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Abstract This paper discusses a class of the bidirectional associative memories (BAM) type
neural networks with impulse. By using the Banach fixed point theory and some analysis tech-
nology, we obtain the existence of almost periodic solution and stability under some sufficient
conditions.
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1. Introduction

BAM neural networks have been extensively studied in past years and some important results
on the stability, periodicity and almost periodicity have been reported [1-4]. In application,
almost periodic oscillatory is more accordant with fact. Up to now, a few authors have considered
the existence and stability of almost periodic solution for neural networks [5-8]. However, we
only see that existence and exponential stability of almost periodic solution for neural networks
with impulse were discussed [9, 10].

In this paper, we study the impulsive BAM-type neural networks with almost periodic coef-
ficients, obtain some sufficient conditions ensuring existence, uniqueness and global exponential
stability of almost periodic solution.

Consider the following BAM neural networks with impulse
wi(t) = —ai(t)ai(t) + 371 (0 f5 (i () +cilt), >0, t#tp, k=1,2,...
Az (tr) = aipxi(te) + L (zi(te)) + ek, 1 =1,2,...,n
Y () = =bi()y;(8) + 2200, i () gi (@i () +ds(t), >0, t#t, k=1,2,...
ij (tk) 531@97 (t ) + ij(yj(tk)) + djkv J=12,....,m,

where Az;(ty) = z;(t)) — @i(ty), Ayj(te) = y;(tF) — y;(¢,) are impulses at moment ¢, and

(1.1)

t1 < tg < --- is a strictly increasing sequence such that limy_, o tr, = +00. x;(t) and y;(t) are
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the activations of the ith neuron and the jth neuron, respectively. p;;(t), ¢;;(t) are the connection
weights at the time ¢, and ¢;(t), d;(¢) denote the external inputs at the time ¢. f;(-), ¢:(-) are
the signal functions of neurons.

Let z(t) = 2(t,to, 20), 2 = (z, )T = (@1, ., Zo, Y1, -+, YUm) ", 20 = (TO1, - -+ Ton, Yols - -+ Yom) "~
€ Q, where Q is a domain in R**™ Q = (). The system (1.1) is supplemented with initial values

given by

2(to + 0, to, 20) = 2(to). (1.2)

Denote by PC(J, R"*t™), J C R, the space of all piecewise continuous function z : J — R"t™
with discontinuous points of the first kind ¢, £ = 1,2,... and which are continuous from the
left, i.e., 2(t, ) = 2(t).

2. Preliminaries

Let B = {{tr} : tr € R,tx < tg1,limp_ 100ty = oo,k = 1,2,...} denote the set of all

unbounded and strictly increasing sequences.

Definition 1 ([11]) The set of sequences {ti}, ti =tpt; —ti, {ts} € B, k=1,2,... is said to
be uniformly almost periodic if for arbitrary e > 0 there exists relatively dense set of e-almost

periods common for any sequences.

Definition 2 ([11]) A piecewise continuous function ¢ : R — R™ with discontinuity of first kind
at the points ti is said to be almost periodic, if

(a) the set of sequence {t1}, t] = tyy; — tx, {tx} € B, k = 1,2,... is uniformly almost
periodic.

(b) for any € > 0 there exists a real number § > 0 such that if the points t' and t" belong
to one and the same interval of continuity of ¢(t) and satisfy the inequality |t' —t"| < §, then
p(t") — @(t")] < e.

(c) for any e > 0 there exists a relatively dense set T such that if T € T, then |p(t+7)—p(t)| <
€ for a t € R satisfying the condition [t — tg| > €, k=1,2,....

Together with the system (1.1), we consider the linear system

2 =At)z(t) + f(t,2), t#ty
AZ:BkZ—FIk(Z), t:tk

Introduce the following conditions:
(i) A(t) € C(R,R™™) and is almost periodic.
(ii) det(E+By,) # 0 and the sequence { By}, k = 1,2, ... is almost periodic, E € R(mTm)x(ntm),
(iii) The set of sequences {tfﬂ}, ti = tpr; —tk, {te} € B, k = 1,2,... is uniformly almost
periodic and there exists 6 > 0 such that infy tj, = 6.

Lemma 1 ([12]) Let z(t) be any solution of (2.1) on [tg, o0) and let W (t, s) be the fundamental
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matrix solution of
2= At)z(t), t#tg;
Az = Bkz, t= tk.

Then z(t) satisfies the integral equation for t > %o

2t) =Wt t])zo+ [ Wt s)f(s,2())ds+ > Wt 1) In(=(tx))

to to<tp<t
where
Uk(t,s) for t,s € (tg—1,tx];
W(t,s) =19 Ugs1(t,tx)(E + Bp)Ug(tg,s) for tp—1 <s <t <t <tpyr;

Uk (t, te) [TS2 (B + Be)Uj(t,tj51)Ui(ti,s) for tiq <s<t; <.+ <ty <t <tppr.

Ui(t, s) is the fundamental matrix for the system z' = A(t)z, t € (tx—1, tx].

Lemma 2 ([11]) Let the condition (iii) be fulfilled. Then for each p > 0 there exists a positive
integer N such that on each interval of length p, there are no more than N elements of the
sequence {ty}, i.e., i(t,s) < N(t — s) + N, where i(t, s) is the number of the points t;, lying in
the interval (s,t).

Lemma 3 ([11]) In addition to condition (iii), let the following conditions be fulfilled:
(iv) The function ¢ € PC(R,Q), Q@ C R"*™ and it is almost periodic.
Then the sequence {¢(t)} is almost periodic.

Lemma 4 ([11]) In addition to condition (iii) and (iv), let the following conditions be fulfilled:
(v) F(y) is uniformly continuous in §Q.

Then F(p(t)) is almost periodic function.

Lemma 5 ([11]) Let g(t) € PC(R, ) and the sequence {gi}, k = 1,2,... be almost periodic.
Then there exists a positive constant Cy such that

max{sup [[g(¢)[|, sup [lgr[} < C1.
teR

Throughout this paper, we introduce the following conditions:
(H1) ai(t), b;(t), pji(t), qi;(t), ci(t), d;(t) are almost periodic functions, and denote

gi:;g]g{ai(t)}, lzj:tlgg{bj(t)}, pﬁzfg{pﬁ(ﬂ},

@i = sup{ai;(1)}, & =sup{ei(t)}, dj = sup{d;(t)}.
teER teR teR

(Hz) The condition (iii) holds.

(Hs) The function f;, g; are uniformly continuous functions defined in © with
0< fullg{fj(yj(f))a gi(zi(t))} < 400, f;(0) =g;(0) =0
€

and there exist positive constants LJf- , LY such that for u, v € Q,

[fi(u) = £i()] < LfJu—vl, |gi(u) = gi(v)| < Lf]u—vl.
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(Hy) {ci(®)}, {cic}, {d;(t)}, {d;r} are almost periodic sequences and from Lemma 5, there
exist strictly positive constants My, My, Ms, where My = max{M;, M5}, such that

max{max{e;(t)|}, max{lex|}} < M, max{max{|d;(t)]}, max{|d;i|}} < Mo,

Hs) The sequences of functions Lk (x;(tx)), Jik(y;(tx)) are almost periodic uniformly with
ik \Yj y

respect to # € Q and there exists positive constants LI, L'j] such that for u, v € Q, k=1,2,...,

ik (u) — Lig(v)| < Li|u—vl, |Jjx(u) = Jjn(v)| < L] |u—vl.

Lemma 6 ([10]) In addition to conditions (Hy ), (Hz), (Hs) are fulfilled.
(vi) For the fundamental matrix W (¢, s) of the system (2.1), there exist positive constants
K and X such that
W(t,s)| < Ke =9 t>stseR,

K = max{max§;, max¢;}, A= min{min);, min\;},
[ J 1 J
& = exp{N In(1 + max{|air|})}, & = exp{N In(1 + max{[F[})},
A= g, - Nin(L+ max{lal}). Ay = b — Nin(1+ ma{|]}).

Then for any e > 0,t, s€ R, t > s, [t —tx| > €, |s—tx| > €, k=1,2,... there exists a relatively
dense set T' of e-almost periods of the matrix P(t) and a positive constant I such that for T € T
it follows

W(t+7,s+7)— W(ts)| < ele2(t=9)

Lemma 7 ([11]) Assume the condition (H;—Hy) hold. Then for each € > 0 there exist €1,
0 < €1 < € and relatively dense sets T of real numbers and Q) of whole numbers, such that the
following relations are fulfilled:

(a) |A(t+7)—AQR)| <e, te R, 7T, |t —1tr| > ¢

(b) |Brptq— Brl<e,q€@, k=1,2,..;

(c) les(t+7)—ci(t)] <e |djt+7)—djt)| <e,teR, 7T, t—ti >e€,i1=1,2,...,n;
=12 ....m;

(d) |Ciktq — Cik] <€ |djrrq —djr] <€, ¢€Q, k=1,2,..;i=1,2,...,n; j=1,2,...,m.

3. Main results
Theorem 1 In addition to (Hy)—(Hs), further assume that

(Hs) r=max{ry,r2} <1, r; = max; \; ' Z;‘n:lﬁjiLf + max; (1 — e~ )1 L

n
ry = max /\j_lfj ZGZ—J—Lf + mjax(l - e*Aj)*lﬁij.
i=1

Then the system (1.1) has a unique almost periodic solution z*(t).
Proof Let

D =z(t) = (p(t), ¥ ()" = (o1(t),-- -, on(t), 1 (1), -, ¥ (t)" € PC(R,R"™™)
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be almost periodic with ||z|| < K, where

[y

Il = stup mase{ max (I (1)1}, mae {liy(0)}). K = KMol +

Obviously, D € PC(R, R™"™). Set

H(t7 Z(t)) = (Fl (tvy(t))v s 7Fn(t7 y(t))7 Gl(tv x(t))v R Gm(tvx(t)))Tv

n

1

1—e 2

) = iji(t)fj(yj(t))v G;(t,2(t) = qu(t)gz-(xi(t))

Hi(t, 2(tr)) = (Iik (21 (tr)s - - Dk (@ (81)), Jie@a () - s Tk (U (86))

2(t) = (@), ()" = (@1(t),- -, 2a(t), 51 (0), -, ym (),

Ct) = (e1(t),. .. em(t), di(t),. .., dm(t)T,
Ck = (Clku e 7ka7d1k7 e ,dmk)T.

Define a mapping ® in D

fI)z—/ Wt $)[H(t, () + C(s)]ds + S Wt ) [Hi(t, (1)) + Cy).

t<ty

).
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(3.1)

From Lemma 1, it is easy to check that ®z is a solution of (1.1). Take subset D* C D, D* =

rK
==}, where

{zeD||z—2| <

20 = /7 W(t, S)O(S)ds + Z W(t,tk)Ok.

t<tp

From (3.2), it follows from Lemma 6 that

t
[| z0|] = sup max{ max / (W (¢, 8)l[ei(s)[ds + max > [W(t, ti)llel,
teR 1<i<n J_ lsisn 0

1<j<m

t<ty

< sup max{ max / Ke 279|¢;(s)|ds + max Ke™
teR 1<i<n 1<1<nt<tk

max/ Ke =) d;(s)|ds + max Ke =) d )

1<5<m | 1<i<m £
M, M, Ms Mo
< —K —K
< max{ A +1—e*)‘7 A +1—6*A}
MQ My _
<—K = K.
D + 1—e A

Then for arbitrary z € D*, it follows from (3.1)—(3.3) that

K.

21l < llz = 2o + flz0ll < 7= K + K = -—

Now we prove that @ is self-mapping from D* — D*. In fact,

|®z — 20|| = sup max{max |Py; — Pyo;|, max |Py; — Dih;|}, Vz € D*.
teR i J

max [ W) 4 ()l + max S W0l

M ey,

(3.2)
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We have
sup max |Py; — o]
terR ¢
t
—sup{max [ W |Emzﬁwmwwm2mwwmmwm
€ @ Y t<tn

< SUP{maX/ e M=) iji(s)fj(%(s)ﬂds + max D &Ge M Ly (s ()|}

teER t<tg

t
<mmm/@etﬂZmM%H@ﬂmZ&ka%wm

teER t<ty

< {max A;'& > piiLd + max(1— e ) TGLI Y 2|

j=1
=r|2]. (3.5)
Similarly to (3.5),
Su}gmjaﬂ@% — ®efo;| < [max Ay ' ZqUL +max(1 —e” M) TGL 2 = 2.
te =1
Hence
r _
192 — 2ol = max{ry ||l r2f[ll} = rllzll < T— K-
Secondly, we shall prove that ®z is almost periodic. In fact, let 7 € T, ¢ € @, where sets T
and @ are determined in Lemma 7. By Lemmas 6 and 7, we have

|®2(t + 7) — ®2(t)|| = sup max{max |Pp;(t + 7) — Pp; ()], mjax [Py, (t +7) — DY, (t)]},
tER g

where

sup max |Pep; (t + 7) — Pyp; (t)]
teR

<sup{ [ [W(t+7s+7) = W(t,s) max(| D pjils +7)F5(5(s + 1) + cils + 7)Jds+

teR J—oco j=1

t
/ Wit s |max|zpﬂ s+ 1) fi(;(t+7)) ijz $).fi(W;(s))] + |ei(s +7) — ci(s)[]ds+

o e
D AW+ 7 thrg) — Wt 1)) maX[lfin(%(th))l + [Cik+ql]+
t<tp !
SO, ) max(| lix+q (i (trtq)) = Lin(0i(te)| + leinrq — cinll} < €My, (3.6)
t<tp

where
M—l{ [i o + K)pji + K)L] + K} + (max LY +1
1=3 max j:1(( )Dji j 1 _ o nax iy )

Similarly to (3.6)

1
sup maux |9 (¢ 4 7) — 245 (1)] < 5 {max(} (20 + K@iy + K)L| + K} + 7— =

(max Lj +1)
i=1 /
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= GMQ.

Hence,
|@z(t+ 7) — ®2(t)|| = max{eM,eMa} = eM, (3.7)

where M = max{ My, Ms}. It follows from (3.4) and (3.7) that ®z € D*, and hence the mapping

® is a self-mapping. For arbitrary z1, 2o € D*, we note

Zl = (¢%5"'7¢}za¢%7"'7w}n)T7 22: (@%7"'7</)72171/)%5"'aw72n)rr'

We have
1921 — @22 = max{max|®p; — S|, max|Py; — 27},

where

supmaX|<I><p — ®y? |<sup{maX/ g Milt=s Z|pn () = £ (7 (s)))|ds+

teR

max Y Ge ) Ifz'k(%- (tr)) = L (0 (te)) [}

t<ty

<[maxA;'& > L + max(l— e )7 L |21 — 2|
=1

=rillz1 — 22||. (3.8)

Similarly to (3.8),

supmax|<1>z/;1 <I>1/) |<[max)\ §JZqUL —I—max(l—e J)_lﬁjL}]]Hzl—zQH
terR J i1

= T‘QHZl — 22H
Hence, it follows from (Hg), that
[[@21 — Pzof| = max{ri[|21 — 22|, 72[[21 — 22|} = rlz1 — 22]|. (3.9)

Then from (3.9), it follows that @ is a contraction mapping in D*. Thus, by applying the Banach
fixed point Theorem, the mapping ® has a unique fixed point z* € D*, such that ®z* = z*. So

there exists a unique almost periodic solution z* of (1.1). The proof is completed. O

Theorem 2 In addition to (Hy )—(Hs), further assume that

(H7) A—max{max; & Y7, ﬁjiLf, max; & Y Gy L]} In(14+max{max; & L], max; £ L] }) >
0.
Then the solution z*(t) is exponentially stable.

Proof Let z(t) = (z1(t),...,zn(t),y1(t),...,ym(t))T be arbitrary solution of (1.1) with the
initial condition (1.2), and z ( ) (z*(t),y*(t))" be the unique almost periodic solution of (1.1)

with the initial condition z*(tg + 0, to, 23) = Then from Lemma 1, we have

z2(t) — 2" (t) =W (t, to)(z — z5) + W (t,s)[H(s,2(s)) — H(s,z"(s))]ds+

*

20-
t
to
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D Wt t) [Hi(t, 2(t)) — He(t, 2" (t))],

to<tr <t

I12(t) = =" (®)| = sup max{maxc | (t) — 7 (¢)], max ly; (1) = y; O}

where
sup max z; (t) — z; (t))|
terR *
< Ke Mt — to) sup max |xoi — x4 |+
teR

sup{ma / gie =9 Zm 5 (w5 () — 1307 (s)) s+
max Z fie_ki(t_tk)uik(xi(tk))_Iik(xr(tk)”}

to<trp<t
m t
< Ke*A(t — tO)HZO — ZS” + maxfl ZﬁszJf/ e*A(tfs)HZ(S) _ z*(s)”ds—i—
% = to

maxsz Z e M2 (8 — 2% ()]

to<tp<t
Similarly to (3.10)

sup max |y; (t) — y; (t)]
teR J

n t
< Ke Mt —to)|lzo — 25| + max & Z%L‘?/ e M=) 15 (s) — 2*(s) | ds+
i=1 to

max§ Ly Y7 e a(te) — 27 ()]

to<tr <t

Hence, From Gronwall-Bellman’s Lemma [13], we have

l2(8) = 2" (8)]| <Kll20 — 26]l(1 + max{max&; L3, maX@LJJ})i(t“’t) X

exp{[— A+ max{max{l ZpﬂLJ ) maxfj Z qi; L7}t —to)}

j=1 =1

By Lemma 2, then one has
l2(£) = 2* (1) <K exp{N (1 + max{max&;L;, maX@'L;]})IIZo — 7}

exp{—[\ — max{max{lZpﬂLJ,maxfjunL
j=1 =1

In(1 4+ max{max &L/, maxﬁjL;I})](t —to)}-
i j

(3.10)

From the assumption (Hz), the solution z*(t) is exponentially stable. The proof is completed. O
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4. An illustrative example

Consider the following simple BAM neural networks with impulse
2/ (t) = —(9 — cost)x(t) +sint f(y(t)) + s cost, t#ty, k=1,2,...
Az;(ty) = (—1)’“*1% exp(cos(z(ty))),
y'(t) = —(11 +sint)y(t) + cost g(xz(t)) + sint, t £ ¢, k=1,2,...
Ay(ty) = (=1)"3 exp(sin(y(tr))),
where f(u) = g(u) = 3(lu+1| = [u— 1), u € Q. We have L/ = L9 =1, and get
ro= A taply + (1 —e ™) 7le L = 0.6337032,
o = Ay '6gL? + (1 — e™ )1 L7 = 0.700227.
Hence, r = max{ry, r2} < 1. Moreover,

A —max{&,pL7, &GL} 4+ In(1 4+ max{& LY, &L7}) =74+ In1.5 > 0.

Thus, it follows from Theorems 1 and 2 that the almost periodic solution (4.1) is exponentially
stable.
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