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Abstract In this paper, we present two parallel algorithms to compute common fixed points
of a finite family of quasi-nonexpansive mappings in real Hilbert spaces, which improve and
generalize some known results in this direction.
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1. Introduction

Throughout this paper, we assume that H is a real Hilbert space with inner product (-, -} and
the induced norm || - ||, respectively. Let 2 be a nonempty closed convex subset of H, T : ) — Q
a self-mapping on  with a fixed point set denoted by Fix(T) = {z € Q : Tz = z} # (), and
C: Q — Q a contraction with modulus p € [0,1), i.e.,

[Cz = Cy| < pllz —yll, Vo,ye (1.1)

In this paper, we review the computation of fixed points of such general operators T, by means
of the so called viscosity approximation method, which formally consists of the sequence z,, € Q2
given by the iteration,

Tpt1 = @ Cap + (1 — ap) Ty, (1.2)

where (a,) C (0,1) is a slowly vanishing sequence, i.e., lim, o o, =0 and ) a, = oco.

Recall for instance that one of the main convergence results related to (1.2) goes back to
Moudafi [1], regarding the case when T belongs to the class of nonexpansive mappings (with
fixed points), i.e., [|[Tz — Ty|| < ||z — y, for all z,y € Q.

It was proved in [1] (also see Xu [2]) that (1.2), under additional conditions on the slowly
vanishing parameters («,), generates a sequence (x,) which converges strongly to the unique
solution of the variational inequality problem VI(I-C, Fix(T)): find x, in Fix(T) such that
Vv € Fix(T),

(I = C)(zy),v —xy) >0, (1.3)

Received May 30, 2015; Accepted December 16, 2015

Supported by the National Natural Science Foundation of China (Grant No.11071053).

* Corresponding author

E-mail address: hjy21203@163.com (Jiangyan HE); huoxiaoyan2006@163.com (Xiaoyan HUO)




352 Jiangyan HE, Haiyun ZHOU and Xiaoyan HUO

or equivalently

T, = (Prix(r) © C)(24), (1.4)
where Ppiy(ry denotes the metric projection from H onto Fix(T') (see [3]) for more details on
the metric projection. Note that, as T is nonexpansive, Fix(T') is well-known to be a closed and
convex subset of H, hence Pgiyr) is well-defined. Let us mention that the method (1.2) was
first considered with regard to the special case when C' = u (u being any given element in C'), in
1967 by Halpern [4] (for v = 0) and in 1977 by Lions [5] (also see [6]).

In 2009, Paul-Emile Maingé had showed how to ensure the strong convergence of the method
(1.2) when involving mapping T belongs to the more general class of (possibly discontinuous)
quasi-nonexpansive mappings, i.e., ¥(z,q) € Q x Fix(T), [Tz — ¢|| < ||z — ¢/, which are op-
erators commonly encountered in the literature, and proposed a new analysis of the viscosity

approximation method, where attention will be focused on the following variant of algorithm:
Tnt1 = @ Cay + (1 — an)Tap, (1.5)

where (a,) is a slowly vanishing sequence. w € (0,1], and T, := (1 — w)I + wT (I being the
identity mapping on ), with two main conditions on T":
(i) T is a quasi-nonexpansive mapping, i.e., [|[Tx — Tq|| < ||z — q|, V(z,q) € Q x Fix(T);

(ii) I —T is demiclosed at zero on (2, that is
{z} CQ, 2z, — z weakly, (I —T)(zr) — 0 strongly = z € Fix(T). (1.6)

Paul-Emile Maingé established the strong convergence of the sequence given by (1.5) to the u-
nique solution in the above setting, no additional conditions are made on the operator T'. To be

precise he proved the following convergence theorem:

Theorem 1.1 Let {x,} be the sequence given by (1.5) with T quasi-nonexpansive and demi-
closed at zero on Q, w € (0,1), and {a,} C (0,1) such that

n— oo

(C1) lim a, =0; (C2) Zan = 0.

Then {z,} converges strongly to the unique element . in Fix(T') verifying x. = (Prix(1) 0 C)Zx,

which equivalently solves the following variational inequality problem:
xx € Fix(T) (Vv € Fix(T)), (I — C)ay,v —x4) > 0. (1.7)
At this point, we put forth the following two questions:

Question 1.2 If each quasi-nonexpansive mapping 7; is demiclosed at zero on €, is the convex

combination of finitely quasi-nonexpansive mappings demiclosed at zero?

Question 1.3 Can above Theorem 1.1 be extended to a finite family of quasi-nonexpansive
mappings in a Hilbert space?

Our purpose in this paper is to present two parallel algorithms and establish the strong
convergence of the proposed methods. The results presented in this paper improve and generalize

some known results by other authors recently.
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2. Preliminaries

In order to define our motivations, we recall some definitions of classes of operators often
used in fixed point theory. Let T : 2 :— H be a mapping. Then

(i) T belongs to the class of firmly nonexpansive mappings if
Va,y € Q| Te - Ty|* < o —yl* — (@ —y) — (Tz — Ty)|*. (2.1)
(ii) T belongs to the class of firmly quasi-nonexpansive mappings if Fix(T') # ), such that
V(z,q) € 2 x Fix(T), | Tz — q||* < ||z — q||® = ||z — Tz||*. (2.2)

(ili) T is said to be averaged if there exist a real number A € (0,1) and a nonexpansive

mapping S such that
T=(1-XNI+M\S. (2.3)

(iv) T is said to be quasi-averaged if Fix(T') # () and there exist a real number X € (0, 1)

and a quasi-nonexpansive mapping S such that
T=(1-XNI+M\S. (2.4)

(v) T:Q — Qis called strictly pseudocontractive on  if there exists a constant v € [0,1)
such that

V(z,y) € 2 x Q|| Te — Ty|* < ||z — ylI* + vz —y — (Tz - Ty)||*. (2.5)

(vi) T :9Q — Q is called demicontractive on € if Fix(T') # 0 and there exists a constant
[ < 1, such that
Y(z,q) € Q x Fix(T), |Tz — ¢||* < ||z — q||* + 8|z — Tz|*. (2.6)

As usual, a mapping satisfying (2.3) is called A-averaged and a mapping satisfying (2.6)
will be referred to as S-demicontractive. It is well known that a firmly nonexpansive mapping is
%—averaged. It is worth noting that the class of demicontractive maps contains important classes
of operators such as firmly-quasinonexpansive maps for § = —1, quasi-nonexpansive for § = 0

and strictly pseudocontractive maps for g € (0,1).

Remark 2.1 Let T be a (-demicontractive mapping on  with Fix(T) # 0 and set T, :=
(1 —w)I 4 wT for w € (0,00):

(i) T p-demicontractive is equivalent to
1
(o~ To,w—g) > ()1~ B)lle TP, ¥(z,) € @ x Fix(T);

(i) Fix(T) = Fix(T},) if w # 0;

(iii) T, is quasi-nonexpansive for w € [0,1 — 3] and satisfies
1Tz — gl < 1z — gl — w(1 — B — )Tz — 22, ¥(z,q) € @ x Fix(T);

(iv) Fix(T) is a closed convex subset of H.
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Remark 2.2 (As shown by Remark 2.1) When § = 0, we can immediately deduce the following
conclusions:

(i) Fix(T) = Fix(T.,);

(ii) T, is quasi-averaged, if w € (0,1);

(i) |7ow — qll? < llo — gl — w(1 — )| Tw - a2, ¥(z,q) €  x Fix(T);

(iv) (z—Toz,z—q) > twllz — Tz|?, V(z,q) € Q x Fix(T).

Lemma 2.3 For all z,y € H and X € [0,1],
Az + (1= Nyl = AMz]|* + (1 = Myl = A1 =Nz -yl (2.7)

which can be extended to the more general situation: For all x1,xs,...,2, € H, X\; € [0,1], and
> A =1, we have

M@+ Aozt A Ananll? = Al P+ AelwalP - Xallzal = Y0 Nigllai—a®. (2.8)

1<i<j<n

Now we are in a proposition to prove the main results of this paper.

3. Main results

Theorem 3.1 Let T; (i = 1,2,...,r) be r quasi-nonexpansive mappings on {2 such that F =
Ni_, Fix(T;) # 0 and I —T; are demiclosed at zero. Put T =Y_._, \;T;, where Y . _, X\; = 1. Let
(a) C (0,1) be a real sequence of numbers such that lim, . o, =0 and ), a, = co. Define

a sequence {x,} in Q by the following algorithm:
21 €Q, Tpt1 = Cxp+ (1 —ap)Toxyn, Yn>1,

where w € (0,1). Then (z,) converges strongly to the unique element x, in F verifying x, =

Pr o Cx,, which equivalently solves the following variational inequality problem:
z. € F, Vv eF, (I -C)xy,v—x.) >0. (3.1)

Proof We split the proof into four steps.

Step 1. Show that F' = Fix(T) = ;_, Fix(T}).

First, we show that (;_, Fix(T;) C Fix(T). For Vp € ._, Fix(T}), we have T;p = p (i =
L,2,...,r)and Tp=> . NT;p=>.,_, \ip = p, hence ;_, Fix(T;) C Fix(T).

Next, we show that Fix(T") C (;_, Fix(T;). For Vz € Fix(T') and p € (;_, Fix(T;), we have

lz —pll = 1Tz —pll = I Y AiTix —pl.

i=1

Note that T; (i = 1,2,...,r) are quasi-nonexpansive, it follows immediately that
T T T
lz = pll = Y X(Tiw = p)|| <D Nl Tow = pl <D Aillz = pll = [l = p]|-
i=1 i=1 i=1
By using this inequality, we have

I Ni(Tie = p)| = il Tz —pl = |z —p].
i=1 i=1
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Since H is strictly convex, there must be T;z =z (i = 1,2,...,7), which means that
T
ze [Fix(T), i=1,2,...,r
i=1

so Fix(T) C N;_, Fix(T;), and the desired result follows.
Step 2. Show that 7= 3"7_, \;T; is a quasi-nonexpansive mapping. Let p € Fix(T'). Then
p € Ni—, Fix(T;) # 0 by Step 1. Noting that Vo € Q, Y., \ip = p for Vp € Q. We have

Tz —pll = I D NTix =Y Nipl = | Y Xi(Tiw = p)|
i=1 i=1 i=1

T T
<D AillTie —pll < Y Aillz —pll = llz —pll
i=1 i=1

that is the desired result.

Step 3. Show that if T; (i = 1,2,...,7) are demiclosed at zero, then T = >"!_; \;T; with
>oi_i A = 1is also demiclosed at zero. We first show if ||z, — Tx,| — 0, then ||z, — Tz, | —
0(G=12...,7)

From p € (N;_, F(T}), by using the equality (2.8), and noting that T; (i = 1,2,...,r) are

quasi-nonexpansive mappings, we have

1Tz, = plI” = M (Thzn — p) + Xo(Town —p) + - + ATz — )|
=D AillTiwn = ol = D Aijllui -
i=1 1<i<j<r

<l —pllP = Y Adjllus — v, (3.2)

1<i<j<r

where u; = Tz, — p,v; = Tjz, —p (4,5 = 1,2,...,7), it follows from (3.2) that

S Nidillus = vi? < llwn — pl? = [ Tn — plf?

1<i<j<r
< 2fjzn — pllllzn — Tznl — 0.
Noting that A\;A; > 0, we have
l[ui = vl = [ Tizn — Tjan|l = 0. (3.3)
On the other hand, we have
Tr, — Tz, = (MThH+ XTo+ -+ N1z, — Thx,
=—Na+ X3+ -+ X) Tz, + NoTea, + -+ N Toa,
= —Xo(Thzp — Toxy) — A3(Thzn — Taan) — -+ — Mp(Th2p — Trvy).
Consequently, we have
Tz, — Tixy| < Xe||Thwn — Toxy|| + A3l T12n — Taxn|| + -+ M| Thwn — Trxg| — 0. (3.4)
In a similar way, we can obtain

Tz, — Toxn||, | Txn — T3zn]l, - - -, [|Tan — Trxn| — 0. (3.5)
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Since x,, — Tz, = v, — Tz, + Tz, + T12,, we have

len — Than| < |zn — Tnll + || T2n — Thzn| — 0. (3.6)

Similarly, we have
|xrn — Tozn|l, |20 — T3z, - - |2n — Trzn] — 0. (3.7
Noting that T; (i = 1,2,...,r) are demiclosed at zero, and assume that x,, — x, we obtain that
x=Tx,x="Tex,...,0 =Tx, (3.8)

which implies that = € (,_; Fix(7;), then we entail the desired result.
Step 4. Show that z,, — z, as n — oo. Indeed, by using Theorem 1.1, we conclude that
{zn} converges strongly to the unique element z, in Fix(T") verifying x. = Ppix(r) © Cz,, which

equivalently solves the following variational inequality problem:
x. € Fix(T), Yv € Fix(T)), (I — C)zs,v — x4) > 0.

This completes the proof. [
In order to establish another strong convergence theorem, we first prove the following result.

Lemma 3.2 Let {T;}/_, : Q@ — Q be r quasi-nonexpansive mappings such that F = (\,_, Fix(T;) #

0, let {\;}:_, be a real sequence in (0,1). Define r new mappings as follows:
U =MT1 + (1 =),
Us = XoToU; + (1 — o)1,
Us = A3T3U2 + (1 — A3)1,

U = \TUn_g + (1= AL

Then
(i) F =, Fix(U,);
(ii)) {U;}I_, is a finite family of quasi-averaged mappings.
(iii) IfT; (i =1,2,...,r) are demiclosed at zero, then so are U; (i =1,2,...,7).
(iv) F =Fix(U,).

Proof (i) It is obvious that F' C (;_, Fix(U;). We show the converse inclusion relation.
Assume that ¢ = Uz (i = 1,2,...,7); then we have x = T;x (i = 1,2,...,r), and therefore
z € (_, Fix(U;) = F.
(ii) Since T;U;_; is quasi-nonexpansive, and \; € (0, 1), we know that U; is quasi-averaged.
(iii) Next we shall prove that if x,, — Uyz, — 0 and z,, — z, then z = Uj«.
Indeed, from x,, — Uyz,, = A\i(I —T1)z, — 0, and Ay € (0, 1), we have x,, — Ty z,, — 0. Since
T7 is demi-closed at zero, we assert that x = Tix. Assume that z,, — Usxz, — 0 and z,, — z,
then Vp € F,

[Uszy, — pl|* =[|AToUrzy + (1 — Xo)ay, — pl|?
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=X 201z = pl* + (1 = Xo)llzn = plI* = A2(1 = M) I T2V — ]
ollUray = pl* + (1= A2) |z — I = Ao (1 = Ao) [ ToUrzy, — 2|
=X\ Tiwn — pl* + (1= M) (@ —p)* = M (1= M) |2 — Tran|*]+
(1= X2) |z = plI* = A2(1 = A2) [ LoV — i
|z = pl* = Aedi (L = M)l|lon = Tazn | + (1= Ao)[Jwn — pl|*~
Ao(1 = M) | ToUrzy, — ||
=llen = pl* = XA (1 = M)l|zn — Tiznl® = Ao(1 = X)) [ TeUran — 4%,
which implies that
ML= A)llzn = Tvan || < llzn = pl* = [Uzwn — plI* < Millz, — Uszy || — 0.
Then we have that =, — Tyz, — 0 and x, — U1z, — 0, which implies that z = U;z. We also
get that
Aol = X[ TaU1n = 2 < o = PIIP = [Uan = pl* < Malz — U = 0.

Then we deduce that T5U 2, — ,, — 0 and ToU 1z, — U1z,, — O.

Since Uiz, — x and T, is demiclosed at zero, Tox = x, also Usx = x. Assume U,_q is
demiclosed at zero for some r > 1, we want to show U,. is demiclosed at zero. To this end, assume
that z,, — Upz, — 0 and z,, — z, we plan to show z = U,z. Indeed, Vp € F and from (2.2) we
get that

|Uray — p||2 =\ | T Up 120, _pH2 + (1= A)[J2n _p”2 =AM (L = 2T U1 — xn”Q

S)\T”Ur—lmn _p||2 + (1 - )\T‘)Hx’ﬂ - p”2 - )\r(l - )\T)HTrUr—lxn - xn”Q
SHxn —P||2 - ATAr—l(l - )\r—l)”xn - r—lUr—ZIn”2_
A (1= AT Uy 12 — 20 ||
Then we could conclude that T,.U,_1x, —x, — 0 and T;._1U,_sx,, — x,, — 0, which implies that
U,._1x, — 2, — 0and T,.U,_12,, — Ur_12,, — 0.

Since U,_; is demiclosed at zero, then U,_iz,, — =z, for the results we have got T,.U,_1x, —

U,_1x, — 0, we see that x = U,x immediately, as claimed.

(iv) The inclusion relation that F' C Fix(U,) is obvious, we only show the reverse inclusion

relation. Assume that z = U,z; then Vp € F, by the definition of U,., we get that
lz = pll* =Tz — pl|?
=AU = pl* + (1= M)l = pl* = A (L = M) | T Up 1z — 2
AUz = pl* + (1 = Az = pl* = A (1 = AT U1z — 2
<|lz = pll* = AvAr—1(1 = A1) |z — Toa Up oz *—
(1= M) T Ur 1z — 2|2,

which implies that x = T,U,_1z and © = T,_1U,_sx. It follows the definition of U,_; that

x = U,_1z, which turns out that x = T,z. In a similar way, we can show that z = T,z =
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T._ox =--- =Tz, thus, we have x € F. This completes the proof. (1

Theorem 3.3 Let T; (i =1,2,...,r) be r quasi-nonexpansive mappings {2 such that I —T; are
demiclosed at zero and F = (\,_, Fix(T;) # 0. Let U; (i = 1,2,...,r) be defined as in Lemma
3.1. Let (o) C (0,1) be a real sequence of numbers such that lim, o o, =0 and ), o, = o0o.

Let {x,} be generated by the following algorithm:
1 € Q, Tpy1 = @, Cxy + (1 — a)Upzyy, Vn > 1.

Then (x,,) converges strongly to the unique element x, in F verifying x, = (Pp o C)z,, which

equivalently solves the following variational inequality problem:
x. € F, Vv eF, (I —-C)x,v—x.) >0.

Proof By Lemma 3.2, we know that F' = Fix(U,.), U, is averaged on 2 and I —U, is demiclosed at
zero. Now the conclusion of Theorem 3.3 follows from Theorem 1.1 immediately. This completes
the proof. [I.
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