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Monotonicity Formulas of Ep-Critical Maps with Potential
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Abstract In this paper, we introduce the notion of Ep-critical map with potential with
respect to the functional Er g (u). By using the stress-energy tensor, we obtain some mono-
tonicity formulas and vanishing results for these maps under conditions on H.
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1. Introduction

Let (M™,g) and (N™,J,h) be Riemannian manifolds, the second being endowed with a
Kahler structure with the second fundamental 2-form w(-,-) = h(J-,-). Let w : (M™,g) —
(N, J, h) be a smooth map. Motivated by the strong coupling limit of Faddeev-Niemi model [1],
Speight and Svensson [2,3] introduced a functional related to the 2-from u*w as follows:

1 *
B =3 [ luwlds,, 0
M
where ||u*w|| is given by
* * * - * * 1 <
|u*w|? = (u*w, u*w) = 5 Z ww(e;, ej)utwie;, e;j) = 5 Z [w(du(e;), du(e;))])?
i,j=1 i,5=1

with respect to a local orthonormal frame (eq, ..., ey) on (M, g). Any map u for which E(u) = 0,

the minimum possible, will be called a vacuum solution or vacuum of the theory. Clearly u is
a vacuum if and only if u*w = 0 everywhere, that is, if u is isotropic. The map u is an E-
critical map for the functional F(u) if it is a critical point of E(u) with respect to any compact
supported variation of u and u is stable if the second variation for the functional E(u) is non-
negative. Slobodeanu [4] showed the non-existence of non-isotropic stable E-critical map for
E(u) from S™ (m > 5) to any Kéhler manifold.

The theory of harmonic maps has been developed by many researchers so far, and a lot of
results have been obtained [5,6]. In 1999, Ara [7] introduced the notion of F-harmonic maps,

which is a generalization of harmonic maps, p-harmonic maps or exponentially harmonic maps.
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Since then, there have been many results for F-harmonic maps such as [8-10]. On the other
hand, Fardon and Ratto in [11] introduced generalized harmonic maps of a certain kind, harmonic
maps with potential, which had its own mathematical and physical background, for example, the
static Landu-Lifschitz equation. They discovered some properties quite different from those of
ordinary harmonic maps due to the presence of the potential. After this, there are many results
for harmonic map with potential such as [12,13], p-harmonic map with potential such as [14],
F-harmonic map with potential such as [15], f-harmonic map with potential such as [16] and
F-stationary map with potential such as [17].

In this paper, we define the functional Er g (u) by

Epp(u) = /M[F(HU*;H) — Hou|dvy = Ep(u) — y H oudvg, (2)

where F : [0,00) — [0,00) is a C? function such that F(0) = 0, F'(t) > 0 on [0,00) and H a
smooth function on N”. If H = 0, then we have Er (u) = Ep(u). If H =0 and F(t) = t, then
we have Ep g(u) = E(u). We call u an Ep-critical map with potential for Ep g (u), if

d

—F Ug)|g=0 = 0

B ()]0

for any compactly supported variation u; : M — N with ug = u. We will use the stress-
energy tensor to obtain the monotonicity formulas and vanishing results for Ep-critical map

with potential under some conditions on H.

2. First variation formula

In this section we give the first variation formula for the functional Fg g (u). Let V and
NV always denote the Levi-Civita connections of M and N, respectively. Let V be the induced
connection on u~'TN defined by 6XW =N Vaux)W, where X is a tangent vector of M and
W is a section of u='T'N. We choose a local orthonormal frame field {e;} on M. We define an

u~ T N-valued 1-form o, which plays an important role in our argument, as follows:

ay(X) = ZW(dU(X% du(e;))du(e;) 3)
for any vector field X on M, which gives
Jl? = 5 S wldufes),aulen) = 5 3 lwlduer), dule,)]*

i ij
We define the Er g-tension field 75 g (u) of u by

lu*w]®

7r,p(uw) = divy (F'( Yay) + J(NVH ou)

[u*w]®
2

Under the notation above we have the following:

wrw|?
=F'( )divg(ov,) +au(gradF'(u))+J(NVHou). (4)
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Theorem 2.1 (First variation formula) Let u: M — N be a C* map. Then
d

&EF,H(Ut”t:O =- /MW(V7 7,1 (u))dvg, ()

d
where V = $rug|i—o.

Proof Let U: (—e,e) x M — N be defined by ¥(¢,z) = us(x), where (—¢,e) x M is equipped
with the product metric. We extend the vector fields % on (—e,e), X on M naturally on
(—¢e,e) x M, and denote those also by %, X. Then
V=du(2)). (6)
ot
We shall use the same notations V and V for the Levi-Civita connection on (—¢,¢) x M and the
induced connection on ¥~'TN, respectively.

90 luw|® 0 . lluiwl® 0

at[F( 5 )—Hout]:aF( 3 )*aHOUt
_ 0 L lwl? N 9
= O p ey o o, av D) (7)
Now we calculate
9 L llwiwll?y o el 19 L,
9 plielly _prlielty 2 0y
) LD 5 2 e, du(e, )
2 40t - v J
*F’(M) i w(V o dU(e;),dU(e;))w(d¥(e;), d¥(e;))
- 2 5t 1) J 1) ]
ij=1
:F’(M) i w(% d\I/(g) duy(e;))w(dug(e;), dus(e;))
2 ij:1 €; at I L Vi L 9 J
W2 e~ 0
= () S™ @ aw( D), o)
i=1
il S 9 N 9. .
=P (P Y e @) ou () — (W ). Fuson ()
_ o lwel® S 9 N 9\ 55 ,
=—F'( B );[ezh@q’(at)ﬂjam(eﬂ) h<d\I’(at)7Jve¢Uu,s(el>)]»
where we use 5 5
V%d‘l’(@z) - Veldllf(g) = d@[a,ez] =0

for the third equality. Let X; be a compactly supported vector field on M such that g(X;,Y) =
h(d\IJ(%), Joy, (Y)) for any vector field Y on M. Then

_ 2
ot

m

)= F/( ”“3‘2“” )Y eig(Xe,e) — F'(M) 3 h(d\IJ(%), IV 0w ()]

i=1 i=1

|upew]?

F(| 5

wrwl|]? | —
= P S (9 X + (X V)]
i=1
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m

2
Iutw” Zhd\IJ ) IV o) = Pl

uiw|)? | 0 =
F’(%) > WAV, 0,00, ) ~ o, (Vo)
1

1=

* * 2
= aiv( (10 ) — (0 raa (120
2 m
”“t“’” )> A (A (5 a )y IV 10w, (€1) — J0u (Ve €:))
1=1
2 * 2 * 2
:div(F’(M)Xt)—h(d‘l/(gt) (”“f;’” )Jdivgaut+Jout(grad(F’(7Hut2wH D). (8)

By (7), (8) and Green’s theorem, we get

d 0 u*hl|?
SEraleo = [ S oy,
M

dt 4
- [ twtawig). vy ou, + o, (a4
Wl dB(2), TV H 0 w))}imod,

_ /Mme%,H(u))dvg-

This completes the proof. O
The first variation formula allows us to define the notion of Ep-critical map with potential

for the functional Er g.

Definition 2.2 A smooth map u is called Ep-critical map with potential for the functional

Erp  if it is a solution of the Euler-Lagrange equation g i(u) = 0.

3. Stress energy tensor

Following Baird [18], for a smooth map u : (M,g) — (N,J,h), we associate a symmetric

2-tensor Sg g to the functional Er g called the stress energy tensor

sean () = A g ougix ) - .0y @)
where X, Y are vector fields on M.
Proposition 3.1 Under the notation above, we have
(div Sp,) (X) = ~w(du(X), 7h,z1 () (10)

for any vector field X on M.

Proof Let V and V'V denote the Levi-Civita connections of M and N, respectively. Let V be
the induced connection on =T N. We choose a local orthonormal frame field {e;} around a
point P on M with Ve |p = 0.
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Let X be a vector field on M. At P, we compute

m

(diV SF’H)(X) = Z(VeiSF,H>(eia X)

i=1
= Z{ei(SF,H(eia X)) = Spu(Ve,ei, X) — Spu(ei, Ve, X)}
i=1

_ g el N [
—Z{ez([F( ) = Houlg(es, X)) — ei(F7 (7

Jw(du(X), aw(ei)))—

[u*w]®

) — Houlg(es, Ve, X) + F'( Jeo (du(Ve, X), cvue))}

[u*w]®

= S (e gter, ) — e (M2 aux), e -

2

[u*w]® S

1 w(du(X), Ve,au(e:))+

Yw(du(Ve, X), aule:))} — h(du(X),N VH ou)

o )w(Ve, du(X), au(e)) — F(
ol w|?

P

_ [u*w]?

= X(F(*

[[u*w]®

5 Jw(du(X), dive,) - Z F'(

| wl|?

) — w(du(X), au(erad F' (0 iau(x), 7V 0 )

lu*w]®

F
( 2

Jw((Ve; du)(X), au(es))

[wrwl?| i lluw]®
2 2

> P (9. d0) (), cen)

= P (2 x (M0 o(du(x), 7o () -

wrwl|?
= 3 P (T xdu) ), au(en)) ol duX), s ()~

S P (9. ) (), ).

Since (Vxdu)(e;) = (Ve,du)(X), we obtain (div Sp g)(X) = —w(du(X), 7 g (w)). This com-
pletes the proof. O

From the above Proposition, we know that if v : M — N is an Ep-critical map with

potential, we have
div Sp g =0, (11)

that is, u satisfies the E'r py-conservation law.

4. Monotonicity formula

Let (M, g) be a complete noncompact Riemannian manifold with a pole xg. Denote by r(x)
the g-distance function relative to the pole g, that is r(z) = disty(z, ). Set B(r) = {z € M™ :
r(xz) < r}. It is known that % is always an eigenvector of Hess(r?) associated to eigenvalue 2.

Denote by Amax (resp., Amin) the maximum (resp., minimal) eigenvalues of Hess(r?) — 2dr ® dr
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at each point of M — {xo}. Let (N",J,h) be a Kéahler manifold, and H be a smooth function

on N.
Let X € T'o(T M) be a smooth vector field on M, and let ¢ (—¢ <t < €) be a 1-parameter
family of diffeomorphisms of M for this vector field X.

Theorem 4.1 Let v : M — N be a C? map. Then we have

d 1
GEraoelio =~ [ (Snu jLxg)du, (12)
dt " 2
where Lx is the Lie derivative with respect to the direction X and (Sp u,Lxg) = Zij S (e, ej)
Lxg(e;, ej) for a local orthonormal frame field {e1,...,en} on M.

Proof This formula follows from the general form (Theorem 2.1) of the first variation formula.

Let us = u o X and du(X) be the vector field for the deformation u;.

—Ep(uo o) |i=o

dt¢
N cAw )l s ‘
_ /M h(du(X),N VH o u)dv, + /N 1 %:F(T)w(veidu(X),au(el))dvg

= —/ [div(H ouX) — H o udiv X]dv,+
M

wrw 2 .
/]V[ Z F/(%)W(v&du()(), au(ei))dvg

= o udiv Xdv ’MwN u o, (e;))dw
_/MH d ng+/MZi:F( 5 )w(Ve du(X), au(ei))dvg. (13)

We choose a locally orthonormal frame {ey, ..., en} on M, such that V., e;|p = 0, where P € M.
At P, we compute

Zw(%eidu(x), ay(ei))

=3 (9 an 00, aute) + 3 P2 au(v., %), auen)

lu*wlf?

wrwl|?
=ZF’<%>w<<vxdu><ei> o) + 3 F (G ulu(Pe )00 (e0)

-3 B e e )+ A @u(v., %), auen)

wrwl|? wrwl? wrwl|?
:ZF'<” g el >+ZF’(%M(MV&XW(@»

= LXF(M) —|—ZF’(M)w(du(veiXLau(ei)). (14)

From (13) and (14), we have

d
&EF,H(U 0 01)]e=0
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* 2 .
= [ Houd xau, + [ 3P 0@ au0), v,
M M i

lu*w|®

:/ HoudideUg+/ [LxF(——)+
M M 2

> (., 0, auela,

* 2

:/ Houdidevg—/ F(M)Lx(dvgﬂ'

M M

* 2
/M ZF/(M)w(du(veiX),au<€i))d7}g
[lw*w]® :
= _ [F(T)—Hou]dledvg—F
M

/M Z F’(@)w(du(ve,ﬁ(), ay(e))dvg

_— [F(H” WH2 Houz 9(Ve, X, e;)d
= y glei,ej)g ej)dvg+

EF’LLWHQ du(e; : X, e;)d
" ( 9 )w( u(eJ)’au(el))g(VCi 763) Vg
ij
= _/ § SF7H(eiaej)g(veiX7 Ej)d’Ug
M
1
3 | S Senlenenlo(VeXoe) + (T, X ey
ij

1
*/ E <SF,Ha§LXg>dvg~
M

This completes the proof. O

Definition 4.2 Let u be a smooth map (M, g) into (N, J, h). We call it weakly Ep-critical map
with potential for Ep g if

d
&EF,H(U 097 )|t=0 =0 (15)

for all X € To(TM).

Theorem 4.3 Let u: (M,g) — (N, J,h) be a weakly Ep-critical map with potential. If H < 0
(or H|yary <0) and

1
1+ §(m — D) Amin — 2dp max{2, Amax } > C, (16)
then L o
fB(pl)[F(i”“;” ) — H o u]d, fB(pg) (lely — H o u]du,
C — C
P1 P2

\du\2)

for any 0 < p1 < po. In particular, if fB F(T — H o uldv, = o(RY), then u is isotropic,

where C' is a positive constant and dp is deﬁned as follows: dp = sup;>g F((t) (see [8,19]).
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Proof We take X = &(r)r2 = 1£(r)Vr?

Yingbo HAN

, where V denotes the covariant derivative determined

by g and £(r) is a nonnegatlve function determined later. Let {e;}!™; be an orthonormal basis

with respect to g and e, = 8 . We may assume that Hess(r?) becomes a diagonal matrix with

respect to {e;}7 ;.

Now we compute

(e Leryr2.9) = Y Sra(es )Ly, 2 9)(€i ;)

%]
2
U w
*Z Al ” — Houlg(ei, ej)(Le(ryr 2. 9) (i €5)—
- '“—””2) w(dules), aules)) ey 2.9) (e €5)
2 or

||U w |2
= Z llww]® —Ho u](Lg(r)r%g)(ei, e;)—

u*wl|?
ZF’(” D oduten. aules)) ey, g.9)(erres)

[lww]?

2

= &) S IFAEE) B o hess(r) e e0) -+ 21F(

u*wl|?
) 32 A hau(en), e Hess(r?) e, )~

2/ (P ey uten), o)
> e(r)[F( 'd;"Q) — Hou]2+ (m — 1) Amin] -
) ) a2, A2+
o) b o) - 2P A ryauten) o)
> e 0w+ (m - )l
&(r)4dp max{2, Amax}[F(M) — Houl+
2P0 o e ) — 2 (P2 e, o)
> ¢(r)[F( ||U*2w||2) — Houl[2+ (m — 1)Amin — 4dp max{2, Amax}]+
() g1 e () — 2P (A ryauten). auen)).
From (16) and (17), we have
(S, s Lxa) 206 FAE) 0w 1 (p LD ey
ol

PR (e du(en). aulen):

) — Houlrd(r)—

(18)
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From (12), (15) and (18), we have

0> [ 1eerir"E ) o+ D) - o) -
I 2 2
F A du(em), (o)) ]duy. (19)

Take and fix a positive number ¢, and let ¢ be a smooth function on [0, 00) such that

Plr) = o2(r) = { S, (20)
and dﬁ—y) < 0. We define
£(r) = &5(r) = () (21)
and we can verify
¢y = s, and ¢ =) <o (22)

From (19) and (22), we have

[u*w]|? o wlf?

0= [ (6P — 1 oul + [P0 — H o ulré (r)ldv,

wrwl? d wrwl|?
fC/ E(r ” H — )= Hou]dvgfpd—/ Ep(r)[F(in I ) — H o u]dvg,
P Jm 2
so we have
IU w||2
§p ———) — Houldvg] >0
Therefore
wrwl? wrwl|?
5 [ enird™ )~ Hou, < [ guir™ 20 - H o,

for any 0 < p1 < pa. Because Suppé, C B((1 + ¢)p), we have
oo &or (MIFSAR) — H o u]dug < S0 4 O)IF (L) — H o u]dug

p{ Py
Letting € — 0 and noting that £,(r) = 1 on B(p), we have

wrw 2 wrw 2
fB(pl)[F(iu 5 By — H oo |dvg fB(pz) %) — H o uldv,

P1 Pg

for any 0 < p; < po. This completes the proof. [J

Lemma 4.4 ([8,9,17,20-22]) Let (M™,g) be a complete Riemannian manifold with a pole xg.
Denote by K, the radial curvature of M.
(i) If —a? < K, < —p% witha > 3> 0 and (m — 1) — 4dpa > 0, then
2dFOz .
5 )

Wthh€>O,A20andO§B<2€,theﬂ

[(m - 1))\min +2— 4dF max{Q, )\max}] Z 2(m -

(ii) If =y < K, <

B
(7= 1) \in +2 = ddp max{2, Amax}] > 21+ (m — 1)(1 = ) - ddpes*

Ik
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(iii) If — %5 < K, < 2 with a® > 0, b% € [0, 1] and ¢* > 0, then
141 —4b2 141+ 4a2
[(m — DAmin + 2 — 4dp max{2, Amax}] > 2[1 + (m — 1)% _ 4dp%].

Corollary 4.5 Let (M, g) be an m-dimensional complete manifold with a pole xy. Assume that
the radial curvature K, of M satisfies one of the following three conditions:

(i) If —a? < K, < —% witha > >0 and (m — 1)3 — 4dpa > 0;

(i) If —rayee < Ky < prsyreee withe >0, A > 0,0 < B < 2z and 1+ (m — 1)(1 -
%) - 4dFeTAs > 0;

(ifi) If — 5% < K, < 5t witha® > 0, 0% € [0,1], & > 0 and 1 + (m — 1)1/1=12

c2+r2

4dp LVt 5 0
Ifu: (M,g9) — (N,J,h) is a weakly Ep-critical map with potential, where H € C*°(M)
and H <0, (or H|yy <0), then

w*w||? wrwll?
JoooF525) — H o ujdo, § Sy [F525) = H o u]do,

(23)
P Py
for any 0 < p1 < po, where
m— MTF"‘, if K, satisfies (i);
A=¢ 14+ (m—-1)1 - £)—ddpe?, if K, satisfies (ii);

14 (m — 1)LV g LEVIEa® - e satisfies (iii).

lluwl]®

In particular, if fB(R) [F(I*25) — H o uJdvy = o(R™), then u is isotropic.

References

[1] L. D. FADDEEV, A. J. NIEMI. Stable knot-like structures in classical field theory. Nature, 1997, 387:
58-61.
[2] J. M. SPEIGHT, M. SVENSSON. On the strong coupling limit of the Faddeev-Hopf model. Comm. Math.
Phys., 2007, 272(3): 751-773.
[3] J. M. SPEIGHT, M. SVENSSON. Some global minimizers of a symplectic Dirichlet energy. Q. J. Math.,
2011, 62(3): 737-745.
[4] R. SLOBODEANU. On a stability property of skyrme-related energy functionals. arXiv:1406.6240v1 [math.DG]
24 Jun 2014.
[5] J. EELLS, L. LEMAIRE. A report on harmonic maps. Bull. London Math. Soc., 1978, 10(1): 1-68.
[6] J. EELLS, L. LEMAIRE. Another report on harmonic maps. Bull. London Math. Soc., 1988, 20(5):
385-524.
[7] M. ARA. Geometry of F-harmonic maps. Kodai Math. J., 1999, 22(2): 243-263.
[8] Yuxin DONG, S. W. WEIL. On vanishing theorems for vector bundle valued p-forms and their applications.
Comm. Math. Phys., 2011, 304(2): 329-368.
[9] Yuxin DONG, Hezi LIN, Guilin YANG. Liouville theorems for F-harmonic maps and their applications.
arXiv:1111.1882v1[math.DG] 8 Nov 2011.
[10] Jiancheng LIU. Liouville theorems of stable F-harmonic maps for compact convex hypersurfaces. Hiroshima
Math. J., 2006, 36(2): 221-234.
[11] A. FARDOUN, A. RATTO. Harmonic maps with potential. Calc. Var. Partial Differential Equations, 1997,
5(2): 183-197.
[12] Qun CHEN. Stability and constant boundary-value problems of harmonic maps with potential. J. Austral.
Math. Soc. Ser. A, 2000, 68(2): 145-154.
[13] Hezi LIN, Guilin YANG, Yibin REN, et al. Monotonicity formulae and Liouville theorems of harmonic maps
with potential. J. Geom. Phys., 2012, 62(9): 1939-1948.



Monotonicity formulas of Er-critical maps with potential 691

(14]

[15]
(16]

(17]

(18]
19]

20]

21]
(22]

Zhenrong ZHOU. Stability and quantum phenomenon and Liouville theorems of p-harmonic maps with
potential. Kodai Math. J., 2003, 26(1): 101-118.

Yang LUO. F-harmonic maps with potential. Thesis, Fudan University, 2013.

Shuxiang FENG, Yingbo HAN. Liouville type theorems of f-harmonic maps with potential. Results Math.,
2014, 66(1-2): 43-64.

Yingbo HAN, Shuxiang FENG. Monotonicity formulas and the stability of F-stationary maps with potential.
Houston J. Math., 2014, 40(3): 681-713.

P. BAIRD. Stress-energy tensors and the Lichnerowicz Laplacian. J. Geom. Phys., 2008, 58(10): 1329-1342.
M. KASSI. A Liouville theorem for F-harmonic maps with finite F-energy. Electron. J. Differential Equa-
tions, 2006, 15: 1-9.

Yuxin DONG. Monotonicity formulae and holomorphicity of harmonic maps between Kahler manifolds. Proc.
Lond. Math. Soc. (3), 2013, 107(6): 1221-1260.

R. E. GREEN, H. WU, Function Theory on Manifolds which Possess a Pole. Springer, Berlin, 1979.
Yingbo HAN, Ye LI, Yibin REN, et al. New comparison theorems in Riemannian Geometry. Bull. Inst.
Math. Acad. Sin. (N.S.), 2014, 9(2): 163-186.



