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Abstract In this paper, we consider point spectra of the operator corresponding to the M /M /1
queueing model with working vacation and vacation interruption. We prove that the underlying
operator has uncountable eigenvalues on the left real line and these results describe the point
spectra of the operator. Then, we show that the essential growth bound of the Cp-semigroup
generated by the operator is 0 and therefore it is not quasi compact, the essential spectral
bound of the Co-semigroup is equal to 1. Moreover, our results imply it is impossible that the
time-dependent solution of the model exponentially converges to its steady-state solution.
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1. Introduction

According to Zhang and Hou [1], the M/M/1 queueing system with working vacation and
vacation interruption can be described by the following system of partial differential equations

with integral boundary conditions:
dpo,o(t)

T :*APO,O(t)JFMo/ p1,o(x,t)dx+u1/ p11(z, t)dz,
0 0

8pl,O(xa t) + apl,O(% t)

= _[)‘ +0+ /‘O]pl,O(xvt)’

ot ox
n )t n 7t
Onoll) 008D _ (3 gt ool )+ Mpacrolet), Yn 22, (L1)
op1a(x,t) | Opia(w,t)
5t o =—[A+ plp11(x,t),
a n )t a n 7t
b (;ff ), o (;if” ) D\t o (0 8) 4+ A (a.8), Vn > 2,

with boundary conditions:

p1,0(0,t) = Apo,o(t),
pn,O(Oat) = 07 Vn Z 27
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oo oo
Pn,1(0,1) 9/ Pro(z,t) dx+uo/ Prt1,0(z, t)de+
0 0

,ul/ Dnt11(z, t)dz, Yn > 1, (1.2)
0

and initial condition:

pO,O(O) = ¢07pm,0(x70) ¢k( ) vk > 1 Pm, 1(1‘ O) @m($)v Ym Z 17 (13)

where, (z,t) € [0,00) x [0,00); po,o(t) represents the probability that there is no customer in
the system and the server is in a working vacation period at time ¢; p, o(z,t)dz (n > 1) is the
probability that at time ¢ the server is in a working vacation period and there are n customers
in the system with elapsed service time of the customer undergoing service lying in (x, 2 + dz];
Pn,1(x,t)dz (n > 1) is the probability that at time ¢ the server is in a regular busy period and
there are n customers in the system with elapsed service time of the customer undergoing service
lying in (x,x + dz]; A is the mean arrival rate of customers; 6 is the vacation duration rate of
the server; pg is the service rate of the server while the server is in a working vacation period.

w1 is the service rate of the server while the server is in a regular busy period.

In classical vacation queueing models, the server completely stops service during the vacation
period. However, there are numerous situations where the server remains active during the
vacation period which is called working vacation [2]. In 2002, Servi and Finn [3] first studied the
M/M/1 queueing system with multiple working vacation and obtained the transform formula
for the distribution of the number of customers in the system and the sojourn time in a steady
state. Moreover, Wu and Takagi [4] extended Servi and Finn’s [3] M/M/1 queueing system
to an M/G/1 queueing system with multiple working vocation. In 2007, Li and Tian [5] first
introduced the vacation interruption policy in an M/M/1 queueing model. Since then, vacation
interruption models have been studied by several researchers, see Ke et al. [6], Zhang and Hou [1],

Gao et al. [7], Liu et al. [8], Lee and Kim [9] and the references given there.

In 2010, Zhang and Hou [1] considered the M/G/1 queueing system with working vacation
and vacation interruption where the server enters into vacations when there are no customers and
it can take service at a lower rate during the vacation period. If there are customers in the system
at the instant of a service completion during the vacation period, the server will come back to the
normal working level no matter whether or not the vacation has ended. Otherwise, it continues
the vacation. Using supplementary variable technique they established the above model and gave
the Laplace-Stieltjes transform of the stationary waiting time. Then, they presented the queue
length distribution and service status at an arbitrary epoch in steady state condition. In 2016, by
using the Cyp-semigroups theory Kasim [10] did dynamic analysis and proved that the above model
has a unique positive time-dependent solution which satisfies the probability condition. When the
service completion rates are constant (in this case the M/G/1 queueing model is called M/M/1
queueing model), by studying spectral properties of the underlying operator corresponding to
the model he obtained that the time-dependent solution of the model strongly converges to its

steady-state solution. In 2017, Kasim and Gupur [11] studied the asymptotic property of the
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time-dependent solution of the general case of above model by using the boundary perturbation
method which was developed by the Greiner [12]. So far, no other results have been found in the
literature. In this paper, inspired from the queueing model studied by Gupur [13-15] we prove
that if A < pg, then all points in

Ry 4+ 60+ po >0, Ry+ pug >0,
vel u {0}
YA+ £V (YA ) — A | < 2m

are eigenvalue of A+U + E with geometric multiplicity one. In particular, the interval (— min{f+
o, i1}, 0] belongs to its point spectrum when A\ < 1 < 2y/Au; — A — 6 — pg. Therefore, our
results imply that the Cy-semigroup generated by the underlying operator is not compact, even
not eventually compact. Moreover, by combining the results in this paper and the results in [10]
together with [16, Corollary 2.11] we deduce that the essential growth bound of the Cp-semigroup
is 0. So, it is not quasi-compact. In addition, we show that the spectral radius and the essential
spectral radius of the Cy-semigroup are equal to 1, respectively. Altogether, we can conclude
it is impossible that the time-dependent solution of the model exponentially converges to its

steady-state solution.

Our first aim is to rewrite the Egs. (1.1)—(1.3) in the form of an abstract Cauchy problem
on a suitable Banach space. For this purpose we select the following state space (we follow the
notation of Gupur et al. [17], Kasim [10,11]).

X = {(po.p1)| Po € Yi,p1 € Yau [(po.p) = Ipollys + e < o3,

Yy = {po € R x L'[0,00) x -+ [Ipoll = [po.ol + D _ lIPn.0ll10,00) < 0},

n=1

(oo}
Yy = {p1 € L'[0,00) x L'[0,00) - |lIpall = D lIpm.1ll£1{0,00) < 00}
n=1

It is obvious that X is a Banach space. For simplicity, we introduce

e 0 0 0 0600

X" 0 0 0 00 6 0
=19 00 o0 =10 0 0 0 :

00 pw 0 0 0 g1 0 0O

00 0 p O 0 0 um O
Ts=10 0 o Ty =

0 po |’ 0 0 0 m
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Now we define operators and their domain as follows.

Do,0 p1,1(7) -2 0 0
p1,0(2) p2,1(x) 0o —-&£ o0
Al | p2ol@) |, | p31(z) = 0 0 4
p3,0(2) pa1(x) 0 0 0
-4 0 0
o -4L 0
0 o -4
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Po,o
0 p1,0(2)
0 p2o(x) |,
d

dz%’o € L0, 00), % € L'[0,00), pno(x) and p, 1 ()

D(A) =< (po,p1) € X

(n > 1) are absolutely continuous and pg(0) = I'1po;

p1(0) = [;° Tapoda + [~ Tapoda + f;° Taprda

P0,0 p1,1(x) 0 0 0 0
p1o(7) P21 () 0 Dy 0 0
Ul |p2ol@ |, |psa@) | [=][0 X Dy 0
p30(z) pan(z) 0 0 X D
Dy O 0
A D 0
0 A D

here

Po,o
pl,o(x)
Pz,o(l") ,
p3,0(7)

Pl,l(I)
P2,1(96)
P3,1(IE)

Do = =(A+0+p0), Di=—(A+m).

Po,o Pl,l(I)
pl,o(ﬂf) p2,1(93)
FE

Pz,o(ff) p3,1($)

fooo po(z)p10(x)de + fooc p1(x)pr(z)de
0
- 0
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Then the above system of equations (1.1)—(1.3) can be written as an abstract Cauchy problem

in Banach space X.

dpor)®) — (A + U + B)(po, pr)(1), ¢ € (0,00),
1 0

(P07P1)(0): 0 ) 0

Kasim [10] have obtained the following result.

Theorem 1.1 A+ U + E generates a positive contraction Cy-semigroup T'(t). T(t) is isometric

for the initial value. Therefore, the system (1.4) has a unique positive time-dependent solution

(po, p1)(x,t) = T(t)(po, p1)(0) satisfying
||(P0ap1)('7t)H =1, Vte [0,00).

In addition, the time-dependent solution (pg,p1)(z,t) of the system (1.4) strongly converges to
its steady-state solution (pg,p1)(x), i.e.,

Jm {|(po, p1)(+5 1) = B(po, p1) ()| = 0,

here f3 is decided by the eigenvector satisfying (A + U + E)*(q$,q}) = 0 and initial value.

2. Main results

In this section, we describe the point spectra of A + U + E and obtain the main results of

this paper.
Theorem 2.1 If A < u3, then all points in the set

Ry+60+po >0, Ry+pu1 >0

vyel U {0}

‘7A+u1i\/(’v+k+u1)2—4km < 2m

are eigenvalue of A+U + E with geometric multiplicity one. In particular, the interval (— min{f+
1o, 41}, 0] belongs to the point spectrum of A+ U 4+ E when A < py < 24/Apu; — A — 0 — po.

Proof We consider the equation [yI — (A + U + E)](po, p1) = 0, which is equivalent to

(e o =0 [ pra()do 4 [ prae)ds, (2.1)
dpti(;(fv) =—(Y+AX+0+po)p1o(x), (2:2)
Wno8) 4N+ 04 po)pnola) + Apao(a), 22, (2.)
D) _ (4 At m)paa(a), (2.4
W) ) (@) + A (@), 2 (25)

P1,0(0) =Apo,0, (2.6)
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pn,O(O) :07 n> 27

oo

P (0) =6 / Pro(@)dz + o / Prsro(@)dz+
0 0

,Ul/ Prnt1,1(z)dz, n>1.
0

Solving (2.2)—(2.5) we have

pro(x) =p1,0(0)e TTAIFHO)T,

Pn,0(T) =pn,0(0)e

xr
)\e—(’v+>\+9+uo)fﬂ/ Pr_1.0(s)eTATOFRIS Qs > 2,

*(’Y+>\+0+uo)$+

0
p1a(T) =p11 (0)e~ O FAFH)T,
Pn,1 (33) =DPn,1 (0)6*(’Y+)\+#1)1+

xT
)\e_('y+’\+“1)w/ pn_171(s)e('y+)‘+“1)sds, n > 2.
0

By combining (2.6) and (2.7) with (2.9) and (2.10) we deduce

p10(2) = Apo,o e~ (FAFb+R0)T

AT
_ (Y+HA+0+p0) e~ (rHA+0+u )z,
p2,o(z) = Ae™ 0 / Apo,ods = Apoo—y 0

1!
_ , Az Ar)? )
p3,0($) = )e ("/+/\+9+M0)1/ APO,OFdS _ )\po’o%e (Y+A+0+10) ,

0

xT
pn,o( )= Ae” (YH+AF0+po)z /pn_170(8)€(7+)‘+0+“0)sd8
0

(Az)" 4 ’
_ )\Poo( 1)! (’Y+>\+9+10)9¢7 n>1.

By using (2.11) and (2.12) repeatedly we obtain

p2,1($) =p2,1(0) —(y+A+p1)x + )\e—('y+>\+u1)x pl,l ('y+>\+u1)sds

o\c\

= p2,1(0)e” AT 4 A= (rFAHm)e 101,1

A
= [p2.1(0) + Jypra(O)]e Nz

2
B A\t 2—k
—e (v+A+p1)x § ((2 _) k)'pkvl(o),
k=1 ’

p371($) =p371(0) —(y+ A +p1)z + e~ (YA +p1)z

/p271(5)6(w+>\+u1)sd5
0

_ _ * s
= p3.1(0)e (rHA+u)T 4 Ne (’v+>\+u1):c/0 [p2’1(0>+?p1’1<0)]d8

Ax Az)?
_ LPB 1( ) . . 1(0) + ( 2') p171(0)]6_(’y+/\+ul)1

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)



Point spectra of the operator corresponding to the M /M/1 queueing model 81

3
B A\t 2—k
= ¢~ (PHAtm)2 Z ((3 _) k)'pk,l(o)a (2.18)
k=1 ’
Ax Az)?
par(®) = s (0) + 200 20) + X g0 ot
\x n—1 B .
a0
n \r n—k
_ e 3 ((nzk)'pk,l(o), n> 1. (2.19)

k=1

0o E!
Since | rhe—wedy — R forw > 0and k > 1, (2.16) and (2.19) imply, for Ry+A+60+ o > 0,

Ry+A+pu >0

n—1

> _ > n—1_—(y+A+0+po)x
/0 pnﬁo(x)dac—)\po,oi(nil)!/o " e 0)Fdyx

Anfl
T (AT OF o)

oo )\nfk; oo
/ pnyl(x)dx — 'pk 1(0) / xnfkef(’Y*F)le«l)wdx
0 0

(n—k)!

n A= k

:Z (v + A+ pg)" 1 &Pk, 1(0), n>1. (2.21)
k=1

Apo,o, 1 =1, (2.20)

Mz

k=1

Combining (2.8) with (2.20) and (2.21) gives

A
p1,1(0) = K K )2p1,1(0)+

= 0 N
T O s
/\[uo(A+(9)+9(y+/\+0)]
2.22
M1 ,ul)\
= 0 =
Y+ p3,1( )+(7+)\+u1)2
/\Q[MO(A+9)+0(7+/\+0)]
(Y + A+ 0+ po)?

A2

m?l 1 (0)+

p2,1(0) = p2,1(0) +

Po,o, (223)

pA 1A’
S AN () DR o S —_—
G+ aeP O F Gyt OF

N[uo(X+0) + 0(y + X + 0)]

(Y+A+0+ o)t Po,0; (224)

p1,1(0) +

a1 (0) o e 0+

N oA+ 0) + 0(y + A+ 0)]
(Y+ X+ 0+ po)ntt

DPo,o
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n+ n+l1—k
HiA
=> pre,1(0)+
2 Gra e

N oA+ 0) + 0(y 4+ A+ 0)]
(Y + A+ 0+ po)ntt

Po,o, N =>2, (2.25)

=

n+t2 Ml)\n+2—k
Po+1.1(0) =; EESwwmTEST SO
N oA+ 6) +0(y + X+ 0)]
(Y + A+ 0 + po)t2
x (2.25) it follows that
A
Y+ A+

_Z AT Pr,1(0) + )\RH[NO()\—FQ)—F&(W—F)\—FQ)]PO 0—
(Y + A )43k (Y + A+ 0+ po)"+? ’

Poo, n =1 (2.26)

By (2:26) —3p

Pn+1,1(0) — Pn,1(0)

n+2

P N A (A +0) +0(y + A+ 0)]
> ( (0)

0
(At p)r B T G ) (A O+ o)t

A" (g — 6 — pio)[o(A + 0) + (7 + A + 6)]
(Y+ A+ 1) (Y + A+ 0+ po) "2

_ H1
Y+A+
=

Pny2,1(0) + 0,0

YA+ A
———Pn+1,1(0) = —pna(0)—
M1 M1

N (g — 0 — pao) [ro(X + 60) + 0(y + X + 0)]
pa(y + A+ 0 4 po)"+?

Pn+2,1 (0) =

Po,o, N Z 2. (227)
If we set

Pnt2,1(0) = apni11(0) = Tnp2 = B(Pn41,1(0) — apn1(0) = Tnpa) <=
Pnt2,1(0) = (o + B)pn+1,1(0) — afpp1(0) = (Tny2 — fny1), n =2, (2.28)
then comparison of (2.27) and (2.28) shows that
Y+A+ A

a+pf="—"—"" af=-", (2.29)
H1 H1

A (g — 60 — o) [ro(X + 0) + 0(y + A 4 6)]

Tnt2 — Bt = A+ O o) Poo, n > 2. (2.30)
From (2.29) it follows that
:7+)‘+“1+\/(7+)\+M1)2_4)\M1 (2.31)
2”1 ’ ’
oy A — (VA )2 — A
B = o . (2.32)

The equation (2.28) implies

Pn+2,1(0) — app11,1(0) — Tpy2 = B(Pr+1,1(0) — apr,1(0) — Tpg1)



Point spectra of the operator corresponding to the M /M/1 queueing model 83

= ﬁ2(pn,1(0) - apnfl,l(o) - 7Tn) = ﬂ3(pn71,1(0) - apn—2,1(0) - 7777,71)

= " (p3,1(0) — ap2,1(0) —m3), n>2. (2.33)
Applying (2.33), we get

Pn+1,1(0) — apn,1(0) — g1 = B 2(p3,1(0) — ap21(0) — m3) =

apn+1.1(0) — a®pp.1(0) — a1 = aBf™ 2(p3.1(0) — apa,1(0) — 73), (2.34)
Pn1(0) — app—1.1(0) — m, = 8" (p3.1(0) — apa,1(0) — 73) =

a®pp.1(0) — &®pp—1.1(0) — @7, = a®B"*(p3.1(0) — apa,1(0) — 73), (2.35)
Pn-11(0) = app—21(0) = 1 = 8" *(p3.1(0) — ap.1(0) — m3) =

a3pn_171(0) - a4pn_271(0) e agﬂ"%(pg,l(()) — ap2,1(0) — m3), (2.36)

p5.1(0) — aps1(0) — w5 = B%(p3.1(0) — ap21(0) — m3) =>

a”_3p571(0) — a"_2p4,1(0) —a" 3y = a”_352(p3’1(0) — ape,1(0) — m3), (2.37)
P4,1(0) — ap3,1(0) — m4 = B(p3,1(0) — ap2,1(0) — 73) =
a”_2p471(0) — a"_lpg,l(O) —a" %, = Oén_25<p3’1<0) — ap2,1(0) — 73). (2.38)

Adding both side of (2.33) to (2.38) we have for n > 2

Pr421(0) — " 'p31(0) — Mg — ampgr — Py — &Py — - — Q" 3y — a2y
— [Bn—l 4 aﬁn—Z 4 0426n_3 4 a36"_4 e an—352 —‘ran_Qﬁ](pg)l(O) _ Ctp2’1(0) _ 71.3)
-

pn+2,1(0) — [Bn—l + aﬁn—2 4 aQBn—Zi 4 a36"_4 4 an—SﬁQ +an—26+ an—l}p&l(o)_
[anl + aﬁn72 + a2ﬂn73 + aSﬂnfél N an73ﬂ2 + an72ﬂ]ap271(0)7

[ﬁn—l + Oéﬁn_Q +a26n—3 + a36n—4 et an—362 + Oén_QB]Tr?,‘i‘
n+2

E Oén+2_k7('k.
k=4

Hence, when a = 8 by the Cauchy products we calculate

Prs2,1(0) = na™p5 1(0) — (1~ 1)a"p2 1(0) — (n — o™ Hrst

n+2
Z a2k n>2
k=4
=
> pnt21(0)] < Ipsa(0)] Y nlal™™ + [p21(0)] D (n = 1)|af"+
n=2 n=2 n=2

mal D (n = Dlal" ™ 4D [mnga| Y ol (2.39)
n=2 n=2 k=1
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When « # 8 also by the Cauchy products we derive

a” — ﬂn a — ﬁn .
DPnt21(0) = s P3,1(0) — o a_p — " Npa1(0)—
a — 5” n+2
( 5 " Ny + Z "2 R, n>2
o —
—

i [Pr+2,1(0)] < |p3 - (Z oo|™ + Z |ﬁ|”)
“'p%l(O)'[r(Z|04"+Z|ﬁl”) +3 s
mw[l |(Z|a|”+2\/3| )+ Zwﬂp

n=2
Z T2 Z jaf "1 (2.40)
n=2 k=1

From (2.30) we deduce

A (g — 6 — o) [o(A + 0) + 0(y + A + 6)]
pr(y 4+ X+ 0 + po)nt2

N (1 — 0 — pio) [ro(N +0) +0(y + A+ 0)]
pa(y + A4 0+ po)n+t

Ay — 0 — po) [o(A + 0) + 0(y + A+ 6)]

Tn4-2 — /57Tn+1 = Po,o,

ﬁﬂ'n-ﬁ—l - Bzﬂ-n =p

DPo,0,

ﬂ277n - 5371—7171 = 52

pi(y + A+ 0+ po)” poo,
_ _ N (1 — 0 — po) oA+ 6) + 6(y + X+ 6)]
n 47T _pn 377- _ pn—4 . ,
B me — 5 =0 (LA 0+ )° P00
_ _ A4 60— A+ +0(y+A+0
Bn 37T5 o 5n 2 ﬁn 3 (1“‘1 /_1,0)[/1,0( ) (A/ )]p0,0~

pa(y + A+ 0+ po)®

Adding both sides of the above equation and using the Cauchy products, we obtain

gty 1 3 X =0 = po)ltoA +6) + 0y + A +0)

A k=0 pr(y + A+ 04 po)nt2-k Do,0s
=
> > 181 —0- A+0)+0(y+A+0
D g < mal + |l D18+ ‘(m t10) [0 2 )+ 0(y )]Hp070|><
oo n—3 n
ZZ' +Ai(: k)n+2 Fl18)*
n- —0- A+0) +0(y+A+8
T o I Lt 0] 71 LSl R R Sl N

o pa(y + A+ 0+ po)
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n k
Z|7H+9+”| > I8l (241)

k=0

From (2.21) and the Cauchy products of series we estimate, when Ry + p1 > 0
An—k

Ry + A+ m

P11l L1[0,00) <

NE

yrti=k Ipk,1(0)], n>1,

“i

n n—k

S
E:'mnlnLWOoo S;E:

n:lk:l

m’7+)\+/ﬁ1)n+l k‘pkl( )l

nf

Z:: Ry + At )" Zm”

1
- L 1(0)]. 2.42
" ;m 20 (242

From (2.20) and the Cauchy products of series we estimate, when Ry + 6 + pg > 0

Anfl
A
(Ry + A+ 0 + o)™
—

lPn.0llL1]0,00) <

An—l
n I~ A
ZHP ollz1[0,00) < Z Py + A+ 0+ po)" ool

A
< . 2.43
= %’Y+9+H0|p0’0| ( )
For simplicity, let
Ry+60+po >0, Ry+upu >0
Q:=¢vecC 5
’7+/\+u1i\/(7+/\+u1) —4>\u1‘<2u1

It is easy to see that
YEQ= Ry +0+pup >0, Ry+u >0, |of <1, |B] <1

Consequently, together with (2.39) and (2.40) we know that >~ , [pn42,1(0)| < co when v € Q.
Substituting (2.9) and (2.11) into (2.7) and noting Ry + 6 + o > 0, Ry + p1 > 0 yields

(v + N)po,o = NO/ p1,0(z)de + ,ul/ p1,1(x)de
0 0

- ,LLO/ pro(0)e” VFATIFHOT g 4 Ml/ p1.1(0)e” O FAFHDIZ A,
0 0

Apig
YH+A+04 1o

_ M

YH+A+
=

(v + A+ pn)[poy + (v + M) (v + A+ 0)]
(v + A+ 0+ po)

Combining (2.44) with (2.22) and (2.23), we can get that |p1,1(0)], |p2,1(0)| and |ps,1(0)] are finite

p1,1(0) + D0,0

p1,1(0) =

Po,0- (2.44)
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for v € Q. Therefore
Z [Pn,1(0)] = [p1,1(0)] + |p2,1(0)[ + |p3,1 (0)] + Z [Pnt2,1(0)] < oco. (2.45)
n=1 n=2

Together with (2.42) and (2.43) we conclude that

+ Z 1Pn0llL1(0,00) + Z [Pn,11lL1[0,00) < 00,

n=1 n=1

[ (Po> p1)Il = |po,o

which shows that all v € Q are eigenvalues of A+ U + E. Moreover, from (2.16), (2.19) and
(2.43) it is evident that the eigenvectors corresponding to each y span 1 dimensional linear space,
i.e., their geometric multiplicity is one.

In the following, we consider the case that v is a real number and obtain explicit results,

which includes the following three cases:

Case 1 If (Y+ A+ p1)? >4 g = v+ A+ 1 > 2¢/ 1 = v > 23/ Mg — A — g, then by noting
v+ p1 >0, v+ 6+ po > 0, an easy computation shows that

0<(y+A+m)? =4\ < (v+A—p)?=|af <L, |8 <1,

which together with A\ < p; < 2v/Au; — A+ 60 + po implies v € €, that is, all points in (2¢/Apg —
A — p1,0) are eigenvalues of A+ U + E.

Case 2 If (v + A+ p1)? = 4 1 = v = 2¢/ A1 — A — 1, then the condition A < pp implies

A 24/ A
a=p=TE20M 2 = 2 A o

211 21 1
==y

Therefore, v = 2¢/Au1 — A — pq is eigenvalue of A+ U + E.

Case 3 If (Y + A+ )2 <4h\up = v+ A+ < 2V A = v < 2¢/Au; — A — g, then the
condition A < py gives

yo YA VA ) — A

2p
YA i/ A — (A )P
a 2
5= Y+ A+ —i/AAg — (v + A+ )2
2
_—
la| = 8] = \/('74'/\"'/11)2_4)‘,“1_(’Y+/\+U1)2 _ 2@\/7<1.
211 211 P

If A <pn <2V — A+ 0+ o, then from v+ 19 > 0, v+ 6+ o > 0 we know that all points in
(—min{uo + 6, p1}, 24/ A1 — A — pq) are eigenvalues of A+ U + E. Moreover, Kasim [10] proved
that 0 is an eigenvalue of A+ U + E when A < .
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To sum up, all points in Q U {0} are eigenvalues of A 4+ U + E with geometric multiplicity
one. In particular, the interval (— min{uo +6, p1}, 0] belongs to the point spectrum of A+ U+ E
when A < 1 < 2v/Apur — A —0 — po. O

3. Conclusion and discussion

Let 0,(T'(t)) and 0,(A+ U + E) be the point spectrum of T'(t) and A + U + E respectively.
From Theorem 2.1 and the spectral mapping theorem for the point spectrum [16, p. 277]

op(T(1)) = ' A+UHE) U {0}

we know that T'(t) has uncountable eigenvalues and therefore it is not compact, even not even-
tually compact [16, P.330].

Corollary 2.11 in Engel and Nagel [16, P.258] states that if T'(¢) is a Cy-semigroup on the
Banach space X with generator A + U + FE, then

(1) wo = max{wess, S(A+U+E)}, where wy is the growth bound of T'(t), wess is the essential
growth bound of T'(t), s(A + U + E) is the spectral bound of A+ U + E.

(2) o(A+U+ E)U{y € C|Ry > w} is finite for each w > wess. Here, (A + U + E) is the
spectrum of A+ U + E.

From the Theorem 1.1 we know that wy = 0 and s(A + U + E) = 0. These together with
the statements (1) and (2) above yield wess = 0. From this and Proposition 3.5 in [16, P. 332],
we conclude that T'(¢) in not quasi-compact. Hence, this implies the essential difference between
this model and the reliability models that are described by a finite number of partial differential
equations [18], population equations [19-21].

Since wg = 0 and wess = 0, from Nagel [22, P. 74] it follows that

7(T(t)) = ress (T(t)) = e¥esst = e =1,
where r(T'(t)) and r.ss(T(t)) are the spectral radius and essential spectral radius of T'(t), respec-
tively.
Theorem 1.1 and Proposition 4.3.14 in Arendt et al. [23, P. 268] give the decomposition
(Po, p1)(z) = (po, p1)o(x) + (@0, #1)(T), (2.46)

here (po, p1)(z) € X; (po,p1)o(x) is the eigenvector with respect to 0, i.e., (A+U~+E)(po, p1)o(z) =
0; (¢o, 1) € Range(A+ U + E) and limy—, o0 ||T(t)(d0, ¢1)|]] = 0 by ABLV theorem [23, P.374].
Let (po,p1)¢(x) be eigenvector with respect to —min{ug + 0, u1 }¢ for ¢ € (0,1) in Theorem 2.1.
Then by using (A + U + E)(po, p1)¢(x) = —min{puo + 6, 111 }¢(po, p1)¢(x) we have

T(t)((po, pr)o(x) + (A+ U + E)(po, p1)¢(x))
T(t)(A+ U+ E)(po, p1)¢(x)
) T(t)[= min{uo + 6, 1 }¢(po, p1)¢ (@)
) min{zio + 0, 1 }¢T(t) (po, p1)¢ (@)
)
)

= pmpl)o xz

(
(
= (po,p1)o(x
= (Po, p1
= (

)+
)+
) —
o, p1)o(x) — min{pg + 6, py y e BRI (5 ) ()

(
(
o(x
(
= |T(t)((po, p1)o(-) + (A+ U + E)(po, p1)c(+)) = (Po, p1)o (]|
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= min{puo + 0, pg }e™ M TOmICE | (g py) ], VE > 0.

This shows that there are no positive constants v > 0 and ¢ > 0 such that

175 ((Pos p1)o () + (A+U + E)po, 1) () = (b0, p1)o0)]
< e |[(po.p)ll, ¥t >0, ¥(po,p) € D(A).

That is, it is impossible that the time-dependent solution of the system (1.4) exponentially

converges to its steady-state solution. i.e., the convergence result given in Theorem 1.1 is optimal.
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