, = 0}, and
define a [k, Z]-multiplier to be any function m : I'y(Z) — C. If m is a [k, Z]-multiplier, we define

lm|x,2) to be the best constant such that

k k
ARCION | 7 ey A
I'v(2) j=1 j=1

Lemma 8 ([10]) If m(§) and M () are [k, Z]-multipliers satisfying |m(£)| < |M(€)| for all
£ eTw(2), then
lmlik,z) < | M|k, z)-

Lemma 9 For |{| large enough, e.g., || > 2a, there holds that

max{|o], |o1], |o2[} > Clé[|élle],

where

§=6+&, T=T1+T5 0=T—¢(), 01 =71 — ¢(&1), 02 = T2 — (&2).

Proof Noticing the following equation first:

o1+ 02 — 0 = —5BEEE(E7 — €& + €7) + 3a&1 &€,

then since &2 — & + €2 > %52, af < 0, we have

loy + 02 — 0| = | = 5BE&E(E% — €& + &) + 3a&i &
= |&1&€]| = 5B(€% — €4 + &) + 3q
> C|§1||§2||§|3-

O
3. Bilinear estimate

Theorem 2 Ifs>3 1 <b< é—g, then Vb’ > é—g, we have

[wvaellx. ooy < Cllullx, ,ll0llx, - (12)

Proof By duality and Plancherel theorem, it suffices to show that

(O FET) filérm) EEfa(&o,T2)
I‘fk @ ) o) () loa)?
_ 0 e
- | T o € DG e s
(€)°&3 =
17b<€1>s<0-1>b’ <§2>5<0,2>b/ H[&RxR]Hf”LgL?,H?:l”fjHLgLf_a

<¢| )
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for f € L%(R?), f > 0, where
fi = (&) o) W&, m), fo= (€)% (02)"D(&2, ).
Thus, (11) holds only if

(£)°¢3
H ) (61) (1) (o) (02)” H[&RXRJ =¢

In order to bound I, we will split the domain of integration into several pieces as follows. By

symmetry, it suffices to estimate the integral in the domain: |&] < |&2.
7 _ (&1)
Let Fi(¢,7) = W, j=12.

Case 1 [¢| < 4a.

Case 1.1 [&| < 2a. Tt follows that |€2| < 6a. Consequently,

[ X1e1<4a(€) F(6,T) Xer <20 f1(€10, T1) Xjga) <6083 f2(E2, T2)

N o)’ @y
X\g\<4af 57 ) Xler<2af1(61, T1) X|ga|<6af2(E2, T2)

<o [ r)” oy

< C/Fl—b : Fbl’ - By (2, t)dadt < C|\Fioy 22| Fyll sl B |l pa s
< COlfllezeallfillzzezll fallzee

which follows by Lemmas 5 and 7.

Case 1.2 [£1| > 2a. By the symmetry assumption, we obtain |&3] > 2a and |&1] ~ |&2|. Thus

for s > %, we get

I /X§<4a< ) F(ET) Xie1>20f1(61, 1) X|e2)>2465 f2 (€2, T2)
« (o)t=b (&) (o) (&2)*(02)”

do

Xi¢l<daf (6 7) Xjer 220l €1 2 f1(E0, 1) Xy 220l E2] 5 f2 (€2, T2)
=C =0 v v do
. (o)t <0’1> < 2)
Xlel<aa (6, 7) Xjer 324611 % F1(61, T1) Xjea|>2al€2]3 fo(E2, 72)
=C b v v do
* <0> B <01> < >
— 3 3
=C / Py, F1 - D3 P?F) - D P2 FZ(x,t)dxdt
2 p2a 1 2 p2a 2
< CllFi-sllp2 2|1 D2 P2 Fy || pa pa | D2 P2 Fy || pa pa
< Clfllezeallfillzzez |l fall 2z
which follows also by Lemmas 5 and 7.
Case 2 [¢]| > 4a.
Case 2.1 |&| < 2a. We deduce that || > 2a and |¢] < 2|¢2|. Therefore,
I / X|e>4a () F (&, T) Xje1|<20f1(E1, T1) X|52|22a§§f2(§2,T2)d6
. (o)1=0 (€1)% (o))"’ (§2)(2)"



Local solvability of Cauchy problem for Kaup-Kupershmidt equation 549

X|§|>4af 57 ) Xier1<2af1 (€1, T1) Xjea|>20162]7 f2 (€2, 2)
<o [ X o) (72"

<C / P4aE_b - Py, I} - D2P?*F2 (v, t)dadt

do

< ClIFi-llpzr2ll PaaFy |22 oo |1 D2 P* F || oo 1.2
< Ollflzrall Allzra ol raee
where Lemmas 4-7 have been used.

Case 2.2 [£| > 2a. In this case, we have 2a < |§] < |&2]. According to Lemma 9, when

|€| > 4a, one of the following cases always occurs:

(a) o] > [P l&llEal,  (0) lou] > [€PElIEal,  (e) loa] > [€F[ExlIEl.

According to this, we subdivide case 2.2 into the following cases:

Case 2.2.1 (a) occurs. For b— s+ 1< 2 and s < 3(1 — b), we obtain

)dé

Xie>4a (&) F (&, T) Xje1 320 f1(61, T1) X (62152463 f2
1= [ @@ (&)l

(&
" 4
< / X|g|z4a<€>sf|(€ )X|£1|>2af1(€177-1)X|£2|>2a€2f2(§2a7-2)d5

(€311 ][€2])E (&) (o)t (€2)% (02)?’
i Xler|2al 6117 T (6L T Xeo 320 l€2]0 5 fa (€2, o)
< C [ eppualel 9T (6 ) MR SR T) Xenle o BT g
— Xjez2al€1]3 11, T1) Xjes| 20623 fo (€2, )
e B e T At

<c | Fy-D3P%F) . DS p2ap?
= 0 z b z o (LL', t)di[:dt

£ p2a 1 § p2a 2
< ClFoll2pz| D3 P= Fy |l papal| D3 P= Fy | La g

< ClfllczezlAllzzez l f2llzzee-

We have used Lemma 7 and Lemma 5 (2) in the above estimate. Here, b < :1,,—3 is required.

This means that if b—s+1 < 2 and s < 3(1 —b),

H <§1>S<U>1b<f€>:>i2<01>b' (o2)V H[S,RXR] =G (13)

By Lemma 8, we deduce that (13) will also hold for s > 2 (not 3, to keep b < %) As a

matter of fact, since § = &1 + &2, we first obtain (§) < (£1)(£2). Then for any 535 2>b>10> 3,

if s1 > s9, we have

©"8 _ @ &
) )& @) (o207 (&) (&)™ (o) 2 (an)? (20"
Lo & _ ()83
= e (@) @ (oW (02 (@) (@)1 (€)% (o1} (2)?

m =

=M.
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Case 2.2.2 (b) occurs. For s — 30/ < 2,2 —5—b < 2, we get
7= / Xie>4a (&) F (& T) Xie1 220 f1(61, T1) X|e2)>2a63 f2 (€2, T2)
] (o)=? (€1)*(o1)"’ (€2)%(02)"

</X|£|>4a<€>57(€7 7) Xjer|>2af1(61,T1) Xjea|>2465 f2(E2,72)
(o)1=t Es(EBI&EDY (&2)% (o)

do

dd

X\g\>4a|§|5 3 f(& 7) Xalz2a/1(61,71) Xjea|>24/6212 757 fa(€2,T2)
< C/ GG . o7 dd
2—s—b
<C/X’5>4“|€| &0 Xjei1>2af1(61,71) - XE2>2“|£2|<02>U folEi72) o5
<C/X§>4a|§| f&) Nesssafi(€1,T) X@>2a|fi§f2(§2ﬁ2)d6

< C|DEPY || s 1| P2 FY | 12 12| DE P 2|
= | T 1-bliLALY ollL2L? z b IILALY
< CllfllzzeallAllzzezl f2llzee

which follows from Lemmas 5 and 7. Here, b’ > % and b < % are required.

Similarly to Case 2.2.1, if s > %, we can also deduce the results from Lemma 8.

Case 2.2.3 (c) occurs. The argument is similar to Case 2.2.2. O

4. Proof of the main result

Let 6 € C§°(R) with @ =1 on [—3, 1] and suppé C (—1,1). Denoting 65(t) = 6(%), then we

have

Lemma 10 LetsER,%<b<b’§1,0<(5<1. Then we have

105U (Hyuo]|x,., < C6" (14)
105(1) / Ut — 5)F(s)ds]x,, < (15)
||95(t)F| Xopo1 = 05b _b”FHX o1t (16)

Proof of Theorem 1 Let ug € H*, s > 2, with ||uo| g+ = r. Let us define
B, ={uec X.p: |ulx,, <2Cr}.

Then B, is a Banach space.
For v € B,., we define the mapping

T (u) = 01(0)U (t)ug + A1 (t) /Ot U(t — 8)0s5(t)[utys](s)ds.

We will show that 7 maps B, into B, and is a contraction.
We deduce from (14), (15), (16) and (12) that there exist some b, b’ satisfying 3 <b < b < 33
such that

o 10OVl + |00 [ U= )05(0) s ](5)as

17 ()

Xsb
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< Clluollms + Cll0s(Hvueallx, , -,
< Clluollas + 06" ~*fluuss||x,

< Cluol| s + C&” " ull%, -

b/ —1

Hence, if we take § small enough, 7 maps B, into B,.

Using the same argument as above, we obtain

1
17 (u) = T()x. < Fllu—vlx.,.

Thus, 7 is contraction.

Finally, by Banach fixed point theorem, we deduce that there is a unique solution u of the

map 7 on the ball B, for 0 < t <1 satisfying the integral equations:

u=U(t)uo + )\/O U(t — s)[utg](s)ds,

which is equivalent to (1). O

Remark For s > %, and b and o’ as in Theorem 2,

”quIi”Xs,bfl < CHU‘HXSJ,/ ”’UHXSJ,/

also holds, which implies the well-posedness of IVP (2).
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