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Abstract In this paper, we study a new class of general (α, β)-metrics F defined by a

Riemannian metric α, a 1-form β and C
∞ function φ(b2, s). We provide the projective factor

of a class of general (α, β)-metrics F = αφ(b2, s), and apply these formulae to compute its flag

curvature.
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1. Introduction

The (α, β) metrics were first introduced by Matsumoto [1]. They are Finsler metrics built

from a Riemannian metric α =
√

aijyiyj , 1-form β = bi(x)yi and C∞ function φ(s) on a manifold

M . A Finsler metric of (α, β)-metrics is given by the form

F = αφ(s), s :=
β

α
.

It is known that F is positive and strongly convex on TM\{0} if and only if

φ(s) > 0, φ(s) − sφ′(s) + (b2 − s2)φ′′(s) > 0, |s| ≤ b < b0,

where b = ‖β‖α.

The aim of this paper is to study a new class of Finsler metrics given by [2]

F = αφ(b2, s), s :=
β

α
, (1.1)

where φ = φ(b2, s) is a C∞ positive function and b = ‖β‖α.

One important example of (α, β)-metric was given by L. Berwald

F =
(

√

(1 − |x|2)|y|2 + 〈x, y〉2 + 〈x, y〉)2

(1 − |x|2)2
√

(1 − |x|2)|y|2 + 〈x, y〉2
. (1.2)
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It is a projectively flat Finsler metrics on Bn ⊂ Rn with flag curvature K = 0. Berwald’s metric

can be expressed in the form

F = αφ(b2, s) = α(
√

1 + b2 + s)2, (1.3)

where

α =

√

(1 − |x|2)|y|2 + 〈x, y〉2

1 − |x|2 , β =
〈x, y〉

(1 − |x|2)3/2
, (1.4)

s :=
β

α
, b2 =

|x|2
1 − |x|2 . (1.5)

Then we apply these formulae to discuss a class of general (α, β)-metrics F = αφ(b2, s).

Let µ be an arbitrary constant and Ω = Bn(rµ) where rµ = 1�
√−µ if µ < 0 and rµ = +∞

if µ ≥ 0. Let | · | and 〈, 〉 be the standard Euclidean norm and inner product in Rn, respectively.

Define F : TΩ → [0,∞) by

α(x, y) :=

√

(1 + µ|x|2)|y|2 − µ 〈x, y〉2

1 + µ|x|2 , (1.6)

β(x, y) :=
λ 〈x, y〉 + (1 + µ|x|2) 〈a, y〉 − µ 〈a, x〉 〈x, y〉

(1 + µ|x|2)3/2
, (1.7)

where λ is an arbitrary constant and a ∈ Rn is a constant vector. We obtain the following result:

Theorem 1.1 Let F = αφ(b2, s) : TΩ → [0,∞) be any function given in (1.6) and (1.7). Define

a function φ(b2, β
α ) = (

√
1 + b2 + β

α )2. It has the following properties:

(1) The norm of β with respect to α is given by

b2 = ‖βα‖2 =
λ2

1 + µ|x|2 |x|
2 +

2λ

1 + µ|x|2 〈a, x〉 + |a|2 − µ

1 + µ|x|2 〈a, x〉2 . (1.8)

(2) F is locally projectively flat, its projective factor P is given by

P = θ + cα
1√

1 + b2
. (1.9)

(3) F is of scalar flag curvature and its flag curvature is given by

K =
1√

1 + b2(
√

1 + b2 + s)3
(µ +

c2

1 + b2
), (1.10)

where

θ =
αxkyk

2α
= − µ 〈x, y〉

1 + µ|x|2 ,

c2 = (1 + µ|x|2)−1(λ − µ 〈a, x〉)2.

Remark Take λ = 1, a = 0, µ = −1 in Theorem 1.1, then F = αφ(b2, s) is the Berwald’s

metric, its projective factor

P =
〈x, y〉

1 − |x|2 +

√

(1 − |x|2)|y|2 + 〈x, y〉2

(
√

1 − |x|2)3
,
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and its flag curvature K = 0.

2. General (α, β)-metrics

Definition 2.1 Let F be a Finsler metric on a manifold Mn. F is called a general (α, β)-metric

if it can be expressed as the form F = αφ(b2, s) (s := β
α ), where ‖β‖α ≤ b0 and φ = φ(b2, s) is a

positive C∞ function.

Proposition 2.2 Let M be an n-dimensional mannifold. A function F = αφ(b2, s) on TM is a

Finsler metric on M for any Riemannian metric α and 1-form β with ‖β‖α < b0 if and only if

φ = φ(b2, s) is a positive C∞ function satisfying

φ > 0, φ − sφ2 + (b2 − s2)φ22 > 0, (2.1)

where s and b are arbitrary numbers with |s| ≤ b < b0.

Proof It is easy to verify F is a function with regularity and positive homogeneity. In the

following we will verify strong covexity: The n × n Hessian matrix

(gij) := ([
1

2
F 2]yiyj ).

For the general (α, β)-metric F = αφ(b2, β
α ), direct computations yield

[F 2]yi = [α2]yiφ2 + 2α2φφ2syi , (2.2)

[F 2]yiyj =[α2]yiyj φ2 + 2[α2]yiφφ2syj + 2[α2]yj φφ2syi + 2α2[φ2]
2syisyj +

2αφ22φ2syisyj + 2α[φ2]
2syiyj . (2.3)

Direct computations yield

gij = ρaij + ρobibj + ρ1(biαyj + bjαyi) − sρ1αyiαyj , (2.4)

where

ρ = φ(φ − sφ2), ρ0 = φφ22 + φ2φ2, ρ1 = (φ − sφ2)φ2 − sφφ22.

By Lemma 1.1.1 in [3], we find a formula for det(gij)

det(gij) = φn+1(φ − sφ2)
n−2(φ − sφ2 + (b2 − s2)φ22)det(aij). (2.5)

Assume that (2.1) is satisfied. Then by taking b = s in (2.1), we see that the following inequality

holds for any s with

φ − sφ2 > 0, |s| < b0. (2.6)

Using (2.1), (2.5) and (2.6), we get det(gij) > 0, namely (gij) is positive-definite. The converse

is obvious, so the proof is omitted here.

By Lemma 1.1.1 in [3], we find a formula for (gij)

gij = ρ−1
{

aij + ηbibj + η0α
−1(biyj + bjyi) + η1α

−2yiyj
}

, (2.7)
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where (gij) = (gij)
−1, (gij) = 1

2
[F 2]yiyj , (aij) = (aij)

−1, bi = aijbj ,

η = − φ22

(φ − sφ2 + (b2 − s2)φ22)
, η0 = − (φ − sφ2)φ2 − sφφ22

φ(φ − sφ2 + (b2 − s2)φ22)
,

η1 =
(sφ + (b2 − s2)φ2)((φ − sφ2)φ2 − sφφ22)

φ2(φ − sφ2 + (b2 − s2)φ22)
.

Lemma 2.3 ([2]) Let F = αφ(b2, s)) be a general (α, β)-metric on a manifold M with dimension

n ≥ 2. Then F is locally projectively flat if the following conditions hold:

1) The function φ(b2, s) satisfies the following partial differential equation

φ22 = 2(φ1 − sφ12). (2.8)

2) α is locally projectively flat, β is closed and conformal with respect to α.

Remark Note that φ1 means the derivation of φ with respect to the first variable b2. In this

paper, a 1-form is called conformal with respect to a Riemannian metric if its dual vector field

with respect to the Riemannian metric is conformal.

Proposition 2.4 Suppose general (α, β)-metric F = αφ(b2, β
α ) is a projectively flat Finsler

metric, then its projectively factor P is given by

P =
2α−1(φ − sφ2)G

m
α ym + φ2(2bmGm

α + r00) + 2αφ1(r0 + s0)

2F
, (2.9)

where Gα
m denotes the spray coefficients of α, r00 = rijy

iyj , r0 = bjrijy
i, s0 = bjsijy

i.

Proof Recall that the spray coefficients of a Finsler metric F are given by Gi = Pyi +Qi, where

P = P (x, y) is given by

P =
Fxkyk

2F
. (2.10)

For the general (α, β)-metric F = αφ(b2 β
α ). Direct computations yield

Fxk = αxkφ + αφ1[b
2]xk + αφ2sxk , (2.11)

Fxkyk = αxkykφ + αφ1[b
2]xkyk + αφ2sxkyk. (2.12)

We have

αxkyk =
2

α
Gm

α ym, sxk =
1

α
bmkym +

1

α2
{bmα − sym}∂Gm

α

∂yk
, (2.13)

sxkyk =
r00

α
+

2

α2
{bmα − sym}Gα

m, [b2]xkyk = 2(r0 + s0). (2.14)

Substituting them into (2.10), by a direct computation we can obtain

P =
2α−1(φ − sφ2)G

m
α ym + φ2(2bmGm

α + r00) + 2αφ1(r0 + s0)

2F
. (2.15)

Example 2.4 Consider the Funk metric F = αφ(b2, s) on the unit ball Bn ⊂ Rn,

F =

√

|y|2 − (|x|2|y|2 − 〈x, y〉2)
1 − |x|2 +

〈x, y〉
1 − |x|2 .
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Funk metric can be expressed in the form

F = αφ(b2, s) = α
s +

√

1 − (b2 − s2)

1 − b2
,

where

α = |y|, β = 〈x, y〉 , b2 = |x|2.

By a direct computation, one obtains

φ22 = 2(φ1 − sφ12).

α has constant sectional curvature K = 0, β is closed and conformal with respect to α. So Funk

metric satisfies two conditions of Lemma 2.3. Namely, it is a projectively flat Finsler metrics

with Gi = Pyi , where

P =
1

2

{

√

|y|2 − (|x|2|y|2 − 〈x, y〉2)
1 − |x|2 +

〈x, y〉
1 − |x|2

}

,

and its flag curvature K = − 1

4
.

3. Proof of Theorem 1.1

A Finsler metric F = F (x, y) on an open domain U ⊂ Rn is said to be projectively flat in

U if all geodesics are straight lines. This is equivalent to Gi = P (x, y)yi, where Gi = Gi(x, y)

are the spray coefficients of F , which are given by

Gi =
1

4
gil

{

[F 2]xmylym − [F 2]xl

}

. (3.1)

In this case the flag curvature K is a scalar function on TU given by

K =
P 2 − Pxmym

F 2
. (3.2)

Set

ω = 1 + µ|x|2, α2 = aijy
iyj , β = biy

i. (3.3)

Then

aij =
δij

ω
− µxixj

ω2
, bi =

λxi + (1 + µ|x|2)ai − µ 〈a, x〉xi

(1 + µ|x|2) 3

2

. (3.4)

By a simple calculation, we get

αxkyk = −2µ 〈x, y〉
ω

α, (3.5)

and

αxkylyk − αl = (αxkyk)yl
− 2αl = 0. (3.6)

By G. Hamel Theorem [4], we get α is a projectively flat Finsler metric, and its projectively

factor is given by

θ =
αxkyk

2α
= − µ 〈x, y〉

1 + µ|x|2 ,
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and sectional curvature of α

αK =
θ2 − θxmym

α2
=

µα2

α2
= µ.

Write

(aij) = (aij)
−1.

By Lemma 1.1.1 in [3] we have

aij = ω(δij + µxixj). (3.7)

Using (3.4) and (3.7), we get

b2 =‖β‖2

α = aijbibj

=ω(δij + µxixj)
λxi + (1 + µ|x|2)ai − µ 〈a, x〉 xi

(1 + µ|x|2) 3

2

·

λxj + (1 + µ|x|2)aj − µ 〈a, x〉xj

(1 + µ|x|2) 3

2

=
λ2

1 + µ|x|2 |x|
2 +

2λ

1 + µ|x|2 〈a, x〉 + |a|2 − µ

1 + µ|x|2 〈a, x〉2 . (3.8)

By approximate evaluation, if µ ≥ 0,

b2 ≤ λ2

1 + µ|x|2 |x|
2 +

2λ

1 + µ|x|2 〈a, x〉 + |a|2. (3.9)

Using 1 + µ|x|2 > 1 , < a, x >≤ |a||x|, we obtain

b2 ≤
( |λ|√

µ
+ |a|

)2

.

If µ < 0, then

b2 ≤
( |λ|√−µ

+ |a|
)2

+ |a|2√−µ.

So b2 has upper bound. We get F = αφ(b2, s) satisfies two conditions of Proposition 2.2 by the

above equalities, therefore F is Finsler metric.

Let bi|j denote the coefficients of the covariant derivative of β with respect to α. Let

rij =
1

2
(bi|j + bj|i), sij =

1

2
(bi|j − bj|i), r00 = rijy

iyj , si
j = aikskj ,

si
0 = si

jy
j , ri = bjrij , si = bjsij , r0 = riy

i,

s0 = siy
i, ri = aijrj , si = aijsj , r = biri. (3.10)

It is easy to see that β is closed if and only if sij = 0. We have

bi|j =
∂bi

∂xj
− bkΓk

ij . (3.11)

From (3.3), we get ∂ω
∂xi = 2µxi. Together with (3.7) we have

∂aij

∂xi
= − µ

ω2
(δilxi + δilxj + 2δijxl) +

4µ2

ω3
xixjxk. (3.12)
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By (3.7) and (3.12), we get the Christoffel symbols of α.

Γk
ij =

1

2
akl(

∂ail

∂xj
+

∂ajl

∂xi
− ∂aij

∂xl
) = −µ

ω
(xiδjk + xjδik).

Note that bi satisfies (3.7), we have

bkΓk
ij = −2µxixj

ω5/2
(λ − µ 〈a, x〉) − µω

ω5/2
(aixj + ajxi),

∂bi

∂xj
=

(λ − µ 〈a, x〉)δij − µ(aixj + ajxi)

ω3/2
− 3µxixj λ − µ 〈a, x〉

ω5/2
. (3.13)

By (3.11) and (3.13) we get

bi|j =
δij

ω3/2
(λ − µ 〈a, x〉) − µxixj

ω5/2
(λ − µ 〈a, x〉). (3.14)

The last equality implies

sij = 0, rij = ω− 1

2 (λ − µ 〈a, x〉)aij .

So β is closed and conformal with respect to α with conformal factor c(x) = ω− 1

2 (λ − µ 〈a, x〉).
By a direct calculation, differentiating F = α(

√
1 + b2 + s)2 with respect to b2, s yields

φ1 − sφ12 = φ22. (3.15)

We know φ satisfies two conditions of Lemma 2.3 by the above equalities. So F is locally

projectively flat. It is obvious that

r00 = cα2, r0 = cβ, r = cb2,

ri = cbisi
0, s0 = 0, si = 0. (3.16)

Substituting (3.16) into projective factor P in Proposition 2.4 gives

P =
2α−1(φ − sφ2)G

m
α ym + φ2(2bmGm

α + r00) + 2αφ1(r0 + s0)

2F

=
2θα(φ − sφ2) + φ2(2θβ + cα2) + 2cαφ1β

2F

=
2θαφ + cα2(2φ1s + φ2)

2F

=θ + cα
1√

1 + b2
, (3.17)

where

θ =
αxkyk

2α
= − µ 〈x, y〉

1 + µ|x|2 . (3.18)

By a direct computation, we get

Pxkyk = θxkyk + cxkykα
1√

1 + b2
+ αxkykc

1√
1 + b2

− cα[b2]xkyk

2(1 + b2)
3

2

, (3.19)

P 2 − Pxkyk = (θ2 − θxkyk) + (2αθc − αxkykc − cxkykα)
1√

1 + b2
+

c2α2

1 + b2
+

cα[b2]xkyk

2(1 + b2)
3

2

, (3.20)

cxkyk = −µβ. (3.21)
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By (3.2), (3.20) and (3.21), we get

K =
P 2 − Pxkyk

F 2
=

1

α2φ2

{

α2µ +
µαβ√
1 + b2

+ (
√

1 + b2 + s)
c2α2

(1 + b2)3/2

}

=
1√

1 + b2(
√

1 + b2 + s)3

(

µ +
c2

1 + b2

)

. � (3.22)
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