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Abstract We give in this note some expansion formulas for the orthogonal projectors onto
the range of the row block matrix [ A, B], and use the expansion formulas to examine relations
among the orthogonal projectors onto the ranges of A, B and [ A, B]. In particular, we present
some identifying conditions for a pair of orthogonal projectors of the same size to commute.
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1. Introduction

Throughout this note, C"™*™ denotes the set of all m x n complex matrices; A*, r(A) and
H(A) stand for the conjugate transpose, rank, range (column space) of a matrix A € C™*"
respectively; [ A, B] denotes a row block matrix consisting of A and B. We write A > 0 (A > 0)
if A is Hermitian positive definite (positive semi-definite). Two Hermitian matrices A and B of
the same size are said to satisfy the inequality A > B (A > B) in the Lowner partial ordering if
A — B is positive definite (positive semi-definite). The inertia of Hermitian matrix A is defined
to be the triplet In(A) = {i(A), i_(A), io(A) }, where i, (A), i_(A) and ig(A) are the numbers
of the positive, negative and zero eigenvalues of A counted with multiplicities, respectively, and
s(A) =i (A) —i_(A).

The Moore-Penrose inverse of A € C™*", denoted by AT, is defined to be the unique matrix
X € C"*"™ satisfying the four matrix equations

() AXA=A, (i) XAX =X, (iii) (AX)" = AX, (iv) (XA)* = XA.

A matrix X is called a generalized inverse of A, denoted by X = A~, if it satisfies (i); the
collection of all generalized inverses of A is denoted by {A™}.

A matrix A € C™*™ is called an orthogonal projector if it is both idempotent and Hermitian,
ie., A2= A= A*. A matrix X € C™*™ is called the orthogonal projector onto the range % (A)
of A € C™*™ denoted by X = Py, if it satisfies

R(X)=R(A) and X? =X = X*.
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It can be seen from the definition of the Moore-Penrose inverse that the product AA' is the
orthogonal projector onto %Z(A), i.e., Px = AA'; while P; = I, — AA" is the orthogonal
projector onto the null space of A*.

Orthogonal projectors are fundamental objects of study in matrix theory, which play impor-
tant roles in the study of matrix factorizations of Hermitian matrices and matrix computations.
Various expressions or equalities consisting of orthogonal projectors may occur in matrix the-
ory and applications. In particular, much attention was paid to orthogonal projectors onto the
ranges of row block matrices and their submatrices [1,3]. The purpose of this note is to revisit
the orthogonal projectors onto the ranges of the row block matrix [ A, B] and its two submatrices
A and B. We shall give some new expansion formulas for the orthogonal projectors onto the
ranges of the row block matrix [ A, B] and use the expansion formulas to examine the relations
among the orthogonal projectors onto the ranges of A, B and [A, B]. In particular, we give
some identifying conditions for a pair of orthogonal projectors of the same size to commute.

The following are some known results on ranks of matrices, which will be used in the latter

part of this paper.

Lemma 1.1 ([2]) Let A € C™*", B € C™**, C € C*" and D € C'*k. Then, the following

rank formulas hold

r[A, B] =r(A) +r[(I, — AA")B] =r(B) + r[ (I, — BB")A], (1.1)
r g ? =7(B) +r(C)+r[ (I, — BB")A(I, - CTC)], (1.2)
T ¢ D =r(A)+r(D—-CA'B), if#(B)C #(A) and Z(C*) C Z(A"). (1.3)

Lemma 1.2 Let A € C™*", B € C"™** and C € C'*™. Then, the following rank formula
holds

A4t B cB 0 C
=r| 0 0 A*|—-r(A4). (1.4)
cC 0
B A 0

Proof Applying (1.3) and AAT = A(A*A)T A* to the left-hand side of (1.4), and simplifying by

elementary matrix operations, we obtain

A4t B [ —A*A A* 0 0 A* A*B
T o0 =7 A 0 B|-r4)=r|A 0 B —r(4)
0 c 0 0 C 0
[0 A 0 CB 0 C
=r| A 0 B —r(A)=r| 0 0 A* | -r(A),
L0 C -CB B A 0

establishing (1.4). O
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Lemma 1.3 ([11]) Let A € C™*" and B € C™**. Then, the following rank formulas hold
r(Pa— Pg)=2r[A, B]—r(A) —r(B), (1.5)
r(PoPp — PpPa) = 2r[ A, B] — 2r(A) — 2r(B) + 2r(A*B). (1.6)
Lemma 1.4 ([9]) Let P, P1, P, € C™*™ be three orthogonal projectors and assume that
A(P1) CR(P) and Z(P,) C Z(P). (1.7)

Then, the following hold.
(a) P — Py — P; satisfies the following equalities

is(P =P —P) =r(P)—r(P) —r(P) +r(PFR), (1.8)
Z_(prlfpg):T(Plpg), (19)
r(P =P —P)=r(P)—r(P) —r(P)+2r(PLP), (1.10)
S(P—Pl—PQ)ZT(P)—’/‘(Pl)—T(PQ) (111)
Hence, the following hold.
(i) P — Py — Py is nonsingular if and only if r(P) = r(Py) 4+ r(P2) — 2r(P1 Py) + m.
(ii) P— P, — P, >0 if and only if P, P, = 0.
(iii) P — P, — P, <0 if and only if r(P) = r(Py) + r(P2) — r(P1 P).
(iv) P =Py + Py if and only if PyP, =0 and r(P) = r(Py) 4+ r(P).
(v) The signature of P — Py — P, is zero if and only if r(P) = r(Py) + r(P2).
(b) 2P — Py — P; satisfies the following equalities
Z'+(2P—P1 —PQ) = 7"(2P— P1 - PQ) = ’I‘(P) —T‘(Pl) —T(PQ) +T‘[P1, PQ] (112)

Hence, 2P = Py + P, if and only if r(P) = r(Py) + r(P) — r[ P1, P2 ].
Lemma 1.5 ([5,10]) Let A € C™*", B € C™*k and C € C'" be given. Then the minimal
rank of A — BXC with respect to X € C**! is given by the following closed-form formula

A
c

A B
c 0

—-T

min r(A—BXC)=r[A, B|+r

. 1.13
XeCkxt ( )

The matrix X satisfying (1.13) was also given in [5, 10].

2. Main results

We first show a group of results on the Moore-Penrose inverse of product of two orthogonal

projectors.

Lemma 2.1 Let A€ C™*" and B € C™**, Then,
(a) The following expansion formulas hold:
(PoPg)' = PgPy — Pg(Pi P1)' Py, (2.1)
(PaPp)(PaPp)' = PAPpPs — PAPg(Pg Py) Pa, (2.2)
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(PaPp)!(PaPp) = PpPaPp — Pp(PgPy) PaPg. (2.3)
(b) The following inequalities hold:

(PaPp)(PaPp)" > PaPpPa, (2:4)
(PaPp)'(PaPp) > PpPaPg. (2.5)

(c) The following rank expansion formulas hold:
r[(PaPg)" — PgPs] =1r[A, B] —r(A) — r(B) +r(A*B), (
r[(PaPg)(PaPg)' — PaPgPy] =1[A, B] —r(A) —r(B) +r(A*B), (
r[(PaPp) (PaPg) — PgPsPg] =r[A, B] —r(A) — r(B) + r(A*B) (

o N O
—

Proof Eq.(2.1) was shown in [7,8]. Pre- and post-multiplying P4 Pp yield (2.2) and (2.3),
respectively. Recall that PaPgPa > 0 and I,,, — PAPpP4 > 0. Then, we have

(PAPg)(PoPg)t — PyPpPy = (P4Pp)(PaPg) (I,, — PAP3PA)(PaPg)(PaPg)' >0, (2.9)
(PoPg) (PaPg) — PgPsPp = (PoPg) (PAPg)(I,, — PsPaPg)(PaP3) (P4Pg) >0, (2.10)

establishing (2.4) and (2.5). Eq. (2.6) was shown in [8], while (2.7) and (2.8) follow from (2.6). O
Let M = [A, B], A; = P4 P4 and B, = P} Pp. Then,

Af 0

I, —A'P
M B
—-B'Py I

0 Bt :[Aa Bl]a M

=[A;, B].

Also note from (1.1) that 7(M) = r(A) + r(B1) = (A1) + r(B). In consequence,
M) =R A, Bi| =ZR|Pa, Pg,| = %(Pa+ Pg, ), (2.11)
A(M) =R A1, B] = Z|Pa,, Pg| = %#(Pa, + Pp). (2.12)
Also note that both P4Pp, = PgP4, = 0. So that
(Pa+Pp,)? =Pa+Pp,, (Pg+Pa,)*=DPp+Pa,. (2.13)
Thus, both P4 + Pp, and P4, + Pp are orthogonal projectors, and Py can be decomposed as
Py = Py + Pg, = Py + By Bj, (2.14)
Py = Pa, + Pp = Pp + A Al (2.15)

which were due to Rao and Yanai [4], see also [3]. Two further expansion formulas derived from
(2.13) and (2.14) for Py are given below.

Theorem 2.2 Let A € C™", B € C™** and define M = [A, B], Ay = PjPa and
B = PjPB. Then, the following hold.

(a) Py can be decomposed as
Py = Pa + BB} — B, Al Py, (2.16)

Py = Pg + AjAY — A, Bl Pg. (2.17)
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(b) Py satisfies the following inequalities

Py 2> Pa+ BiBY = Py + Pg — PyPg — PgPs + PsPpPy, (2.18)

Py > P+ A1A] = Py + Pg — PAPg — PgPy + PgP4Pp. (2.19)

(c) Py satisfies the following rank and inertia equalities

r(Py — Pa— B1ByY) =r(M) —r(A) —r(B) + r(A*B), (2.20)
r(Py — Pp— A1A7) =r(M) —r(A) — r(B) + r(A*B), (2.21)
r(Py — Pa— Pp+ PaPp) =1(M)—r(A) —r(B) +r(A"B), (2:22)

i_(Pyy—Pa,—Pp,)=%_(Pa—Pa,)=i_(Pg— Pp,)
=r(M)—r(A) —r(B)+r(A"B). (2.23)

(d) The following formulas for minimum matrix rank optimization hold

X
min 7"<M—M[ ]M)z min r(M—M M)
XeCnxm BT Y eCkxm

=r(M)—r(A) —r(B)+r(A"B). (2.24)

AT

(e) The following statements are equivalent:
(i) PsPg = PgPa.

(ii) (PaPp)t = PgPa.

(iii) (PoPp)(PsPg)! = P4PgPy.
(iv) (PaPp)t(P4Pg) = PsPsPp.
(v) Py = P+ BiB:.

(vi) Py = Pp+ A1A5.

(vii) Py > Pa, + Pp,.

(viii) Py > Pa,.

(ix) Pp > Pp,.

(x) Py = Pa+ Py — PaPp.

X
(xi) There exists an X € C"*™ such that [ e{lA, B]"}.

Bf

T

A
(xii) There exists a Y € C¥*™ such that [ v e {[A, B]"}.

(xiii) (M) =r(A)+r(B)—r(A*B).
Proof Applying (2.1)—(2.5) to A; = Pg P4 and By = P{ Pp gives
Al = PyPE — Py(PtPp) PE = At — PyBI P5,
Bl = PgPt — Pg(PgPs)' Py = Bf — PgAl Py,
AjAl = AJ AT — A\ BI P
BBl = B|B: — B, Al P{,
AL AT > A A
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BB} > B, B;.
Substituting them into (2.14) and (2.15) gives
Py = Py + Pp, = Py + BB} — B, Al Py,
Py = Pp + Pa, = P + A1 A} — A\ B] Pg,
Py = Py + Pp, > P+ B1B7,
Py = P+ Py, > Pp+ A1 A7,
as required for (2.16)—(2.19). It is also easy to verify that
Py — Py — BB} = Pyy — Py — Py PgPy = Py ( Py — Py )Px, (2.25)
Py — Py — Pg + PaPp = Py (Py — Pp), (2.26)
where Py — Pp > 0. Hence, applying (1.1) to (2.25) and simplifying, we obtain
r(Py — Pa— B1BY)=1r(Py — Ps— Pg+ PaPg)
r[Py( Py — Pp)] = r[Pa, PgPa]—1(Pa)
r[PpPa, PgPa]—1(Pa)=r(PpPa) +r(PgPa) —r(Pa)
(M) —r(A) —r(B) +r(A"B), (2.27)
as required for (2.20) and (2.22). Eq.(2.21) can be shown similarly. Eq. (2.22) was also shown

n [6]. Eq.(2.23) was shown in [9].
Applying (1.13) and simplifying by (1.1) and elementary matrix operations, we obtain

r

. At . n
minr | M — M M :mlnr([O7PAB]—BYM)
Y Y
0 PiB 0 PiB B
=r[P3+B, Bl +r 4 - A
A B A B 0
0 0 0 0 B
=r[PiB, PAB]+r —
A D A B 0

=r(PyB) +r(PaB) —r(B)
= T[A, B] + T(A*B) - T(A) - T(B)v

establishing the second equality in (2.24). The first equality in (2.24) can be shown similarly. Set-
ting the right-hand sides of (1.6), (2.6)—(2.8), (2.20)—(2.24) equal to zero leads to the equivalences
in (¢). O

It is of interest to consider extensions of the previous results to some general row block

matrices. A special case for the orthogonal projectors onto the ranges of a row block matrix
[4, B, C] is formulated below.

Theorem 2.3 Let N =[A, B, C], where A € C™*", B € C™** (C ¢ C™*!. Then,
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(a) The following rank equality holds
r(Py — Py — Pg — Pc + PaPp + PsPc + PpPc — PAPpPFPc)

A*C A*B
B*C

=r

+7[A, B, C] - r(A) — r(B) — r(C). (2.28)

(b) The following statements are equivalent:
(i) Py = Py+ Pp + Pc — PyPp — PyPc — PpPc + PAPpPc.
(ii) (Im — Pa)(Pn — Pg)(In —Pc)=0.
(iii) (Px — Pa)(Py — Pp)(Py — Pc) = 0.
A*C A*B

() r| e Ty | =T HR(B) £ r(C) = r(N).

(c) (see [4]) If PAPg = PgPa, PAPc = PcPs and PgPc = PoPp, then (i) of (b) holds.
Proof Note that Py P4 = Pa, PNPp = Pg and Py Pc = Pc hold. Then it is easy to verify
Py — Py — Pp — Po + PaPp + PaPc + PpPc — PAPpPc
=(Im—Pa)(Py - Pp)(Ln— Pc). (2:29)
It follows from (2.12) that Py can be decomposed as
Py = Py + (Pg[A, C])(Px[A, O] (2.30)

Applying (1.2) to (2.29) and simplifying by (1.1), (1.4), (2.30) and elementary matrix operations,
we obtain

r[(Im = Pa)(Pn = Pp )(Im — Po)]

| Pv-Ps Pal] Pa)

=r R (Pa) —r(Pe)

_,| PalA, e A CDT Pat Ly e
L c 0
[ PoPy 0 Pc i

=r| 0 0 (P5[A, C))* | —r(PglA, C)) —r(A) —r(C)
L Py Pé [A7 C] 0 i
[ PoPy 0 PoPg

=r| 0 0 (PE[A, C))* | —r(P5lA, C]) —r(A) - r(C)
| PsPy PLIA, C) 0 |

[ PePs PoPs N A

=r | PoPa +7r(Pg[A, C)) —r(4) —r(0)
[ A*C A*B

:r_B*C +r[A, B,C]—r(A) —r(B)—r(C),

establishing (2.28). Setting both hands of (2.28) equal to zero leads to the equivalence of (i), (ii)
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and (iv) in (b). It is also easy to verify that
Py — Py — Pgp — Pc + PaPp + PsPc + PpPc — PAPgPc
=(Py —Pa)(Py—Pp)( Py — Po).

Setting both hands of (2.28) equal to zero leads to the equivalence of (i) and (iii) in (b).

Under PyPg = PgPs, PA\Pc = PcPs, and PsPo = PoPg, both Pyy = Py + Pg — P4 Pp
and Py Po = Po Py hold by Theorem 2.2(e), where M = [ A, B]. In this case, Py = Py +Poc—
Py Po by Theorem 2.2(d). Substituting Pyy = P4 + Pg — PaPp into Py = Py + Po — Py Pe
yields (i) of (b). O

Many matrix expressions consisting of the orthogonal projectors onto the range of N =
[A, B, C], A, B and C can be constructed, for instance,

Pia g cy—Pa—Pp—FPc, Papc)—Pa —Pp —Fo,

where A; = P[lB’C]PA7 B = P[LA’C]PB and C7 = P[j,B]PC. Thus, it is an attractive topic
to extend the previous results to the orthogonal projectors onto the range of a general row
block matrix [Aj,...,Ag]. In particular, it can also be derived from Theorem 2.2(e) that if
Pa,Pa; = Pa; Pa, fori, j=1,...,s, then

Py =Pa, ++--+ Pa, = PayPa, — -+ —Pa,_, Pa+
PA1PA2PA3 + .. +PA572PA571PA5 — 4 (*1)571PA1 .. 'PAS-

This result was first shown in Rao and Yanai [4].
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