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On Signed Edge Total Domination Numbers of Graphs
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Abstract Let G = (V, E) be a graph. A function f: E — {—1,1} is said to be a signed edge
total dominating function (SETDF) of G if Ze/eN(e)f(e') > 1 holds for every edge e € E(G).
The signed edge total domination number v, (G) of G is defined as 5, (G) = min{}_ ¢z f(e)If
is an SETDF of G}. In this paper we obtain some new lower bounds of 7., (G).

Keywords signed edge total dominating function; signed edge total domination number; edge

degree.

Document code A
MR(2010) Subject Classification 05C69
Chinese Library Classification 0157.5

1. Introduction

For the terminology and notations not defined here, we adopt those in Bondy and Murty [1]
and Xu [2] and consider simple graphs only.

Let G = (V, E) be a graph with vertex set V = V(G) and edge set E = E(G). For any
vertex v € V, Ng(v) denotes the open neighborhood of v in G and Ng[v] = Ng(v) U {v} the
closed one. dg(v) = |Ng(v)] is called the degree of v in G, A and ¢ denote the maximum degree
and minimum degree of G, respectively. Similarly, if e = uv € E, Ng(e) denotes the open edge-
neighborhood of e in G and Ngle] = Ng(e) U {e} the closed one. dg(e) is called the degree of e
in G, A, and . denote the maximum edge degree and minimum edge degree of G, respectively.
If the graph is clear from the context, Ng(v), Ng[v], dg(v) and Ng(e), Ngle], dg(e) can simply
be denoted by N(v), N[v], d(v) and N(e), Nle], d(e).

If d(v) is odd (even), then v is called an odd (even) vertex of G. Similarly, if d(e) is even
(odd), then e is called an even (odd) edge and d(e) = d(u) + d(v) — 2.

In this paper, we define E, = {e € E|d(e)is odd } and E. = {e € E|d(e) is even}.

In recent years, several kinds of domination problems in graphs have been investigated [2-6].
Most of them belong to the vertex domination of graphs, such as signed domination [7, 8], minus
domination [8], majority domination, etc. Recently, the problem has been changed from vertex

domination to edge domination, and a few results have been obtained about the edge domination
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of graphs, such as signed edge domination [2], signed star domination [9], minus edge domination
[10], etc. The concept of signed edge total domination was introduced in [11,12], but there are
few results that have been obtained about it and most of the bounds are on the vertex degree of
graphs. In this paper, we will obtain some new bounds of v.,(G) in terms of the edge degree of
graphs.

In [11] we introduced the signed edge total domination as follows:

Definition 1 ([11]) Let G = (V, E) be a connected graph of order n (n > 3). A function
f+ E — {-1,1} is said to be the signed edge total dominating function (SETDF) of G if
>c'en(e)f(€') = 1 holds for every edge e € E(G). The signed edge total domination number
Vet(G) of G is defined as vy (G) = min{}_ c g f(€)|f is an SETDF of G}.
And define v, (K1) =0, 74, (K32) = 1.
If f is such an SETDF that v.,(G) = >_
SETDF.

By the above definition, we have the following lemma.

ccr f(€), then the function f is said to be a minimum

Lemma 1 For any two disjoint graphs G1 and Ga, v.,(G1 U G3) = 7, (G1) + 4, (Gs).

Lemma 2 Let f be a signed edge total dominating function of G and e € E. If e € F,, then
e en(e)f(€') = 1; while if e € E, then } . (. f(€') = 2.

By Lemma 1, we consider connected graphs only. In this paper, we will give some lower
bounds of 7/,(G) for general connected graphs G in terms of its size m, maximum edge degree

A and minimum edge degree J..

2. Main results

In this section, we will give some lower bounds for the signed edge total domination number
v (G) of a graph G.

Theorem 1 For any connected graph G of size m (m > 2),

3—0.++/(0e —3)2 +8m(d. + 1
Proof Let f be a signed edge total dominating function of G such that v,,(G) = > . f(e).
Define P = {e € E(G)|f(e) =1}, M = {e € E(G)|f(e) = —1}. Let |P| =p, |M| =m —p. Then
V4t(G) = [P = [M] = 2p —m.

For any edge e € E(G), by the definition of the signed edge total domination number, we

can easily verify the following inequality:

IN(e) N P| > [d(e); L, vee B(@),
then
S v@nP > 8 gy > 2y,
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edges of M. Hence

so there exists at least one edge e € P such that e is adjacent to W

p-1z V@ NPz 1 L),

By the above inequality, we deduce that

. 3—6c+/(0c —3)2+8m(d + 1)
- 4 3

SO

36, 5. —3)2 + 8m(d. + 1
Vet (G) = 2p —m > VI 2) T8mletl) . o

Theorem 2 For any connected graph G of size m (m > 2),

246, — Ne)m + 2m,

where m, = |E.|, Ae > 6. > 1 and the result is the best possible.

Proof Let s =} _pd(e), and let f be a signed edge total dominating function of G such that

7;t(G) = ZeeE (e).
Define P = {e € E(GQ)|f(e) =1}, M = {e € E(G)|f(e) = —1}. By Lemma 2, we have

DX A= D0 N+ D fE) =B 2B =mAme. (1)

e€Ee’ €N (e) e€Eoe’ €N (e) e€Ece’ €N (e)
Note that
D d(e) = Y dle) = de) =2 d(e) =2 d(e) = Y d(e). (2)
eeP eeM eelE eeM eeP eceE

On the other hand,
Yo S =) dle)fle) =Y de)f(e) + Y dle)f(e) =Y dle) = Y dle).
EGEBIEN(E) ecE ecP ecM ecP ec M

Since

Sd(e) — 23 d(e) < Y d(e) - 2(m — |P|)3, = s — 2(m — | P|)3..

ecE ecM eckE

by (1) and the above inequality, we have
s—=2(m — |P|)de > m + me. (3)

Note that

23 d(e) — Ydle) < 20.P| - S d(e) = 20,|P| - 5,

ecP ecE ecE

we can deduce the following from the above inequality and (1):
2N |P| — s > m+ me..

By (3) and (4), we can deduce the following inequalities:

m -+ Me —

20,

m-+me+ S

S
P>
+m,| |_ D) . 5

|P| >
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which implies that
P> (1—i—(56)m—|—m67
L VAN
and hence
< (24 6. — DNe)m + 2m,

de + D¢
Note that v.,(G) is an integer, this completes the proof.

Ve (G) = 2|P| -

Next we will show that the result is the best possible.
(248 —Ac)m+2m, 0
de+ANe ’
A graph G is called k-regular if d(v) = k for all v € V. Similarly, a graph G is called k-edge

For a graph G = C,,, it is obvious that v.,(C,) =n=m =

regular if d(e) = k for all e € E. The following corollaries follow immediately from Theorem 2.

QTm, k is even,

Corollary 1 For any k-edge regular graph G of size m, v.,(G) > { ]
=, k is odd.

Corollary 2 For any k-regular graph G of order n, v.,(G) > 2:—?2

Theorem 3 For any connected graph G of size m (m > 2),
V(G > (((56 — /2] - (A —1)/2] + 1)
[(0e = 1)/2] + [(Ae = 1)/2] +1
Proof Let f be a signed edge total dominating function of G such that v, (G) = > . f(e).
By Lemma 2, we have
ST R =D D HEN D] DD F€) = |Bo| + 2|Ee| = m 4 me.
ecEe’eN(e) e€Eq,e’€N (e) e€Ec.e’€N(e)
We now write E as the disjoint union of six sets. Let P = Pa_|J Ps, J P»,, where Pa, and Ps,
are sets of all edges of P with edge degree equal to A. and &, respectively, and Py, contains
all other edges in P. If possible, let M = Mna_|JMs, JM),, where Ma,,Ms, and M), are
defined similarly. Further, for ¢ € {A.,dc, A}, let F; be defined by E; = P;|JM;. Thus
m = |En.| +|Es.| +|Ex. |
If e € Ey,, then 6. + 1 < d(e) < A. — 1. Therefore,
Z Z fle Zd ) > m+ me. (5)
e€Ee/eN(e) e€E
Writing the sum in Eq. (5) as sum of six summations and replacing f(e) with the correspond-

ing value +1 or —1 yields

Sde)fe) = Det DGt > (D=1 = Y Ao

ecE e€Pp, e€Ps, e€P,, eeMp,
§ de — E (5e+1) > m+ me, (6)
66]\456 EEM(;G

and replacing |P;| with |E;| — |M;| for i € {/Ae, de, Ae} yields

Ac(lBa. | = [Ma,]) +0c(Bs.| = [Ms.[) + (A = D)([Ex.| = M, [)—
De|Ma,| = 0e|Ms, | — (0e +1)| My, |
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= Dc|En,| =20 |Ma. |+ 6e|Es, | — 20e|Ms, | + (De — 1)[Es, | — (Ae + e )| M, |
= m =+ Me. (7)
We now simplify the left-hand side of (7) as follows. Replacing |Fs,| with |Ps, | + |Ms,|, and
|Ms, | + | My, | with |M| — | M), |, we have
Oe| Es, | = 20e|Ms, | = 6e| M. | = 0c|Ps.| = 0c(IM| = [Ma., ). (8)
Further, replacing |Ea,| with m — |Ex, | — |Es, |, we have
AcEn |+ DelEx.| = 28| Ma, | — Del My, | = Dem — De|M| = De|Pa | = DelMa,|. (9)
We can deduce the following from (7), (8) and (9)
de| Ps.| — 0e(IM] = [Ma,|) + Dem — D] M| = Ac|Pa, | = De|Ma, | = |Ex. |
=Aem — (De = 0e)|Ps, | = (De +6e) [ M| — (DB = 0e)[Ma, | — B, |
>m+ Mme.
That is
(De =1)m > (Ae = 8e)|Ps, | + (De + 0) | M| — (De — 0e)|Ma, + |Ex, |+ me. (10)

We now consider four possibilities depending on the parity of A, and d.. In each case, we
obtain an upper bound on |M| in terms of A., d. and m. Since v.,(G) = m — 2| M|, this upper

bound provides the desired lower bound on ., (G) in terms of A., d. and m.

Case 1 A\, d. are odd.
By Eq. (10), (Ae — 1)m > (Ae + 0.)| M|, and so | M| < %. Therefore,

O — DNe +2
/ B s %= Betz
ver(G) = m — 2|M| > NS m

Case 2 /., §. are even.
Then |E.| > |Ea,| + |Es.|. Thus, by Eq.(10), (Ae — 1)m > (Ae + 6e)|M| + m, and so

Ne —2)m _
M| < ﬁa then v, (G) =m —2|M| > 56Aeﬁ%j4

m.
Case 3 6, is even and A\, is odd.
Then A, — 6. > 1, |E| > |FEs,|. Thus, by Eq. (10),
(D = 1)m > |Po.| + (B + 6) M| + [Ma,| + |Ex, | +m,
> |Ps.| + |Pa| + |Ps.| + (D + 60) M|+ |Ma, | + | My, | + |Ms,|
> (A + 0 + 1)|M].

De—1 N
And so [M| < (Ae+6c)+nll' Therefore, 7., (G) = m — 2|M| > Aﬁz&ffm'

Case 4 6, is odd and A\, is even.
Then A, — 6. > 1, |E| > |Ea,|. Thus, by Eq. (10),

(Ne —1)m > | Py, | + (De + 80)|M| + | Ma,| + |Ex, | + me
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> |Ps, |4 |Px.| + |Pa,| + (Do + 8) | M|+ |[Ma,| + | My, | + | Ma, |
> |Pl+ (De +6e)|M| =m — M|+ (A 4 6.)| M].

Ne—2 de—ANe+3
And so [M| < ==2m Therefore, 7}, (G) = m — 2|M| > S=5F2m,

Combining the above four cases, we have completed the proof of Theorem 5. O
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