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Existence of Homoclinic Solution for a Class of
Hamiltonian Systems
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Abstract We study the existence of homoclinic orbits for some Hamiltonian system. A homo-
clinic orbit is obtained as a limit of 2k7T-periodic solutions of a sequence of systems of differential
equations.
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1. Introduction and main results

In this paper, we consider the existence of homoclinic solution for the following Hamiltonian

system:
d

77 (Pp(@(8)) =)y () + VF(t,u(t)) = f (1), (HS)
where p > 1, t € R, u € R", ®,(u) = |u[P72u, I(t) € C(R,(0,+0)), where [(t) is T-periodic,
T>0and F: RxR"— Rand f: R— R" satisfy:

(A1) F(t,0) =0 and F is T-periodic with respect to t;
(A2) There exist functions b € C(R, (0,+00)) and H(t,z) € C*(R x R™,(0,+0o0)) and the
constant p > p such that
b(t
F(t,z) = Q|x|“ + H(t,x),
u
where by = minge, ) b(t) > 0, b(t) and H(t,z) are T-periodic with respect to t;
(A3) For every t € R and x € R™\ {0},

0 < pH(t,z) <(VH(t,x), ).

Here and subsequently, (+,:) : R"™ x R™ — R denotes the standard inner product in R™ and
| - | is the induced norm in R™.

The existence of homoclinic orbits is one of the most important problems in the theory of
Hamiltonian systems. Recently the existence and multiplicity of homoclinic orbits for Hamilto-

nian systems have been studied extensively via critical point theory, such as [1-4,7-11] and the
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references therein. In [1], Tang considered the system:

S (ae)r2a(t)= VF(, u(t) + (), (11)

and proved the following theorem:

Theorem A Assume that F' and f satisfy the following conditions:
(F1) F € CY(R x R™, R) is T-periodic with respect to t, T > 0;
(F2) There are constants b > 0 and p > 1 such that for all (¢,x) € [0,T] x R™

F(t,x) = F(t,0) + blz|*;

(F3) f # 0 is a continuous and bounded function such that [ (67T dt < .
Then system (1.1) possesses a homoclinic solution ug € WHP(R, R™).

Our goal in this paper is to consider the different system (HS) and to use the different
conditions instead of (F2), (F3). In order to obtain a homoclinic solution of (HS), we consider a
sequence of systems of differential equations:

d .
7 (®p(@(0)) = 1Oy (u(t)) + VE(E, u(t)) = fi(?), (HSk)
where for every k € N, fi, : R — R" is a 2kT-periodic extension of the restriction of f to the
interval [—kT, kT].

For each k € N, let W2 (R, R"), L5 (R, R") and L35.-(R, R") denote the Banach spaces

of 2kT —periodic functions on R with values in R™ under the norms

welf Z(mw +luP)ae]”

Il
kT 1
— P P
fullg,, =( [ utorat)

and

HUHL;;T = esssup{|u(t)| (t € [—kT, kT]},

respectively. Furthermore for each k € N, let

By i={ulu. i € g, (R, R"), /_Z [+ (O, (), u(t) |at < +oo}
and Yu € Ey, let
kT 1
fulle, = [ O+ (), ) de} (1.2)

Then FEj is a Hilbert space on the above norm.

Lemma 1.1 Let u: R — R"™ be a continuous mapping such that @ € LY (R, R™). For every

loc

t € R the following inequality holds:

ju(t)] < 257 / (u() + lis)P)ds) . (13)

2
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Proof Fixt € R. For every 7 € R,

t
[u(t)] < Ju(r)|+] / i(s)ds|. (1.4)
Integrating (1.4) over [t— %, t+ %] with respect to 7 and using the Holder and Jensen inequalities,
won < [ (wene] [
3
t+1 1
S(/ u |+’ / !
1
t+% 1
§(2P—1/ u(r)lP+| / $)ds| )ar)’
t
t t+3 1
<[ (n <>|p+/ i(s)7ds)dr)”
t—1 t—1

bt t+3 t+5 1
< 27(/ |u(T)|PdT+/ |u(s)|pds)p,
t t—1

we obtain

+
N

2
_1
2
which implies that (1.3) holds. The proof is completed. O

Corollary 1.1 Letu € W;,;’}. Then the following inequality holds:

1\w
oz, <275 (1 + ﬁ) lulwzs, ¥keN. (1.5)
Proof Integrating (1.4) over [t —kT,t+ kT] with respect to 7 and similar to the proof of Lemma

1.1, we have

t+kT
2kT|u(t)|§/ |+]/
t+kT l
(k)7 ( / (jutr |+‘ / ’
t—kT
t+kT t+kT 1
(2kT)"7 ( / ( u(r)|P + / |1l(s)|pds)d7')p
t—kT t—kT

bt s t+ET t+ET 1
< (2k:T)T2T( / lu(r)|Pdr + 2kT / |u(s)|Pds)p,
t—kT t—kT
which implies the following
b1 1 1\
lulleg, <25 (1+ 2kT) lullway, <27 (14 57) lullwyy,. vk e .
The proof is completed. O

Corollary 1.2 Let u € Ey. Then the following inequality holds:

p-1 1 1\»
<27 max{1, 7} (1+ 57) "l (1.6)

lullz o

2kT

where [* = mingejo 77 [(t).
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Proof For each u € Ej, we have by (1.2) and (1.5),

kT
lulty, > /_kT [l + 1 |u@f? | dt = minf1, e Hal?,,,

. N p—1 1\37°7
> min{1,! }{2 ® (1+ﬁ) ] HUHingv
o (1.6) holds.
Set M := sup{H(t,u) : t € [0,T].ul = 1}, by = max;ejo,r1b(t), C1 =27 max{1, L}(1 +
%)% and suppose that:

(A1) ([nlrt)l7rar)

_ p—l n—p
where 6 = [7p(u—l)(%+M):| .

1_1

"= My < e [Bort— (B ),

Remark 1.1 For f(x) = %x”_l - (% + M)zt=1 z € [0,1] and § defined above, by simple
calculation, we can obtain that ¢ is the maximum point of f(z) and f(0) = %517_1 - (%1 +
M)sr—1 > 0.

In this paper, the main result is the following theorem.

Theorem 1.1 If the conditions (Al)—-(A4) are satisfied, then system (HS) possesses a nontrivial

homoclinic solution uyg.

2. Preliminaries

Let I : Ex — R be defined by

Lo(w) = / . [la(6) 7+ (1) (1)), w(t)) |t - /

PJ-kr —kT

kT kT

F(t,u(t))dt+/ (fe(t),u(t))dt. (2.1)

—kT
Then I, € C*(Ey, R) and one can easily check that
kT
itwpo= [ (@0, 500) + (02 (1)), w0~ (VF (1 wlt)), o0) + (0, 0(0) | (22)
for all u,v € Ej, where Ij (u) means the Frechet derivative. Furthermore, the critical points of
I are classical 2kT —periodic solutions of (HSk). We will obtain a critical point of I} by using a
standard version of the Mountain Pass Theorem, therefore we state the definition of PS-condition

and this theorem precisely.

Definition 2.1 ([5]) The function ¢ € C*(X, R) satisfies the Palais-Smale condition (PS) if
every sequence {uy} in X satisfies that {¢(uy)} is bounded and

¢'(un) =0 (n — o0)
contains a convergent subsequence.

Lemma 2.1 ([5]) Let E be a real Banach space and I € C'(E, R) satisfy the Palais-Smale

condition. If further I satisfies the following conditions:

(i) 1(0) = 0;
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(ii) There exist constants p, > 0 such that I|sp, ) > ;
(iii) There exists e € E \ B,(0) such that I(e) <0,

then I possesses a critical value ¢ > « given by

= inf I
¢= Inf max (9(s)),

where B,(0) is an open ball in E of radius p about 0, and

I'={ge C([0,1],E) : g(0) = 0,9(1) = e}.

Lemma 2.2 ([2]) Assume that (A3) holds, then for every t € [0,T], the following inequalities
hold:

H(t,u) < H(t, ﬁ)w, 0<lul <14 (2.3)
H(t,u) > H(t, ﬁ)w, lu| > 1. (2.4)
u

Meanwhile, we set m = inf{H (t,u) : t € [0,T),|u| = 1}. Then for every ( € R\ {0} and
u € Ey \ {0}, one can find from [2]

kT kT

H(t, Cu(t))dt > m|§|“/ (b))t — 2kTm. (2.5)
—kT —kT

Lemma 2.3 ([2]) Let u: R — R™ be a continuous mapping. If a weak derivative @ : R — R™

is continuous at tgy, then
t) — u(t

= u(tg).
t—to t—to u( 0)

3. Proof of theorem
We will divide the proof of Theorem 1.1 into a series of lemmas.

Lemma 3.1 Under the conditions of Theorem 1.1, for every k € N, system (HSx) possesses a

2kT-periodic solution.

Proof It is clear that I;(0) = 0. We firstly show that I; satisfies the Palais-Smale condition.
Assume that {u;}jen C Ej is a sequence such that {I(u;)}jen is bounded and I} (u;) — 0 (j —
+00). From (2.1), (2.2) and (A2), we have

kT kT
utity) = Blly, = [ b0l @F +ptw@aen [ (ao.n@)a @
and
kT kT
ws s =y, = [ ool OF+(THC @) w0 a+ [ (0w 62)

So we obtain from (3.1), (3.2), (A3) and (A4),

kT
(5 = ), =peleag) — Ty + | s 0)= (T w5 0)), 5 0) e~
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kT
(1) / (Fu(t), (1)) dt

—kT
kT . 1_1, kT 1
<) = Ly + =0 [ [polFa) ([ o)’
<pdy(uz) — I (ug)ug + (p — 1) Mi||ugl| g, - (3.3)

Since £ —1> 0, {Ix(u;)} is bounded and Ij (u;) — 0 (j — +00), (3.3) shows that {u;};en is
bounded in Ej.

In a similar way to [6], we can prove that {u;};cn has a convergent subsequence in Ej.
Hence, I, satisfies the Palais-Smale condition.

We now show that there exist constants p, @ > 0 independent of k such that Ij satisfies
condition (ii) of Lemma 2.1 with these constants. If ||u|g, = Cil := p, then it follows from

Corollary 1.2 that |u(t)] < 6 <1 for t € [-kT, kT]. From (2.3), we have

kT u(t) B
H@waﬂMmdt

kT
gALW*{/ lu(t)[Pdt, (3.4)
—kT

wamdg/

—kT {te[—kT,kT]|u(t)#£0}

where M = sup{H(t,u) : t € [0,T],|u| = 1}. According to (2.1), (A2), (3.4) and (A4), if
lull £, = &, then

kT kT

T(w) = Jullt, — - / bt — [ H(tu(t))dt + / (fu(0), ult)) e

p mJ kT —kT —kT
1 by kT

> p _ (= H—p Pt —

> lullp, = (2 + )& [ jute)ae = Ml
1 b1 _

>l = (2 4+ M) 8 ully, — M ulls,
1) 1 1. 1 b1 _

_ Zsp—1 _ s p—1 _

_Clh$”p5 OfJ(M+AQ5 M@

=a >0, (3.5)

where by, M1, and M are given previously. Then inequality (3.5) shows that |ul| g, = Cil
which implies that Iy (u) > a.

Finally, it remains to show that Ij satisfies condition (iii) of Lemma 2.1. From (A2), (2.1)
and (2.5), we have

=0

kT

kT
|u(t)|“dt—m/_kT |u(t)|“dt+/_kT(fk(t),u(t))dt—i—QkTm, (3.6)

bO kT

1
I, (uw) < =ull% —
W < Sl -2 [

where by = mingcpo, 7 b(t) > 0 as defined in (A2). From (3.6), we have for every ¢ € R and
q € En,

T T
lq(t)]"dt — mC“/ lq(t)|*dt+

Ay, lallzy, +2Tm. (3.7)

1 p _bo
h(Ga) <¢" ﬂcu/
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Take Q € E; such that Q(+T) = 0. Since 1 < p < p, (3.7) implies that there exists (; € R
such that |(1Q||g, > p and I1(HQ) < 0. Set e1(t) = (1Q(¢) and
el(t)7 |t| < T7
er(t) = 3.8
<) {0, T < |t] < kT, (38)

then ey € Ey, |lexl|r, = lleille, > p and Ix(ex) = Ii(e1) < 0. By Lemma 2.1, I, possesses a
critical value ¢ > « given by

ok = inf Jnax, Ik(g(s)), (3.9)

where T'y, = {g € C([0,1], E}) : g(0) = 0,9(1) = e }. Hence, Vk € N, there exists u € Ej such
that
Ik(uk) = Ck, I,’C(uk) =0. (3.10)

Since ¢ > 0, uy is a nontrivial solution even if fi(¢t) = 0. The proof is completed. O

Lemma 3.2 Let uy € Ej be the 2kT-periodic solution of (HSyx) which satisfies (3.10). Then

there exists a positive constant Ms independent of k such that

lukllrg, < M2, VkeN. (3.11)

2kT —
Proof For Vk € N, let g : [0,1] — E}) be a curve given by gi(s) = sex, where ey, is defined as
in (3.8). Then gi € T’y and I (gx(s)) = I1(g1(s)) (k > 1) and s € [0,1]. Therefore by (3.9),

cr < max I1(gi(s)) = Mo,
s€10,1]

where Mg is independent of k. Hence, we have
In(ug) < Mo, Ij(ug) = 0.
Similarly to (3.3), we obtain
(5 = D) lusll, < 102 4+ (o= DAL s
so there exists a constant My > 0 such that
lugl| g, < M2, Vk € N. (3.12)
Therefore from (1.6), we get

lugllLse . < Chllugllg, < CiMa = Mo,

2T —

where C is given in the condition (A4). The proof is completed. O

Lemma 3.3 Let u, € Ej, be the 2kT-periodic solution of system (HSk) which satisfies (3.11).
Then there exists a subsequence {uy;} of {ux} convergent to a certain ug € C'(R,R") in

CL (R, R™).

loc

Proof By (3.11), we know that {ug} is a uniformly bounded sequence. Since uy(t) is a 2kT-
periodic solution of (HSy), for every t € [—kT, kT
d

T (i (P~ (8)) = 1)@ (ur (£)) — VE(E,un(8)) + fi(t),
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hence,
d -
| (1P (@) | € max POIME™ +  sup [VE(E )|+ sup| £(2)
t t€[0,T] te[0,T), x| < Ma teR
= Ms, te[—kT,kT). (3.13)

Thus we can claim that {@x} is uniformly and equicontinuous in a similar way to [1]. So {u}
and {4y} are both uniformly bounded and equicontinuous, and we can obtain the existence of

subsequence {uy, } convergent to a certain ug in C}, (R, R™) by using the Arzela-Ascoli theorem.

Proof of Theorem 1.1 Step 1. We show that ug is a solution of (HS). By Lemmas 3.1 and

3.3, we have

%(rbp(ukj (t)))—l(t)fbp(ukj (O)+VE(t,un, (1) = fa, (£), t € [~k;T, k;T).

Take a, b such that a < b. Then there exists jo € N such that for all j > jy, we have
d .
E(@p(ukj (t)))—l(t)fl)p(ukj () +VE(t ur, (1)) = £(t), t € [a,b].
From Lemma 3.3, it follows that uy, — g uniformly on [a,b], and we get

d .
E((I),,(uo(t)))—l(t)fbp(uo(t))—i—VF(t,uo(t)) = (), telab).
Since a and b are arbitrary, we conclude that g satisfies (HS).
Step 2. We prove that ug(t) — 0 (t — +o00). From (3.12), we obtain
/k [l 1+ (0@, e ()., )| 0 < 775 = b1
—k;j
For every [ € N, there exists j; € N such that for j > ji,
IT
/ [|uk]. ()| + (1) Py (e, (1)), i, (t))}dt < M,.
—IT
It follows that for each [ € N,
IT )
/ [|1l0(t)| +(l(t)<1)p(u0(t)),uo(t))}dt < M.
—IT
Letting | — oo yields
/ “ao(t)|p+(l(t)<1>p(u0(t)), uo(t))]dt < M,.

Hence

/|t> hﬂo(t)‘p—l—(l(t)q)p(uo(t)),uo(t))}dt — 0, 7 — o0,

then we have
/t|> [|1l0(t)|p+|u0(t)|p} dt -0, r— oo. (3.14)

Combining (3.14) with (1.3), we get ug(t) — 0 as t — Fo0.
Step 3. We prove
uo(t) — 0, t— +oo. (3.15)
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Since uo(t) — 0 (t — £00), there holds
luo(t)| < My for t € R.

From this, (HS) and (A4), similarly to (3.13), we have

] (|u0 i 2u0(t))\ < max [1(t)|ME + sup IVE(t,z)|+ sup| £(1)].
dt t€[0,7] (t,2)€[0,T] X [= M2, Ma] teR
= M5.

If (3.15) does not hold, then there exist €9 € (0, 3) and a sequence {t} such that
|tl| < |t2| < |t3| < - 7|tk| +1< |t7€+1|7 k= 1727"'7

and
lio(tr)] > (220)7-71, k=1,2,....

From this we have for ¢ € [ty, tx + 137

()P~ =l ()~ 2a0(tr) / (o)~ 2io(s) ) ds

5 ([ i)
% © it

/ ltio (£)|Pdt = Z/ o ltio (£)[Pdt = oo
—o° k=1"1tk

which contradicts (3.14) and so (3.15) holds.
Step 4. In the end, we have to show that if f = 0, then ug £ 0. Let Y : [0,4+00) — [0, +00)
be given as follows: Y (0) = 0 and

> |’l'1,0(tk)|p_l — ds > gg.

It follows that

Y(s) = max [, VE(t,u))] for s> 0.
te[0,T7,0<|u|<s |u|P

Then Y is continuous, nondecreasing and Y (s) > 0 for s > 0. It folows from (1.6)

/k (ur, (1), V(g (£)))dt < O (g, 1z, ) sk, B, + ¥ 5 € . (3.16)
—k.T J
J
Since Iy, (uk, Jur, = 0, we have
/ (e, (0), VE(t i, (1)) ) at = / (@G, (0)), i, () + (1O (e, (8)), i, (1))
—k;T —k; T
= llur; I, - (3.17)
y (3.16) and (3.17), it follows that
1
(Huk ||L2k T)> Fl > 0.
If [Juk,||Lge . — 0 as j — oo, we would have Y (0) > C% > 0, which is a contradiction. Thus
J

there is v > 0 such that

llug;||zse >, Vi€ N. (3.18)

2k; T —
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We can assume that the maximum of uy, occurs in [T, T]. If ug(t) = 0, then

ok 5 = o, [, ()] = 0.

which contradicts (3.18). The proof is completed. O
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