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Abstract In this paper, we study an efficient higher order numerical method to time-
fractional partial differential equations with temporal Caputo derivative. A collocation method
based on shifted generalized Jacobi functions is taken for approximating the solution of the
given time-fractional partial differential equation in time and a shifted Chebyshev collocation
method based on operational matrix in space. The derived numerical solution can approxi-
mate the non-smooth solution in time of given equations well. Some numerical examples are
presented to illustrate the efficiency and accuracy of the proposed method.
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1. Introduction

Fractional differential operators appear in many systems in science and engineering. Because
of the nonlocal property of fractional derivative, they can be utilized for modeling of memory-
dependent phenomena and complex media such as porous media and anomalous diffusion [1-4],
fractured media [5], electrochemical processes [6], and viscoelastic materials [7,8]. They also
appear in modeling diverse physical problems involving e.g., viscous fluid flows subject to wall-
friction effects [9-11], bioengineering applications [12], and even finance [13,14].

In the last two decades, extensive research has been carried out on the development of
numerical methods for fractional partial differential equations (FPDESs), such as finite difference
methods [15-18], finite element methods [19-23], and spectral methods [24-27] for numerically
solving the FPDEs. Spectral methods are efficient approaches for numerical solution of FPDEs,
due to the being global of fractional operator and the being global of basis functions of the
methods. Li and Xu [24] developed a space-time spectral method for time-fractional diffusion
equation, which is a fundamental work on spectral methods for FPDEs. Hanert and Piret [28]
developed a pseudospectral scheme to discretize the space-time fractional diffusion equation with

exponential tempering in both space and time. The model solution was expanded in both space
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and time in terms of Chebyshev polynomials and the discrete equations were obtained with the
Galerkin method.

Galerkin projection type schemes in general have difficulties in the treatment of nonlinear
or multiterm FPDEs, and even in treating FPDEs with variable coefficients, since no straight-
forward variational form can be efficiently obtained for such problems. The collocation schemes
for fractional equations are relatively easy to implement and they can overcome the aforemen-
tioned challenges. The idea of collocation was proposed by Khader in [29], who presented a
Chebyshev collocation method for the discretization of the space-fractional diffusion equation.
More recently, Zayernouri and Karniadakis in [30] and [31] developed an exponentially accurate
fractional spectral collocation method for solving steady-state and time-dependent FPDEs, and

linear /nonlinear FPDEs with field-variable order, respectively.

In this paper, we consider the following time-fractional convection-diffusion equation with

variable coefficients:
0DMU (z,t) + a(2)0,U(x,t) + b(x)0?U (2,t) = f(x,t), x € (0,L), t € (0,T], (1.1)
with initial and Dirichlet boundary conditions

U(z,0) =g(z), =€(0,L), (1.2)
U(0,t) = hy(t), U(L,t) = ho(t), t € (0,T], (1.3)

where a € (0, 1], a(z) and b(x) are continuous functions, which satisfy (a,b) # (0,0) . Here, the
time-fractional derivative is defined as the Caputo fractional derivative. Saadatmandi et al. [32]
used the Sinc-Legendre collocation method for the solution of (1.1) with homogeneous boundary
conditions, and Uddin and Haq [33] applied radial basis functions for solving this problem with
constant coefficients. Authors of [34] developed finite difference/element approaches to solve
(1.1) on the condition that a(z) = 0, b(z) = —c, ¢ € R*. For the case of a(z) = 0 and b(z) = —1,
numerical methods based on finite difference and finite element approaches can be found in [35].
The author of [22] developed implicit unconditionally stable numerical methods to solve (1.1)
with a(z) = 0, b(xz) = —1 and f(x,t) = 0. More recently, Mohammad and Jafar [36] proposed

the Gegenbauer spectral method to derive the numerical solution of (1.1) with L = 1.

The paper is devoted to a higher order numerical method for problem (1.1)—(1.3). We
extend the application of spectral methods with shifted generalized Jacobi functions and Cheby-
shev polynomials for solution of time-fractional partial differential equations. The rest of this
paper is arranged as follows. In Section 2, we introduce the Riemann-Liouville and Caputo type
of fractional derivative and their relations, the shifted Chebyshev polynomials and the shifted
generalized Jacobi functions, and their properties are discussed, too. In Section 3, we intro-
duce the mixed generalized Jacobi and Chebyshev collocation method and use it to solve the
time-fractional convection-diffusion equations. In Section 4, we describe the numerical imple-
mentations of the proposed method and present some numerical results to show the efficiency and

high accuracy of proposed numerical method. The final section is for some concluding remarks.
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2. Preliminaries
2.1. Notation and definitions

Let N be the set of positive integers and Ny := {0} UN. We give some definitions and

properties of the fractional calculus.

Definition 2.1 ([37]) The left-sided Riemann-Liouville fractional derivative of order v € (m —
1,m) with m € N, is defined as

LA
REDY f(x) = / dt, z>0 2.1
0 azf(x) F(m . l/) dzm 0 (J? _ t)l,_m+1 y & ’ ( )
and the left-sided Caputo fractional derivative of order v € (m —1,m) with m € N, is defined as
1 Mm@
C v
D = dt 0. 2.2
0 xf(x) F(m _ V) /0 (SL' _ t)V_m+1 y T > ( )
Due to the definition of the left-sided fractional integral of order p > 0 (see [37]):
Lo f
zr = dt, = >0, 2.3
0 a:f(‘r) F(p) /) (1‘ . t)l_p €z ( )
we know that for v € (m — 1,m) with m € N, there hold
14 dm m—v v m—v m

Note that, if ¥ = m € N, we have RLD” QDY =d™/dx™
Generally speaking, the Caputo derivative and the Riemman-Liouville derivative of the same
order v € (m — 1, m) are not equivalent. However, under certain smooth conditions, there exists

a link between them, which is given below

(k)
RLD/V — C'DV E f 2.

The Caputo’s fractional derivative is a linear operation, i.e., for any constants x and A,
WDy (kf1(2) + Ma(2)) = KDy f1(x) + AGDy fo(x). (2.6)
For the Caputo derivative we have, {D¥C = 0 for C' € R, and

0, f eN dp< ,
%Dgxﬁ—{ or 3 o and S < [v]

D g8ov for feNgand B> [v] or B¢ N and 8> |v],

2.7)

where the ceiling function [v] denotes the smallest integer greater than or equal to v and the
floor function |v| denotes the largest integer less than or equal to v.
The term (DU (z,t) in (1.1) is the Caputo fractional derivative of order o € (0, 1] in time

and is defined as

oD2U (z,t) == DU (x,t) = F(ll—a) /O aUéﬁ’s) 0 ilss)a. (2.8)

2.2. Properties of shifted Chebyshev polynomials



Collocation method for time-fractional convection-diffusion equations 611

The Chebyshev polynomials T;(§), ¢ = 0,1, ... are defined on the interval [—1,1]. In order
to use these polynomials on the interval [0, L], we define the shifted Chebyshev polynomials by
introducing the change of variable ¢ = 22 — 1. Denote by Ty ;(z) := T;(3 — 1) the shifted
Chebyshev polynomials, which satisfy the orthogonality relation

L
/0 TL,j(fE)TL’k(Z')wL(I)dLE == hj(Sjk, (29)

where §;;, is the Kronecker symbol, wr(z) = \/ﬁ and h; = %77, €0 =2,¢;=1,7>1.
The analytic form of the shifted Chebyshev polynomials 7, ;(x) of degree i is given by

Ji- o (i +k—1)12%F o
TL?, —’LZ W 5 (210)

where T7,;(0) = (—1)" and Ty, ;(L) = 1. The shifted Chebyshev polynomials T}, ;(z) satisfy the

following recurrence formula:

2z )
Tpiv1(z) = Q(T = DT i(z) = Tri-a(z), i>1,
o (2.11)
Tro(z)=1, Tra(z)= T L.
We now introduce the weighted Sobolev space
L2 (0,L) = {v|v is measurable on (0, L) and ||v||., < oo}, (2.12)

equipped with the following norm,

o], = (/OL 02(:5)%(1;)(13;)%. (2.13)

For any function u € Lf,L (0, L), which may be expressed in terms of the shifted Chebyshev

polynomials as
= Z CiTL,i (:L‘), (214)
i=0

where the coefficients ¢; are given by

—/ )T i(x)wr(x)de, 1=0,1,.... (2.15)
We set
M
un(z) =Y el i(x) = Cd(x), (2.16)
1=0
where
C=lco,c1,..-,enr), B(x)=[Trol@),Toi(x),...,Toa(@)T. (2.17)

Lemma 2.2 ([38]) The derivative of the vector ®(z) can be expressed by

dd(z)

DV 2.1
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where DU is the (M + 1)(M + 1) operational matrix of derivative given by

44 . . .
e L) 320717"'7Z:]+k7
DU — (g =] <L 2.19
( m) 0, otherwise, ( )
with
) L35, M, if M is odd,
| 1,3,5,...,M —1, ifM is even.
Corollary 2.3 For n € N, there hold
dZiM(“”) = CD™(z), with D™ = (DW)". (2.20)
I-TL
Proof By using (2.18), it is clear that
d"d(z) -
~ =\ DG
= (D0) (),

thus inserting the above equation into (2.16) leads to

M =
d™ups (z) d"Tpi(z)  2d"®(z) 3
=S A _ @ = CD™&(z). O
dx™ ; T Qg dx™ (z)

Remark 2.4 For notational convenience, we denote the entries of the operational matrix of

nth-order derivative as dEZ), ie., DM = (dfg)), n € N which will be used in Section 3.
2.3. Properties of shifted generalized Jacobi functions
We introduce the following generalized Jacobi functions.

Definition 2.5 ([30,41]) For alln € [—1,1] and j € Ny, the generalized Jacobi functions (GJFs)
are defined as
T7Mm) = (L+ ) 7 (), for oA > —1, (2.21)

J

where J;’A(n) is the standard Jacobi polynomial of order j on [—1,1].
Through the transformation n = % — 1, one easily obtains the shifted generalized Jacobi
functions (SGJFs) on [0, T]:
2

NVAOE (f)ktkﬁj?(t), (2.22)

where J;; (t) is the shifted Jacobi polynomial of order j on [0,T]. Obviously, j;:;A(O) =0,if
A>0.
The SGJFs jg”Jf’\(t) satisfy the following recurrence formula:

o o,— o 2t o o,— o o,— .
RV ARORS (bj’/\(? — 1) = ENTFTN) = dP TR, G, (2.23)
o,— 2t o.— 2t t '
T () = (f)/\» L) = (?)/\((J +A+ Z)T —(A+1)),

where

af* =20+ 1)(j + o+ A+ 1)(2) + 0+ ),

b = (2 + 0+ N2 +o+ A+ 1)(2 +0+A+2),
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c‘J-T”\ =N =0H)2j+o+A+1),
A7 =20+ 0)(j + M) (2 + 0+ A +2).
Set w;’f)‘(t) = (T —t)°t=*, we introduce the other weighted Sobolev space

L2

o=
W

(0,T) = {v | v is measurable on (0,7") and |v]| o-» < oo}, (2.24)
T

equipped with the following norm,

T
vl o> = (/ vz(t)w;’f’\(t)dt)? (2.25)
T
0
Following the same line as in the derivation of [39, Remark 4.1], one can prove that
{j;’Jf’\(t),j = 0,1,...} is dense in the Hilbert space and it forms a basis for L?, _,(0,T).
) W
Furthermore, the set of all the SGJFs j;”j*A(t) is a complete L2, _, (0, T)-orthogonal system,
wr
namely,

T
/0 TENOTZ N Ows ™ (Ot = A2 5, (2.26)

where
oon _ TORPT(+ o+ 0+ A+ 1)

T T 2o A+ DTG o+ A+1) ]

j=0,1,....

For any v € L?, _, (0,T), which may be expressed in terms of the SGJFs as
wr

(t)

oo
~ o,—A
v(t) =Y &IR (1), (2.27)
j=0
where the coefficients ¢; are given by
~ 1 r o,—A o,— A .
G = —— v(x)Jr; " (Mwr " (t)dt, j=0,1,.... (2.28)
Trj /0
Theorem 2.6 Set
N
un(t) =Y &7 A ), for o, A > —1, (2.29)
j=0

then for > 0 and A > max(u — 1,0), there holds

N

2 TG HAD o
GDLun(t) = (R D 6 g T (2.30)

§=0
Proof According to [39, Theorem 3.1], by using transformation 7 = % — 1, we get that for
pw>0and A >p—1,

_ 2 FG+A+1) ZA
RLDIE( 79X (1)) = (=) gt = AR, 2.31
On the other hand, (2.5) leads to that for A > max(u — 1,0),
ODH(T7 N (#) = FEDE (T7y N (0)- (2.32)

Combining (2.31) and (2.32), we use (2.6) to derive the desired result (2.30) directly. O
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Remark 2.7 It is important to point out that the use of generalized Jacobi polynomials as basis
function for deriving efficient spectral algorithms for ordinary fractional differential equations can
be found in [39]. The authors of [40] used shifted generalized Jacobi polynomials as basis function
to propose a generalized Jacobi spectral-Galerkin method for the nonlinear Volterra integral
equations with weakly singular kernels. The detailed approximation results on generalized Jacobi

polynomials are also referred to [39,40] for theoretical evidences.

3. Mixed generalized Jacobi and Chebyshev collocation method

We are going to solve system (1.1)—(1.3) by using mixed generalized Jacobi and Chebyshev

collocation scheme. In practice, we first split the exact solution U(x,t) of the given problem as

U(z,t) =Ul(x,t) + g(x). (3.1)
By substituting (3.1) in system (1.1)—(1.3), we obtain that
0Dy U (x,1) + a(2)0,U (x,1) + b(2)93U (x,1) = f(w,t), =€ (0,L), t€(0,T),  (3.2)

with homogeneous initial condition

U(z,0)=0, =€ (0,L), (3.3)

and inhomogeneous Dirichlet boundary conditions

U(0,t) = hi(t) — g(0), U(L,t) = ha(t) — g(L), t € (0, T] (3.4)

where f(z,t) = f(2,t) — a(x) 992 _ p(z)Lol2)
In order to solve the new system (3.2)—(3.4) numerically, we approximate U (z, t) by (M +1)-
terms shifted Chebyshev polynomials and (N + 1)-terms SGJFs as

M N
Unon(@,t) = > > cijToi(@)J7 NE), A>0. (3.5)
i=0 j=0
Substituting (3.5) in (3.2), we obtain
oD Ut N (2, 1) + a(2)8, Unr.n (2, 1) + b(2)02Unrs v (2, 8) = f(z,t). (3.6)

We now collocate (3.6) in certain nodes. We take the Chebyshev-Gauss-Lobatto collocation

nodes associated with interval [0, L] for spatial collocation, that is

L km
= — —_ —_— < < . .
oK = 3 (1—cos(=)), 0<k<M (3.7

The mixed generalized Jacobi and Chebyshev collocation method in spatial is seeking ﬁM, ~N(z,t)
such that

ﬁM,N(Oat) = hl(t) - 9(0), ﬁM,N(Lat) = h2(t) - g(L)7 (38)
and that the equation holds at the interior collocation points xx, 1 < k < M — 1:

O'Dtaij,N(xk,t) + a(xk)o"’xﬁMN(xk,t) + b(xk)aiﬁM7N($k,t) = f(xk.,t). (3.9)
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For suitable collocation points in time, we take the Jacobi-Gauss-Radau collocation nodes
t;,0 <1 < N associated with interval (0, 7], which are the N 4+ 1 zeros of (T — t)JI(\}TH’)‘) (t). By
using (2.16), (2.20), (2.30) and (3.9), we have that for 1 <k <M -1, 0<I<N

M N :
2 F(J +A+ 1) ota,— Ao
ciiTri(zi)(5)" 57 T (t)+
;jgo / T’ T(j+A—a+1)"T7
M N M
SN es(d atan) + dE (@) To (20 T8 N 0) = flan, ). (3.10)
=0 j=0 r=0

Furthermore, collocating (3.8) in N + 1 points ¢;, and considering the properties of the
shifted Chebyshev polynomials, we have that for < k< M -1, 0<I< N

SO e (1T ) = ha(t) — 9(0), DY i Tii M) = ha(t) — g(L).  (3.11)
i=0 j=0 i=0 j=0

The (M + 1)(N + 1) unknown coefficients ¢; ; can be obtained from system (3.10) and (3.11).
Consequently, Ups (2, t) given in (3.5) can be calculated.

To solve system (3.10) and (3.11) efficiently, we shall recast them in a more convenient form.
Let us make the following notations of some matrices

A = (Tri(zk))1<k<M—1,0<i<M,

Ay = (a(zr)TLr (k) <p<nr—10<r<rr >

LSERS (b(xk)TLJ‘(xk))lgkgM—l,OSrSM’ (3.12)
2 F(] + A+ ]-) ota,—Ata
B = ( — « A t .
11 (T) (F(j—l—/\—a—i— l)jT,J ( l))Ogl,JSN’

By = («7;77J'_/\(tl>)0§l_’j§1\[7

and denote some vectors by

a =[(-1)°% (=Y., (=DM, &y, =[1°1',...,1M],

6: [607076071, .o -7CO,Na .. .,CM70,CM71,. .. ,CM,N]T, (3 13)
o ~ o~ ~ ~ ~ ~ T .
f= [fl,Oafl,lw"7fl,Na"'7fM—1,07fM—1,17"'7fM—1,N} y

hy = [ho,h11,...,hin])T, ha=[hag,hat,...,han],

where fri = f(zp, 1), 1 <k <M —=1,0 <1< N, hiy = hi(t;) — g(0) and ha;y = ho(t;) — g(L),
0<I<N.
Then we can make use of the Kronecker product (represented by ®) to express system (3.10)

and (3.11) as the following matrix system

A1 ®B1 + (A12 (D(l))T + A (D(Q))T) ® Bia _f
a; ® By c= }_%1 (3.14)
a> ® B h;

Remark 3.1 Under the following Neumann boundary conditions

8,U(0,8) = ha(t), 9.U(L,t) = ha(t), t € (0,T], (3.15)
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instead of Dirichlet boundary conditions (1.3), a similar matrix system will be solved as

A ®Bn + (A12 (DW T A (D(Q))T) ® Big

) F
( 1(D! )T) ® Biy ¢=[h |, (3.16)
h
( »(D¢ )T) ® Bi2 °
where new vectors ﬁl and ﬁg are denoted by
by = [P0, b1, han]T, ho = [hoo, hon,. .. han]?, (3.17)

with 2y =y (t) — 29 and oy = ho(ty) — 295 0 <1 < N.

4. Numerical results

In this section, we describe the implementations for the mixed generalized Jacobi and Cheby-
shev collocation scheme (3.10) and (3.11). For measuring numerical errors, let w,'* and w;""?
denote the corresponding weights of Chebyshev-Gauss-Lobatto and Jacobi-Gauss-Radau quadra-
ture with respect to variables z € [0, L] and t; € (0,T], respectively. We denote the following

discrete weighted L?-norm error as

M1 Mo

E2 = ( ZZ xk,tl ﬁM’N(Qﬁk,tl)) wliwlwlMQ) , (4.1)

kOlO

[N

and the numerical absolute error in maximum norm is denoted by

Enax = max |ﬁ($k,tz) - ﬁM,N(xk;tl”' (4.2)
0<k<M;,0<I<M>

We take M7 = M + 10, M2 = N + 10 in the following numerical implementations.

Example 4.1 We first consider the following time-fractional diffusion equation of order o €

(0, 1], with homogeneous initial and Dirichlet boundary conditions

0DeU(x,t) — ZU&ED — £(2.4), z € (0,L), t e (0,T),
Ul(z,0) =0, z € (0,L), (4.3)
U0,t) =0, U(L,t)=0, t e (0,7,

where f(z,t) = (%t“*a + 4m2tH) sin(27z), u > a. The exact solution of problem (4.3) is

given by [20]

U(z,t) =t'sin(2rx). (4.4)

In Figure 1, we plot log,o Er2 and log;y Emax versus M with fixed N = 0, A = 0.9 and
arbitrary ¢ > —1 of problem (4.3) for p = 0.9 and L =T = 1 with « = 0.3, 0.5 and 0.8. All of
them decay rapidly as M increases. Meanwhile, comparing these results with the absolute error
e, vs n obtained in [42], one can see that our method derives more accurate numerical solution

for the same larger mode in space.
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Figure 1 Absolute error e, vs n given in [42] (top), log,, errors vs M of the scheme (3.10) and

(3.11)(bottom) for problem (4.3) with & = 0.3,0.5 and 0.8 (from left to right)

a=0.1 M=11,N=2 a=0.1 M=11,N=2
(o, M) Fiax E;- (o, \) Eax Ep-
(2,1) | 2.63e-07 | 4.54e-08 | (2,2) | 2.63e-07 | 5.24e-08
(1,1) | 2.63e-07 | 6.42e-08 | (1,2) | 2.63e-07 | 7.87¢-08
(3,1) | 2.63¢-07 | 8.34e-08 | (3,2) | 2.63e-07 | 1.06e-08
(0,1) | 2.63e-07 | 1.20e-07 | (0,2) | 2.63e-07 | 1.57¢-07

(—=3,1) | 2.63e-07 | 2.13e-07 | (—1,2) | 2.63e-07 | 2.13e-07

Table 1 Discrete errors of problem (4.3) with o = 0.1 and taking different ¢ and A in (3.5)
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One can see from Table 1, accurate numerical solutions are achieved by using N = 2 and not
larger M. Authors of [32] have applied the Sinc-Legendre collocation method for solving problem
(4.3) with a=0.1, u=2and L =T =1 by using N = 8 and M = 10, 15,20 and M = 25. For
N = 8 and M = 25, they obtained 10~° accuracy as the maximum value of absolute error of
the numerical solution. And by the Gegenbauer spectral method proposed in [36], the absolute
error of the numerical solution reached to 10~" accuracy with N = 2 and M = 11 for problem
(4.3) with the same «, pu, L and T as above. Comparing these error results to that in Table
1, one may clearly find that, our method can derive more accurate numerical solution even by
using smaller NV, and also can afford much more choices on base functions of numerical solutions.
Furthermore, we can observe that the discrete weighted L?-norm error decreases slightly as o

increases for the same M, N and A.

Example 4.2 We next consider the initial boundary values problem of FPDE of order « € (0, 1],

with inhomogeneous initial and Dirichlet boundary conditions

DRV (w,t) 4+ 22888 U@ _ 04y w e (0,1), te (0,T),

U(z,0) = 22, x € (0,L),

U(0,t) = 22t 42a te(0,T (45)
( 9 ) F(2a+1) 9 6( 9 ]7

U(L,t) = L? + 2t 2ol te (0,T],

where f(z,t) = 2(t%" + 22+ 1)+ 2u(z+p) E(g(:ilf)tQQe“x, w € R. The exact solution of problem
(4.5) is

F(a + 1) t2ae/m?

Uz, t) = 2%+ 2m (4.6)
a=0.2 M=11,N =1 a=0.5 M=11,N =1
(o, M) FEiax Ep- (o, M) FEax Ep-
(2,0.4) | 2.66e-15 | 7.10e-16 | (2,1) | 3.55e-15 | 7.94e-16
(1,0.4) | 1.80e-15 | 6.16e-16 | (1,1) | 2.66e-15 | 1.53e-15
(3,0.4) | 1.80e-15 | 7.35e-16 | (3,1) | 2.66e-15 | 1.87e-15
(0,0.4) | 1.80e-15 | 1.21e-15 | (0,1) | 1.78¢-15 | 9.11e-16
(—3,04) | 1.78¢-15 | 1.32¢-15 | (—3,1) | 2.66e-15 | 3.07e-15
a=06 M=11,N=1 a=06 M=11,N=1
(o, M) FEiax Ep- (o, M) BEax Ep-
(2,0.2) | 1.78¢-15 | 8.81e-15 | (2,1.2) | 2.66e-15 | 1.31e-15
(1,0.2) | 3.55e-15 | 2.12e-16 | (1,1.2) | 8.88¢-16 | 7.85¢-16
(3,0.2) | 2.66e-15 | 1.87e-15 | (3,1.2) | 4.44e-15 | 2.87e-15
(0,0.2) | 2.66e-15 | 1.61e-15 | (0,1.2) | 1.33e-15 | 1.15e-15
(—=3,0.2) | 3.55¢-15 | 1.09e-15 | (—3,1.2) | 2.66e-15 | 3.81e-15

Table 2 Discrete errors of problem (4.5) with a = 0.2,0.5 and 0.6

From Table 2, we list errors Eyax and Ep2 of the mixed generalized Jacobi and Chebyshev

collocation method for problem (4.4) with y = 1 and L = T = 1, by taking different o and
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A in the numerical solution. One can clearly see that, no matter the value of given o € (0, 1)
and o > —1, once taking the parameter A = 2a — |2a, 2a0 — [2a] 4+ 1,. .., 2« in the expansions
of numerical solution, our method may derive more accurate numerical solution of the given
problem, for very small discretization in time, and not bigger discretization in space. We also
observe that, for the smooth (o = 0.5) or not smooth (o = 0.2,0.6) solution in time of given
equation, one can take proper parameter A in numerical expansion to improve its approximation
accuracy. These results illustrate the generalized Jacobi functions are very efficient in deriving

numerical solutions of fractional equations.

5. Concluding remarks

In this paper, we apply the mixed generalized Jacobi and Chebyshev collocation method to
solve the time-fractional convection-diffusion equation with Dirichlet boundary conditions. This
method utilizes an easy procedure to implement and yields higher accuracy. The basis functions
have the following properties: easy computation, rapid convergence, and much more flexibility.

At last, accuracy and efficiency of the proposed method are illustrated by two model problems.
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