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Congruences on Orthodox Semirings Whose Additive
Idempotents Satisfy Permutation Identities
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Abstract The investigation of congruences on generalized inverse semigroups is initiated.
Following some properties of such semigroups, the congruences on an orthodox semiring whose
idempotents satisfy permutation identities are established. In addition, we give a structure
theorem of homomorphic image of this kind of orthodox semirings.
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1. Introduction and preliminaries

An algebraic structure (5,4, -) is called a semiring if (S,+) and (5, ) are semigroups, and
for each a,b,c€ S, a-(b+c)=a-b+a-¢c, (a+b)-c=a-c+b-c Usually, we write (S,+,")
simply as S, and for any a,b € S, we write a - b simply as ab.

Let S be a semiring. An element a of S is said to be an idempotent if it satisfies a + a =
a-a = a. If each element of S is idempotent, S is said to be an idempotent semiring. An

idempotent semiring S is said to be a band semiring [3], if it satisfies the following conditions:
atab+a=a,a+ba+a=a

for any a,b € S. In [7], the authors proved that band semirings are always regular band semirings.

Green’s £ — [R—] relation on the additive reduct (5,4) will be denoted by Z [73] Also,
we denote by ET(S) the set of all additive idempotents (if there exist) of a semiring S. Clearly,
E*(S) is an ideal of the multiplicative reduct (S, -).

Let D be a distributive lattice. For each a € D, let S, be a semiring and assume that
SaNSg =0 if a # 3. For each pair o, 3 € D such that o < 3, let a5 : So — Sp be a semiring
homomorphism such that

(1) ba,a =1s,;

(2) PapPsy = Pany, i <G <3

(3) ¢a,p is an injective, if a < f3;
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(4) SaparSaesy € SapPasy, if a+ B8 <7.
On S = UaepSa, + and - are defined as follows: For a € S, and b € Sg,

(5) a+b=apa,a+s+ bpg,a+s;

(6) ab= (a(pa,a-i-ﬁb(pﬁ,a-i-ﬁ)@;é,aJrﬁ'
With the above operations, S is a semiring, and each S, is a subsemiring of S. Write S as
[D; Sa, pa,p), and call it a strong distributive lattice D of semirings S, (see [2]).

A semiring is said to be additively regular if for each a € S, there exists a~! € S such that

a=a+a" !+ a. For each element a € S, let
Vi) ={zeS:a+r+a=a,z+a+z=uz}

be the set of inverse of a in S. Let S be a semiring, A a subset of S. Then A is said to satisfy

the permutation identity if
Vo1, 20, ...,xn €S) X1+ X2+ -+ Ty = Tp, + Tpy + -+ + Tp,,

where (p1p2 - - pn) is a nontrivial permutation of (12---n). [9] has given the orthodox semiring
whose additive idempotents satisfy permutation identities and discussed the structure of such
semirings.

After Yamada [8] has given a complete classification of inverse semigroups satisfying the
same condition (called generalized inverse semigroups), Clifford has given the characterization
of congruences on generalized semigroups [1]. In this paper, we will show that every congruence
on an orthodox semiring whose additive idempotents satisfy permutation identities is uniquely
determined by a congruence on its associated left normal band semiring, d-inverse semiring, and
right normal band semiring. The converse also holds. Throughout this paper we shall use the
terminology and notations of [4].

We first recall some results about band semirings.

Theorem 1.1 ([6]) A semiring S is a rectangular band semiring if and only if S is isomorphic

to the direct product of a left zero band semiring and a left zero band semiring.

Theorem 1.2 ([6]) A semiring S is a normal band semiring if and only if S is a strong distributive
lattice of rectangular band semirings.

Let T be a d-inverse semiring whose distributive lattice of additive idempotents is D, L =
[D; Lo, va,] & strong distributive lattice of left zero band semirings L, and R = [D; Ry, %4.4] &

strong distributive lattice of right zero band semirings R,. Let

M = {(e,a,f) c L xTx R,e S La+a71,a€T.,f€Ra71+a}'

“w”

Define addition “4” and multiplication as follows:

(e;a, f) + (u,b,v) =(e + g,a + b, h +v),
(e,a, f) - (u,b,v) =(eu, ab, fv),

where g € Lot pi(a+b)-15 h € Rigib)-14a+b- We denote M by QS(L, T, R; D). In [9], the author
proved that (M, +,-) is an orthodox semiring.
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Easily, we can prove the following lemma.
Lemma 1.3 Let (e, a, f), (u,b,v) € S = QS(L,T,R; D). Then
(1) (e a.f) € ET(S) <= a e ET(T),
+ +
(2) (evaaf) L (u,b,v) — aﬁbaf =,
+ +
(3) (e,a,f)R (u,b,v) <= a R b,e=u.

2. The characterizations of congruence
Suppose that S = QS(L, T, R; D), let p be a congruence on S. Define the relation as follows:
agb <= (3(e, a, f), (u,b,v) € S)(e,a, f)p(u,b,v).
Denote pr = £, where e € Ly, f € Ry, u € Lg,v € Rp.
eppu <= (s € Ra,t € Rp) ((e; e, f) + (u, B,1))p(u, B,1) ((u, B, 1) + (e, a, 5))p(e, v, ),
frrv <= (3p € La,q € Lg) ((p, o, f) + (¢, 8,v))p(p, o, f) ((¢,8,0) + (p, . f))p(q, 8, v).

Proposition 2.1 py, is a congruence on L and pg is a congruence on R.

Proof It is easily seen that py is reflexive and symmetric. Suppose e, es,e3 € L such that
eiprez,espres. Then there exist o, 3,7 € D such that e; € Lo,ea € Lg,e3 € Ly,51 €
R, 52,54 € Rg, s3 € R, satisfying:
((e1,a,51) + (e2, B, s2))p(ea, B, 52), ((e2, B, 52) + (e1,a,51))ple1, a, 51),
and
((e2, B8, 52) + (es, 7, s3))p(es, v, 83), ((e3,7,83) + (€2, B, 52))p(ez, B, s2).
Therefore,
((e1, a,51) + (e3,7, 53))p((€1, @, 51) + (€2, B, 52) + (e3,7, 3))
= ((e1, a0, 51) + (e2, B, 51) + (e3, B, 53))p((€2, 3, 54) + (€3,7, 53))
= ((e2, 8, 52) + (€3, 7, 53))p(es,7, 53).

Similarly, we can prove ((es,~, s3) + (e1, , s1))p(e1, @, $1).
Now, we can prove py, is compatible with addition and multiplication. Suppose that ejpres.
Then there exist s € L.,,t € Ry, € D such that

(st+env+at+si)+(s+es,7+0,t+s2)
= ((s,7,t) + (e, , 1) + (€2, B, 52))p((s, 7, t) + (€2, 8, 52))
= (s+e2, v+ B, t+ s2).
Similarly, (e; + s,e2 + s) € pr.
(se1,ya, ts1) + (se2, 7B, ts2) = (s,7,t)((e1, o, s1) + (€2, B, 52))p(s, 7, 1) (€2, 3, 52)
= (se2,70,ts2).
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Also, (e1s,€e28) € pr. So pr is a congruence on L. It is similar to prove pg is a congruence on
R.O

Proposition 2.2 Let p be a congruence on S. Suppose (e, a, f)p(u,b,v). Then

(1) (Vs € Ryya-1,t € Ryyp-1) ((e;a+ab,8)+ (u,b+b71 1)) p(u, b+b7 1 t) ((u,b+b71,t)+
(e,a+a=t)s))ple,a+at,s),

(2) (Vg € Ly-14a,h € Ly-14s) (907" +a, f) + (B 071+ b,0))p(g,a™ ! +a, f) (071 +
b,v)+ (g,at +a, f))p(h,b~1 + b, v).

Suppose S ia an orthodox semiring. Then we can define a relation o on S as follows:
acb if and only if V1 (a) = VT (b).

In [9], the author proved that ¢ is the minimum d-inverse semiring congruence. Now, we give

another characterization of the congruence o.

Proposition 2.3 Let S be an orthodox semiring, E™(S) be a normal band semiring. Then
oc={(a,b)e SxSla=a+a ' +b+a ' +a,b=b+b"'+a+b'+b}.
Proof If zoy, then V*(z) = VT (y). Suppose 27 € V¥ (z)(= VT (y)), then
:v—l—x_l—l—x:x,x_l—i—x—l—x_lzx_l,y—i—x_l—i—y:y,:v_l—i—y—i—x_l=:v_1.
So
r=x+z ' +y+@ta)y=y+tarttrt+at +y.
Conversely, if
c=z+a ' vyt tary=y+y ' +z+y ' +y
Then,
:v_l:x_l—l—x—i—x_l:x_l—i—x—i—x_l—i—y—i—x_l—i—x—i—x_l::C_l—i—y—i—x_l.
y+az ' ty=y+y ttrt+y Hy+ta +y+y oty +y
=y+y 'ttty tyta ot +a+y +y
=y+y '+t vz+y  ry+ta oy +y
=y+y ' +tzt+y l+y=uy.

Hence 27! € V*(y), and V*(y) = V() as required. OJ

Using Proposition 2.3, we can easily prove the following proposition.
Proposition 2.4 Let p be a congruence on S. Then (o V p)/p =0c/p.

Proposition 2.5 The mapping: ¢ : S — T, defined by (e,a, f)¢ = a is a homomorphism and
o = ker ¢.

Proof It is clear that ¢ is a homomorphism. Since T is a d-inverse semiring, it follows from

Proposition 2.3 that o C ker ¢. To show the reverse inclusion, suppose that (e, a, f)¢ = (u, b, v)g,
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then a = b. Therefore,

(e,a,f)=(e,a+a ",s)+ (ubv)—l—( Y4a,f)
= (e;a, f) + (e;a™ " f) + (u, b,0) + (e, f) + (e, a, f)
=(e,a,f) + (eaf) + (u,0,0) + (e, a, )7 + (e, a, f),
(u,b,0) = (u,b+ b7, p) + (e,a, f) + (07" + b,v)
= (u,b,v) + (u, b=, v) + (e,a, f) + (u, b=, v) + (u, b, v)
= (u,b,v) + (u,b,0) " + (e,a, f) + mﬁmyﬂ+mwmy

Hence (e, a, f)o(u,b,v). So o = ker ¢. O

Proposition 2.6 Let (e,a, f),(u,b,v) € S, and p be a congruence on S. Then (e,a, f)o/p
(u,b,v) if and only if aprbd.

Proof If (e,a, f)o/p(u,b,v), then it follows from Proposition 2.4 that

(67 a, f)p(ela ay, f1)0(627 az, fQ)p e 0(62715 a2n, fQH)p(uv ba 1})

for some (e1, a1, f1),. .., (€2n, @2n, for) in S. That is,
aprai, aspras, . . . , a2 PTb,
and
a] = 42,43 = A4,...,02np—-1 — A2n.
Hence aprb.
Conversely, if aprb, there exist ag, a1, . .., az, € T such that a = agpraipras-- - pras,prasn+1 =

b. So we have
(u;, a;,vi)pleq, ag, fi)

for some eq,...,ean41;U0,---,U2n € L, f1,..., font1;v0,.-.,02, € R, where ¢ = 0,1,...,2n.

)

From Lemma 2.5,

(e;a, f)o(uo, ao,vo)p(er, ar, f1)o - - p(ent1, azns1, fons1)o(u,b,v).
Thus, (e,a, f)pV o(u,b,v). So (e, a, f)o/p(u,b,v). O
Corollary 2.7 pr is a congruence on T

Theorem 2.8 If p is a congruence on S, and (e, a, f), (u,b,v) € S, then (e, a, f)p(u,b,v) if and
only if eppu, aprb, fprv.

Proof If (e,a, f)p(u,b,v), by Proposition 2.2 and definitions of pr,, pr, pr, it is easy to see that
epru, aprb and fprv.

Conversely, if (e, a, f), (u,b,v) € S satisty epru, aprb and fprv, then from Propositions 2.2
and 2.6, there exist s € R, ,-1,t € L,-1,, such that

(z,a,y)p((x,a+a ' s)+ (b, q) + (t,a™ ' + a,y)),
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where (z,a,y), (p,b,q) € S.

On the other hand, by the definitions of p;, and ppg, for each g € Ry y4-1,01 € Ly—1.4,h €
Ry p-1,k € Ly-1,4, then
((e;a+atg)+ (u,b+ b~ h)p(u, b+ b1 ), (ko™ +b,0) + (La™ Y +a, £))pk, b=t 4+ b,v).
So

(e,a, [) =((e;a+a™' 9) + (z,a,y) + (La™ +a, f))p((e;a+a"t g) + (z,a+a" )
p,b,q) + (t,a  +a,y) + (l,a™ ' +a,f))
eat+a b g)+ (pb+b"L ) + (ub,v) + (kb +b,q) + (La 4 a, f)
(e,a+ab g)+ (u,b+ b1 h) + (u,b,v) + (k, b~ 4+ b,0) + (L,a™ 4 a, f))p
u, b+ b h) + (u,b,v) 4+ (k, b+ b,v))
=(u,b,v). O

—~

Now we can give the definition of congruence triple on orthodox semirings whose additive

idempotents satisfy permutation identities.

Definition 2.9 Let S = QS(L,T, R; D), pr a congruence on T, py, and pg the congruences on L
and R respectively satisfying pr|p = pr, = Prp, where pr,,, = {(«,8) € D x D|(Je € Ly, u,v €

Loys, f € Lg) epru and vprf}, prp, = {(o, ) € D x D|(3e € Ro,u,v € Ratp, f € Rg) epru
andvprf}. Then (pr, pr, pr) is said to be a congruence triple on S. Define a relation p(,, ,. on)

as follows:
(e, a, £)P(or.pr.or) (W; b,v) <= epru, aprb, fpro.
Proposition 2.10 Let p;, be a congruence on a left normal band semiring L = [D; Ly, ¢q g]. If

a,B,7 € D,y < o, 3, and apy. B, then for cache € L, (e+y+a+(y+a) ) pr(etr+B+(y+571).

Theorem 2.11 Let S = QS(L,T, R; D). Then there exist congruences pr,, pr and pr on L, T
and R respectively such that p(,, ,r pr) 1S the unique congruence which induces pr,, pr and prg.

Conversely, for each congruence p, pr,, pr and pgr can be defined as above, then (pyr,, pr, pr)
is the unique congruence triple on S satisfying p(,. pr.pr) = P-

Proof Denote p = p(,, pr,pr)- We immediately see p is an equivalence relation on S. If
(e,a, f)p(u,b,v), then epru, aprd, fprv. Since pr is a congruence on T', then for each (i, z,j) € S,
we have (z + a)pr(z + b) and

(z+a+@+a) Dpr+b+(@+b)Y), (x+a)  +r+a)pr((z+b) "1 +z+0).
Following the definition of congruence triple and Proposition 2.10, we have
(i+rx+at(x+a) Dprli+x+b+(x+b)71),
(i+@+a) ' +az+a)pL(i+(@+b) " +a+b).
Hence,

(i,2,7) + (e,a, f) =(i+z+a+ (x+a) Lot+a (z+a)  +x+a+ flp
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(i+x+b+(x+d) L at+b(x+d) " +x+b+0)
=(i,2,7) + (u,b,v).
Similarly,
((esa, f) + (i,2,5))p((u, b,v) + (i, x, j)).

At the same time, we have

(i7x7j)(e7 a? f) = (7:67 xa?jf)p(iu7 xb?jv) = (i7x7j)(u7 b7 U)?

(67 a? f)(i7x7j) = (ei7 aw? fj)p(ui7 bx? /Uj) = (u7 b7 ,U)(i7x7j)-
So p is a congruence on S.

Conversely, following Proposition 2.1 and Corollary 2.7, we just need to prove (pr, pr, pr)
satisfies the condition of Definition 2.9. If o, 8 € D, aprb, from the Propositions 2.3 and 2.6,
(e7a7f)p((e7a78) + (U,ﬁ,’l}) + (t7a7f))7 (u767v)p((u767q) + (e7a7f) + (p?ﬁ?v))'

So
(e, flpleta+B+(a+p) " atp (a+ B +a+f+f),
(u,B,v)plu+B+a+(B+a) B+a,(B+a) +B8+a+v).

Thus, epr(e +a+ 3+ (a+8)71), upr(u+ B+ a+ (B+a)™h), for((a+ 8" +a+ 6+ f),
vor((B + )™t + B+ a +v). Therefore, apr, 3 and apr,, 3.

Secondly, if apr,, 3, then there exist e € L, u,v € Lo4g, f € Lg such that epru,vprf.
Hence, for some s € R, p € Rg, t,q € Rayg,

((e;c,8) + (u,a + B, 1)) p(u, a + B, 1), (u, a + B, 1) + (e, @, 5))ple, @, 5),
((f.8,p) + (v,a+ B.q))p(v.a + B,q), (v.a + B,q) + (f, 3.p)p(f, B, p)-
Then,
(f,8,p)pl(f, B,p) + (v, + B,q) + (f, B,p)]

= ((f,8,p) + (u,a+ B,t) + (f, B,p))p((f, B,p) + (e, , 5) + (u, + 3, 1) + (f, B, p))
= ((f,8,p) + (e,a,8) + (v,a+ B,q) + (f, 8,p)p((f, B,p) + (e, a, 5) + (£, 3,p))-

Similarly, (e, o, s)p((e, v, ) + (f, 3,p) + (e,,s)). That is, aprB, prip = pry- It is similar to

prove pr|p = prp- O

3. The characterization of homomorphism

Based on Theorem 3.3 ([9]), it is easy to prove that additive idempotents of the homo-
morphism image of an orthodox semiring still satisfy permutation identities. Now we give the
characterization of homomorphism image of an orthodox semiring whose additive idempotents

still satisfy permutation identities.
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Theorem 3.1 Let S = QS(L,T,R; D), p(y, pr.pr) be a congruence on S and p = pi,, pr.pr)-
Then
S/P = QS(L/pLu T/pTu R/PR7 D/PT|D)7
where for each A € D/pr|p, La = Uacala, pry = prla, Ra = UacaRa, pra = pr|a and each
A,BeD/prlp, A< B,a€ A, feB,a<pB,i€ Ly, j€ Lg
PapLa/pra — Le/pLy
ipL — (iPa,8)pL,
YapRa/pry — RB/pRy
Jpr — (j¥a,8)PR-
Proof Let A,B € D/pr|p, A< B,a€ A, € B. Then a < a+ € B. Suppose a < 3, if
v€A d€B,y<4,i€ Ly, j € L, such that iprj. From Proposition 2.10, we have
(i+a+B+0+(a+B8+0) NpL(i+y+B+6+(+B+0)7"),
(i+a+B+(a+8) Vprli+a+B+d+(a+B+)71),
and
GHY+0+ G+ oL+ +8+5+ 0 +8+6)7").

So (i+a+ B+ (a+8)"YpL(j +7+35+ (v+08)1). Therefore, 74 p is well-defined. Similarly,
E AB IS well-defined.

Clearly, L/pr = [D/pr|p,La/prs,Pa sl and R/pr = [D/pr|p, Ra/pra;, Ya p] are left
normal band semiring and right normal band semiring, respectively. Since pr is a congruence,

T/pr is a d-inverse semiring. Let S = QS(L/pr,T/pr, R/pr; D/pr|p). We define a mapping 6
as follows:

6:5— 38,
(E,G,f) — (epL;apTa pr)

For any (e,a, f), (u,b,v) € S, let A = (a+a Y)prlp, B = (a+b+ (a+b)Yprlp,
C=0"1+bprlp, D= ((a+b"t+a+b)pr|p. Then

((e,a, f) + (u,b,v))0

(e+a+b+(a+d) " a+b(a+b) +at+b+0v)d
((e+a+b+(a+b)10,(a+b)0,(a+b)"'+a+b+0v)d)
((e+a+b+(a+b)Hpr,(a+d)pr,(a+b)""+a+b+v)pr)
(epr + (a+b)pr + (a+b) "' pr,apr + bpr, (a+b) ' pr+
(
(
(

a+b)pr + vpr)

epr,apr, fpr) + (upr,bpr, vpR)
e,a, )0+ (u,b,v)0,

and

[(e,a, f)(u,b,v)]0 = (eu,ab, fv)d = ((eu)d, (ab)b, (fv)0)
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= ((ew)pr, (ab)pr, (fv)pr) = (epL,apr, fpr)(upL,bor, vpR)
= (e, a, f)0(u,b,v)0.
Therefore, # is a homomorphism.
If (ipL,apr, jpr) € S, where i € Lo,j € Rg, then apr(a+ a™1),Bpr(a™ + a). So (a+
a)pra, (a+pB)pra and (a+a+pB+(a+a+B) " )pr(ata™), ((at+a+p)~" +atatB)pr(a" +a),
(a+a+ f)pra. Hence,

(i,a,j)pli+a+a+f+(a+a+p) L atatf,(atatpf) +atatf+i).

Then,
ipp(i+a+atf+(ata+B) ), jor(@+at B +a+atf+]).
So
(i+a+ta+fB+(a+a+p) Lata+B(atat+pB) +a+a+tB+j)eS,
and

(i+at+a+B+(a+a+pf) Latatp(at+a+ ) +a+a+B+5)0=(ipL,apr,jpr)-

Thus, 6 is a homomorphism.
It is easily seen ker @ = p. Therefore, S/p =S = QS(L/pr,T/pr, R/pr; D/pr|p). O
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