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The Structure of a Lie Algebra Attached to a Unit Form
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Abstract Let n > 4. The complex Lie algebra, which is attached to the unit form q(z1, z2, ..., zx)
=31 2~ (X" wiwis1) + 212, and defined by generators and generalized Serre relations, is
proved to be a finite-dimensional simple Lie algebra of type D,,, and realized by the Ringel-Hall
Lie algebra of a Nakayama algebra. As its application of the realization, we give the roots and
a Chevalley basis of the simple Lie algebra.
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1. Introduction

There are a lot of papers studying the relationship between the representation theories with
Kac-Moody algebras or elliptic algebras. An important tool used in the studying is Ringel-
Hall Lie algebra. Here we recall some background on the Ringel-Hall Lie algebras. Let A be
an associative algebra over a finite field and M, N and L finite A-modules. Let Fj; y be the
number of submodules V' of L such that V. ~ N and L/V ~ M. By the definition in [1], the
Ringel-Hall algebra of A is an associative ring with a Z-basis, indexed by the isoclasses [M]
of all finite A-modules M, and the multiplication: [M] - [N] = Z[L] FJ\L4,N[L]~ In case A is
hereditary of finite type, Ringel [1-3] showed that the subring of the degenerate Ringel-Hall
algebra with a Z-basis indexed by isoclasses of all indecomposable A-modules is a Lie subalgebra
under the Lie multiplication of commutators, and over complex numbers it is isomorphic to the
positive part of the corresponding complex semisimple Lie algebras such that the isoclasses of all
indecomposable A-modules correspond to a Chevalley basis. Such Lie subalgebra is called the
Ringel-Hall Lie algebra. To realize the whole (not only the positive part) of a Kac-Moody Lie
algebra, the Ringel-Hall Lie algebras of 2-period triangulated categories have been constructed
in [4,5]. Here the Ringel-Hall numbers are related to triangles instead of short exact sequences.
Then any symmetrizable Kac-Moody Lie algebra can be realized by the Ringel-Hall Lie algebra
of the root category of the corresponding hereditary algebra A (see [5]). Here the root category
is the orbit category R(A) = D?(A)/T?, where D?(A) is the derived category of A and T is the

shift functor. Lin and Peng [6] proved that the elliptic Lie algebra of type Dil’l), él’l), Eél’l),
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Eél"l) is isomorphic to the Ringel-Hall Lie algebra of the root category of the tubular algebra
with type T(2,2,2,2),T(3,3,3),T(4,4,2),T(6, 3, 2).

Recently, the authors in [7] built a relationship between the representation theory of a
Nakayama algebra and a Lie algebra attached to a unit form. The kind of Lie algebras are
introduced by Barot, Kussin and Lenzing in [8], and they are defined by generators and gen-
eralized Serre relations. These generalized Serre relations are different from the Serre rela-
tions in the definitions of Kac-Moody algebras. The root systems of the Lie algebras in [8]
associated with a root space decomposition are different to determine. In [7] the authors de-
termined the root system and a Chevalley basis of a complex Lie algebra attached to the u-
nit form q(z1,22,...,2n) = 0 27 + 31 ciejen (1) '@z via the Ringel-Hall Lie algebra
of root category of some Nakayama algebra. In this paper, in a similar way, we determine
the root system and a Chevalley basis of the complex Lie algebra attached to the unit form
q(z1, 22, ..., Tpn) = E?Zl x? — (2?2—11 ZiTir1) + x12, via the representation theory of a different
Nakayama algebra.

A square matrix C' = (Cj;)nxn with integral coefficients is called a quasi-Cartan matrix if it
is symmetrizable and Cj; = 2 for all i. A quasi-Cartan matrix C is called a Cartan matrix if it
is positive definite and C;; < 0 for all i # j. Let Z™ be the set of the integral n-dimensional row
vectors, and €1, €a, . . ., €, the canonical basis of Z™. A unit form is a quadratic form q : Z" — Z,
q(z) = Yo, @7+ 20, gijrixy, with integral coefficients g;; € Z. Each unit form q : Z" — Z has
an associated symmetric quasi-Cartan matrix C = C(q) given by C;; = q(e; +¢;) —q(ei) — q(e;).
A unit form is called positive definite if q(x) > 0 for each 0 # x € Z"™. We associate with any
unit form q a bigraph B(q), which has vertices 1,2,...,n and |¢;;| solid (resp., dotted) lines
between i and j if ¢;; < 0 (resp., ¢;; > 0). A unit form ¢ is connected if so is B(q). If C(q)
is a Cartan matrix, then B(q) is a graph (there are no broken edges) I', which by the Cartan-
Killing classification is a disjoint union of Dynkin diagrams A,, (m > 1), D,, (m > 4) and
E,. (m =6,7,8). In this case, we write ¢ = qr and call T the Dynkin type of q.

Given a unit form q, set C = C(q) and let g4(q) be the complex Lie algebra defined by the
generators e;,e_;, h; (1 < i < n) which are homogeneous of degree ¢;, —e¢; and 0, respectively,
and subject to the following relations:

(R1) [hi, hj] =0, for all i and j,

(R2) [hi,es55] = 0Cjje55, for all i, j and § = +1,

(R3) [esi,e—si] = Ohy, for all 4 and § = £1,

(R4) (adesi)'™™(ey;) = 0, where m = max{0, —6vC;;}, for 6,7 € {1,—1} and 1 < 4,5 < n.

If ¢ is a positive definite unit form such that its quasi-Cartan matrix is a Cartan matrix, then
by [9], g4(q) is a semisimple finite dimensional Lie algebra. Note that in general, when A is not
necessarily a Cartan matrix, the relations (R4) are a subset of the relations

(Roo) [€61i1)€60ins - - - €5,4,) = 0, whenever q(Z;:1 djei,) > 1 for §; = £1,

where the multibrackets are defined inductively by

[.’1?1,.’172,...,56‘,5] = [.1'1, [l‘g,...,.’]ﬁt”.
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Let goo(q) be the Lie algebra defined by the generators e;, e_;, h; (1 < ¢ < n) and by the relations
(R1), (R2), (R3), (Reo). We recall that any positive definite unit form has a unique associated
Dynkin type I' such that q is equivalent to qr, that is ¢ = qr o T for some Z-invertible integral
matrix 7. In this case, it is denoted by q ~ qr. By [8], if ¢ is positive definite of Dynkin type T,
then goo(q) is isomorphic to g4(qr).

In this paper, we will study the complex Lie algebra go.(g) attached to the following unit

form
n n—1
2
q(z1,xa,...,2,) = E x; — ( E xile)—i—xlxm n > 4.
i=1 i=1

We will show that the above unit form q is positive definite and connected, and so the attached
Lie algebra goo(q) is a finite dimensional simple Lie algebra. Next we determine the graph I’
satisfying that goo(q) =~ ga(qr), and a Chevalley basis of go.(q). To achieve this aim, we prove
that the Lie algebra goo(q) is isomorphic to the Ringel-Hall Lie algebra g of a Nakayama algebra,
and so goo(q) is a simple Lie algebra of type D,,. As its application of the realization, we give
the roots, a root space decomposition and a Chevalley basis of the simple Lie algebra.

Let us give a brief view on the content of this article. In Section 2, we study some properties
of the given unit form and the related Lie algebra defined by generators and generalized Serre
relations. In Section 3, we show some properties of a class of Nakayama algebras, which will be
applied to realize the above Lie algebra. In Section 4, we recall the Ringel-Hall Lie algebra of the
above Nakayama algebra, and prove that it is isomorphic to the above simple Lie algebra. As an
application of the isomorphism theorem, Section 5 shows that there is a bijection between the set
of the indecomposable objects of the root category of the Nakayama algebra and the set of the
roots of the positive definite unit form, and give the Dynkin type, a root space decomposition

and a Chevalley basis of the above simple Lie algebra.

2. A positive definite unit form

The following lemma gives some properties of the unit form

n n—1
q(a) = a7} - (Z xiwm) + 21
i=1 i=1

Lemma 2.1 Let A = {(z1,22,...,2,) € Z"|q(z1,x2,...,2,) = 1}. Then
(i) The associated Cartan matrix C = C(q) is

2 -1 0 -+ 0 0
-1 2 -1
0o -1 2
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(ii) q(z1,22,...,20) =3[0 11 (xl—mzﬂ) +(z1+x,)?], and q is conngcted positive definite.

(i) A ={teg|l <i<npU{x(Xi_,ea)l <i<j<ntU{xi_ &)l <i<n}u
{:I:(X:;;:1 €x — ZZ:J‘H )|l <i<j<n-—1}, and |A] = 2n? — 2n.
Proof (1) For 1 < ) < n, C“ = q(261)—2q(61) =4-2=2. Forl < 1 < TL—L Ci’iJrl = q(6i+€i+1)_
q(éz) 7q(€i+1) =—1lForl<i:<n—-2,1<j<n, Cm.w‘ = q(€i+€i+j) 7q(€i) *q(ei—&-j) = 0. For
1<i<n,Cic1;=q(e_1+¢€)—q(e—1)—q(e;) = —1. Cipy = Cp1 = qle1+€,) —qler) —q(en) = 1.
So (i) holds.

(ii) We prove it by induction on n. For n = 2,

1
q= 1’? + 1’3 — 1% + T1Tg = 5[(1'1 — 1’2)2 + (1’1 + 1'2)2].

Assume it holds for n — 1, i.e.,

n—2
1
q(z1, T2, ..., Tp_1) = 2[2(% - $i+1)2 + (z1 + $n71)2
Then
q(z1, T2, ..., xy) = q(xl,xg, . ,xn_l) + xi — Ty 1Tm + T1Ty, — T1Ty—1
! Z_: 24 2ty + + +
- i — T x xn T1Tp 1 + T2 — Ty 1Ty + T1Tpy — T1Tp_
=3 - +1) 7T+ 3 1 1 1 1 1 1 1
n—2
1 1 1
=5 _71(% —zip1)? + @+ z,)% + 5 @no1 = z,)?
1 n—1
= 5[2(.’17@ — .’Ei+1)2 —|— (.Tl + l’n)2] Z 0
i=1
If q(z1, 29, ., 2n) = S0 (@0 — 1) + (21 +2,)%] = 0, we have 21 = 23 = -+ = x,, = 0.

So q is positive definite. By the definition of the bigraph B(q), we have

n n—1
[} [ )

/
/
/
17 n—3
° [ ]
\ 2 n—2
@ @

Figure 1 Bigraph B(q) of q

It is easy to see that the bigraph B(q) of g is connected.

(iii) Let (z1,x2,...,2,) € A, wherex; € Z,1 < i < n. Then Z?:_ll(xi—xi+1)2+($1 +1,)% =
2. Let 11 — @2 = a1,T2 — X3 = A2y .., Tp-2 — Tn_1 = Ap_2,Tn_1 — Tp = Ap_1,T1 + Tp = Up.
Then for 2 <j<n-—1,

1 n n
—§Zai,x1+mi:Zaj,m1+xn:an. (%)
i=1

j=i
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In the set {a1, a9, as,...,a,}, there are only two elements with absolute value 1, and the others
are zero. Assume that |a;| = |a;| =1 for 1 <i < j <n. We prove (iii) in the following cases.
Case 1 i=1.

In this case a; = £1.

Case 1.1 a1 =1,a; =%1,7=2,3,...,n.
If j = n,a; =1, thena, =1, g = 0 for 2 <! < n. By the equalities (*) we have

1 =laxg =23 =--- =2, =0. Then (z1,22,...,2,) = €. f 2 < j <n-—1, a; =1, then
ay =az = --- = a;_1 = aj41 = --- = ap = 0. By the equalities (x) we have 1 = 1,20 =
zg = =x; =0, xj11 =+ = Tp_1 = Ty = —1. Then (z1,22,...,2,) = € _ZZ:j+1€k‘
Ifj=2a;=—1,thenzi =0,20 = —l,a3 =24 = --- =2, = 0. So (z1,22,...,Tp) = —€2.
If2<j<n a =-1,thenzy =0,20 =23 = =2; = —-1,j41-- =z, =0. So
($1,$27...,$n):—2£:26k-

Case 1.2 a; = —1,a; =%1, j =2,3,...,n.

By computations similar to those in Case 1.1, if j = n, a; = —1, then (z1,22,...,2,) = —€1.
Andif 2 < j<n—1,a; = —1, then (z1,22,...,2,) = —€1 + >3, €. Andlifj =2, a; =1,
then (z1,22,...,2,) = €2. And if 2 < j <n, a; =1, then (z1,22,...,2n) = > 1_o €k-

Case 2 1<i<n.

In this case a; = +1.

Case 2.1 a;=1,a;==%1,j=4+1,...,n.

If 5 = n, a; = 1, and the others are zero, then z1 = 22 = -+ = 2; = 1, 341 = Tiq2 =
-=x, =0. So (x1,22,...,T,) = 22:1%- Ifi+1<j<mn-—1,a; =1, and the others are
zero, then 1 = 29 = - = o; = L,wi41 = T2 = - = x5 = 0,241 = --- = 2, = —1. Then
(1,22, .., &p) = ZZ=1 €1 — Zzsz €. If j =i+ 1, a; = —1, and the others are zero, then
) =Xy = =x; = Xyya = -+ =z, = 0, &;y1 = —1. Therefore, (x1,x2,...,T,) = —€i41.
fi+l<j<n,a =-1thenazy =a=-=2;=0 241 = Tig2 = - = x5 = —1,
Tjt1 = Tjpo = -+ = &n = 0. Therefore, (z1,22,...,2,) = —Zi:iﬂ €L

Case 2.2 a; =—-1,a;==%1,j=1i+1,...,n.

If j = n, a;j = —1, and the others are zero, then (z1,22,...,2,) = —22:1 €p. Hi+1<
j <n-—1,a; =—1, and the others are zero, then (z1,z2,...,2,) = — 22=1 €r + ZZ:j-‘,—l €. If
j=1+1,a; =1, then (x1,22,...,2,) = €;41. Hi+1<j<m,a; =1, then (z1,22,...,2,) =
Z?c:iJrl €k-

In a word

J i
A={xel <i<n}U{x() )l <i<j<n}u{xd el <i<nju
k=i k=1
{i(Zek — Z el <i<j<n-—1}
k=1

k=j+1
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By simple computation, |A| = 2n? — 2n. O
Each element « in A is called a root of the unit form gq. Let N be the set of the natural
numbers. If a root @ € N”, it is called a positive root of q. Since q is a positive definite unit

form, then by [8, Theorem 1.3], we have the following theorem.

Theorem 2.2 The complex Lie algebra g (q) attached to the unit form q is finite dimensional
simple Lie algebra.

Next we recall a Z"-graded structure on g (q) introduced in [8]. Let H = @"_; Ch;, which
is a commutative Lie subalgebra of goo(q). For any h = Y | \;h;, we define 7(h) = Y1 | Nie;
and (h, o) = r(h)Cal for a € C™. For any a € C", we set

(800(9))a = {# € goo(q)|[h, 2] = (h, )z, for all h € H}.

By [3, Lemma 2.1], the vector space (goo(q))q is generated by all expressions [€s,4,, €s5ins - - - » €5,
with 22:1 dj€;, = . Then
90c(@) = H& P (950(9))a
YA

where H is the Cartan subalgebra of goo(q). If 0 # « € Z" such that (goo(q))a # 0, then
dimc(goo(9))e = 1, and « is called a root of the simple Lie algebra g.(q). The set A’ of the
roots of geo(q) is called a root system of the simple Lie algebra goo(q). In fact, by the definition
of goo(q), A" C A. By the following Theorem 5.1, we will see that A’ = A. A subset IT of A’ is
called a base if II is a maximal linearly independent system of A’; and each root 8 € A’ can be
written as 8 = > .
roots in II are called simple roots. The cardinality of II is n. So the Dynkin diagram I' related

koo with integral coefficients k. all nonnegative or all nonpositive. The

to the simple roots is defined. By [8, Proposition 6.1], the Lie algebra go(q) is isomorphic to
the simple Lie algebra g4(qr) of the Dynkin type I"'. We are interested in the Dynkin type of
I'. To see this, we will first show that geo(q) can be realized by the Ringel-Hall Lie algebra of
a Nakayama algebra A, which is piecewise hereditary of type ID,,. Then I' is proved to be of
Dynkin type D,.

3. Homological properties of a Nakayama algebra A

We consider a special class of Nakayama algebras obtained as follows. The linearly oriented
%
quiver A, forn > 3 is

1 @1 2 (e %) 3 n—lanfln
oO——0——0 -+ O —O

Set A = kTA)n/I, where k is a field, I is the ideal generated by the elements ajasas -y _1.
Then A is a Nakayama algebra. By [10, Proposition 1.4], the global dimension g.l.dim A = 2.
Let mod A be the finite-dimensional left A-modules. We denote by S; the simple A-module
associated with ¢, by P; its projective cover and by I; its injective envelope. Denote by Ky(A) the
Grothendieck group of an abelian category mod A, that is the free abelian group on isomorphism
classes [M] of objects in mod A modulo the relations [M] = [N] + [L] for any exact sequence
0—N—M— L — 0. We identify Ko(A) with Z", and denote by p; the image of P; in the
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Grothendieck group Ko(A). The Cartan matrix C' of A is an integral-valued matrix with entries
C’ij = dimyHomyu (P;, P;), 1 <4,j < n. Thus the j-th column vector of Cis pz», where ¢ denotes

the transpose of a matrix. So C' = (e} + €+ -+ €/ _j,eb+e+---+e, ... el +e,€), ie,
1 0 0 0
1 0 0
_ 1 1 0 0
O:
1 - 10
o011 .- 11

Let K?(A) be the homotopy category associated with the category of bounded complexes over
mod A, and D°(A) the bounded derived category of K’ (A) by localization with quasi-isomorphisms.
Denote by T the shift functor of complexes in D’(A). By [10, Proposition 2.1], A is piecewise
hereditary of type D, i.e., the derived category D?(A) of A is isomorphic to the derived category
of a hereditary algebra of type D,,. Similarly to Ko(A), Ko(D?(A)) is defined as the free abelian
group on isomorphism classes [X] of complexes in D°(A) modulo the relations [X] = [Y] + [Z]
for any distinguished triangle Y — X — Z — TY. It has been shown in [11, Lemma II1.1.2],
we can identify Ky(A) and the Grothendieck group Ko(D?(A)). Given an object X in Db(A),
we denote by dimX the corresponding element in Ko(D’(A)) = Ko(A). Note that there is a
canonical embedding of mod A into D°(A) (as the full subcategory of complexes concentrated in
degree zero), and the restriction of dim to this full subcategory mod A coincides with the usual
dimension vector function.

For any indecomposable object X € DY(A), there is an Auslander-Reiten triangle 7X —
Y — X — T7X. So there is an autoequivalence 7 on D’(A) which induces an isomorphism
denoted by ® on the Grothendieck group Ky(A), ie., dim 7X = (dimX)®. Observe that
(dim P;)® = —dim I;. Thus ® = —(C~!)!C. The following results give some properties of ®.

Lemma 3.1 Let ® be an isomorphism on the Grothendieck group Ko(A). Then

(ot ¢ttt ottt t_ ot t
D =—(€, 1,6,,6 —€5+e€,, € —€s+€,,...,6 —€,_1+E€),
t tot oty ot ‘ot ¢ ;s : :
o — —(€ . yeh el —eh e, el —€_,+e€), disoddand2<i<n-—1;
t_ .t t t ot t ot t :

(8 —e _,+e ... i —e [ +e e, . e ), iisevenand 2<i<n-—1.

o —(et —€t _y+e el el el ), n is an odd integral;

(el 1 el el —eb+el, ... el —€e | +¢€,), nisan even integral.

(I)2n_2 :ET“

where E,, is the identity matrix of order n.
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Proof By simple computation, C~! = (e — e + el eh +€,..., el + €l 1,... €), ie,
1 o 0 --- 0
110 - 0
_ o -1 1 -+ 0
o=
0 o 0 --- 1 0
1 o o0 --- -1 1
So (C™Ht = (e, —€l +eb,...,—€et | +eb,... e —€_;+¢€). Note that esel, = 1 for s = m, and

esel, = 0 for any s # m. By simple computation,

0 1
0 -1 0 0
_ _ 0 0 -1 0
d=—(CHC=- _
0 0 0 -1
0 1 1 1 1
:—(eflfl,efl,etl—eé—&—e;,eﬁ—eg—l—efﬂ..weﬁ—eflfl—l—e;).
Then
1 0
0 0O 0 1 0
®*=(-1)*[ o 0 0 10
-1 0 0 0 1
0O -1 0 O 0 0
1 1 0 0 0 0
= (63 - 6;—2 =+ 62761563 - 6;_1 +€Za€§aega .. -762—2)'
And
0 0 0 1 1 1
00 -1 0
o000 0 -1
=10 0000 0 o0 1 0
1 0 0 0 O 0 0 -1
01 0 0 O 0 0 0
0 0 1 0 O 0 0 0
0 0 0 1 1 1 1 1

_ ot ¢ ¢ttt ¢t ¢
= (€ 3, € 34152 €nr €] — €y F €, € — € 3+ €,).
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The others ®, 4 < i < 2n — 2, are similarly computed. O

The orbit category R(A)= D°(A)/T? is called the root category of A, and the Galois covering
functor F : DY(A) — R(A) is dense. Furthermore, since D*(A) ~ D®(H) for some hereditary
abelian category H, using a proof similar to [6, Theorem 3.3], we can prove that R(A) is a
triangulated category. For convenience, we denote R(A) by R in the following. We consider the
Grothendick group Ko(R) as usual. Then Ky(R) = Ko(Db(A)), and this identification is made
so that for any X € D’(A), dimX in Ko(Db(A)) coincides with dim FX in Ko(R).

Lemma 3.2 Let A be the Nakayama algebra over a field k and R the root category of A. Then
for any indecomposable object X in R, we have dimyHomg (X, X )-dimpHomg (X, TX) = 1.

Proof Consider the covering functors F : D*(A) — R and take an indecomposable object X
in Db(A) such that F X = X. Since A is a piecewise hereditary algebra of type D, from the
structure of D’(A), Home(A)(X,TiX) = 0 for ¢ # 0, and dimkHome(A)(X,X) = 1. Note
that F induces two isomorphisms Home(A)(X,X) ~ Homg (X, X) and Homps ) (X,TX) ~
Homg (X, TX). Thus dimzHomg (X, X)-dimyHomg (X, 7TX) =1. O

4. The isomorphism theorem

In this subsection, following [4], we recall the definition of the Ringel-Hall Lie algebras of
the root category R of A, where A is the above Nakayama algebra over a finite field k& with
cardinality |k| = g. The definition is also seen in [6, Section 5].

Given X,Y, L € R, consider

W(X,Y;L)={(f,9,h) € Hom(X, L) x Hom(L,Y") x Hom(Y, T X)|
XLro4y BrXisa triangle}.
Applying the action of Aut(X)xAut(Y) on W(X,Y; L) defined by

(a,¢) o (f,9,h) = (af,gc™", ch(Ta)™")
for (a,c) € Aut(X)xAut (Y), (f,9,h) € W(X,Y; L), we get the Ringel-Hall number F&y =
[W(X,Y;L)/Aut(X) x Aut(Y)|.

For any M € R, we denote by hps := dim M the canonical image of [M] in Ky(R). Denote by
ind R the set of representatives of isoclasses of the indecomposable objects in R. And denote by h’
the subgroup of Ko(R)®7zC generated by %, M € ind R, where d(M) =dimy(End M /Rad(End

We define a symmetric Euler bilinear function Iz (—, —) on h’ X h’ determined by

Iz (hx,hy) =dimzyHomg (X,Y) — dimpHomg (X, TY )+
dimgHomg (Y, X) — dimiHomg (Y, TX),
for any XY € R.
Let n be the free abelian group with a basis {ux|X € ind R}. Let

g(R)=h"®n,
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be a direct sum of Z-modules. We shall consider the quotient group

9(R)g-1) = 9(R)/(¢ = 1)g(R).

We still use ups, has to denote the corresponding residue classes for M € R.
Then by [4], g(R)(g—1) is a Lie algebra over Z/(q — 1)Z with the Lie operation [—,—] as
follows.

(1) For any two indecomposable objects X,Y € R,

_ ZLeind R(F)L(Y _Féx)uLv it Y 2TX,
[UX7UY] =

h . ~
-5, if Y ~TX.

(2) For any objects X, Y € R with Y indecomposable,

[hx,uy] = Ir(hx,hy)uy, and [uy,hx] = —[hx,uy].
(3) [,h']=0.
Obviously, g(R)4—1) has the canonical decomposition
9(R)(g-1) =H @ @ (9(R)(g-1))a>
a=dimX, Xecind R

where (9(R)(g—1))a is the Z/(q—1)Z-submodule spanned by all ux with X € ind R and dimX =
Q.

As in [4, Section 5.2], we define the direct product []5cq9(R¥)(p|—1) of Lie algebras and
let £LC(R); be the Lie subalgebra of []pcq 9(R¥)(g—1) generated by ug, = (use)peq and
urs, = (upge)peq, 1 <1 < n. Write

g=LC(R), ®zC,

then g is a Lie algebra over C, called the Ringel-Hall Lie algebra of the root category R. In fact,

we have the following proposition.

Proposition 4.1 Let g be the Ringel-Hall Lie algebra of the root category R, and [] peq 9(R¥)(151-1)
be the direct product of Lie algebras. Then
g = H 9(R®)(E|-1) ®C.

EeQ
Proof We should prove that for any indecomposable object X € ind R, ux € g. By the
Auslander-Reiten quiver of R, Homg (X,7X) = 0. So X is an exceptional object. By a proof
similar to that in [6, Proposition 8.2], X can be extended to a complete exceptional sequence X' =
(X1, X2,...,Xn), where X1 = X. Let £(X,TX) be the Lie subalgebra of [ pcq, 9(R®)(5-1)®C
generated by ux,,urx,, 1 <4 < n. Similar to that in [6, Proposition 8.3], L(X,TX) = g. Since
ux € L(X,TX), we have ux € g. O

Naturally g has the following grading
g= P s
a€Kp(R)

such that deg (ug,) = dimS; = ¢; and deg (urg,) = AimT'S; = —e¢;, where go is just h'.
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Let @ = Z". Define a functor Ig(—,—) : @ X Q — Z such that

IQ(O[,ﬁ) = q(CM—f—ﬂ) - C[(Oé) - q(ﬁ)a avB € Q

Obviously, Ig(—, —) is a symmetric bilinear form on @, and the matrix C in Lemma 2.1 is the

Gram matrix of Ig(—, —). The relationship between Ig(—,—) and Ir(—, —) is as follows.

Lemma 4.2 (1) Ir(hs,, hs,) =2 for any i = 1,2,...,n, and Ir(hs,, hs;) = —1 for |j —i| = 1,
and Ir(hs,,hs;) =0 for 1 < |j —i| <n—1, and Iz (hs,,hs;) =1 for |j —i| =n — 1.

(2) There exists a group isomorphism & : G(R) — @Q defined by hg, + €;, 1 <1i <n. And
under £ we have Ir(—,—) = Ig(—, —).

(3) For any indecomposable object X € R, q(dimX) = 1.

Proof (1) By the definition of root categories,

HOHIR(Si, Sj) = @ HOI’HDb(A)(Si,T2mSj) = @ EXt?\m(Sl, Sj),

m=1 m=1

HOIHR(SZ‘7TSJ') = @ Home(A)(Si,TQm—i_lSj) = @ EXtim+1(Si7Sj).
m=1 m=1

It is easy to see that proj.dimS; = 2 for i = 1, and proj.dimS; = 1 for 1 < ¢ < n, proj.dims,, = 0.
Similarly, inj.dimS; = 2 for j = n, inj.dimS; =1 for 1 < j < n, inj.dimS; = 0 for j = 1. Then
Ext?’(Si,Sj) = Ext4(5i,5'j) =..-=Ext"(5;,5;) =0for 1 <4i,j <n.Ifi#1, then proj.dims; <
1, Ext*(S;, S;) = 0. If j # n, then inj.dimS; < 1,Ext*(S;,S;) = 0. So Ext*(S;,S;) = 0 for
i # 1 or j # n. There is a long exact sequence 0 — S, - P, - P; — S; — 0, and so
Ext?(S1,S,) = Hom(S,, S,) = 1. Since Ext'(S;, S;) = Hom(P;41,S;) for 1<i<mn,1<j<
n, and Ext'(S,, S;) =0, we have
L, j—i=1
0, j—i#1.
Therefore, dimyHomg(S;,S;) = dimyHomgz(S;,T'S;) = 0 for any 1 < i < j < n, dimyHom
r(S;, TS;) = 1, dimpHomg (S;, S;) = 0 for j—i = 1, and dimzHomg (S1, S,,) = 1, dim;Homg (51,
TS,) =0. Then Ig(hs,,hs,) = dimyHomg (S1,5,) =1 = Cy,, and

Eth(Sia S]) = {

—dimkHomR(S’i,Sj) =-1, forj—i=1;

In(hs. hs ) =
r(hs;, hs; ) { —dimyHomg (S5}, 5;) = —1, fori—j=1.

Then Iz (hs,,hs;) = —1 for [j —i| = 1. And Ig(hs,,hs;) =0 for 1 <|j —i] <n —1. Then we
have Iz (hs;, hs;) = Cy; for i # j. For any i = 1,2,...,n, Ir(hs,, hs,) = 2 = Cy by Lemma 3.2.
(2) Tt is clear that & is an additive group isomorphism. By (1), the Gram matrix for the
symmetric Euler bilinear function Iz (—,—) is C. So Ig(—,—) = Io(—, ).
(3) q(dimX) = 115 (dimX) = Ig(dimX) = dim;Homg (X, X) — dim;Homg (X,TX). By
Lemma 3.2, q(dimX) =1. O

Theorem 4.3 Let g be the Ringel-Hall Lie algebra of the Nakayama algebra A in Section 3,
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0o (q) be the complex simple Lie algebra attached to the unit form q : Z"™ — Z,

n n—1
q(z) = fo - (Z xixi_l,_l) + X112
i=1 i=1

Then there is a Lie algebra isomorphism ¢ : goo(q) — g defined by

hi = hg,, 1<i<n,

ei—ug, 1<i<n,
e_i— —urs,, 1<i<n.

Proof We check the following equalities.

(1) [hs;,hs;] =0forall 1 <i,j <n.

(2) Forl <i<n,lhs,,us,] = Ir(hs,, hs;)us, = 2ug, = Cjyug, by Lemma 4.2. Fori # j, |j—
i| = 1, [hs,,us,] = Ir(hs,, hs,)us, = (=1)us, = Cyjus,, |hs,, —urs,| = —Ir(hs,, hrs,)urs, =
Iz (hs,, hs;)urs, = urs; = —Cij(—urs;). For 1 < |j—i| <n—1, [hs,,us;] = Ir(hs;, hs;)us, =
0 = Ous;, [hs,, —urs,] = —Ir(hs,, hrs;)urs; = 0. And |hs,,us,] = Ir(hs,,hs,)us, = us, =
Cinus,, .

(3) For1<i<mn, [us,,—urs] = g3 Since d(S;) =dimHomg (S(i), S(i)) = 1, we have
[us,, —urs,] = hs,. And [—urs,,us,] = —[us,, —urs;] = —hs,.

(4) It q(Z§=1 dj€i,) > 1 for §; = £1, 1 < j < t, then by Lemma 4.2(4), there is no
indecomposable object X in R with the vector dimension Z;zl dj€i;. Set ue, = ug,, and u_, =
—urs,, 1 <i <n. Then [use, ,Usye;ys---»Usie;,] = 0.

By the above (1)—(4), there exists a natural epimorphism ¢ from go(q) to g determined by
o(h;) = hs,, p(e;) = us,, ple—;) = —urs,,1 < i < n. Since goo(q) is a simple Lie algebra, we

have ker ¢ = 0, and so ¢ must be an isomorphism. O

5. Applications of the isomorphism theorem

In this section, as an application of the isomorphism theorem, we prove that there is a
bijection between the set of the indecomposable objects of the root category of the Nakayama
algebra and the set of the roots of the positive definite unit form. moreover, we determine the

Dynkin type, a root space decomposition and a Chevalley basis of the above simple Lie algebra.

Theorem 5.1 (1) Let A be the Nakayama algebra defined in Section 3 over a field k and R the
root category of A. Set q(z1,22,...,2,) =Y 1y 7 — (Z?:_ll TiTiy1) + T1Tp,

A = {(z1,29,...,7,) € Z"|q(x1, 29, ..., 2,) = 1}.

There is a bijection v : ind R — A defined by (M) = dim M. In other words, there is a
one-to-one correspondence between the indecomposable objects of the root category R and the
roots of the unit form q.

(2) The indecomposable object X with the dimensional vector —ei, —€s, ..., —€n_1, > o €

is mouth object in the Auslander-Reiten quiver of R.
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(3) 800(q) is a simple Lie algebra of type D,,, and g (q) has a root space decomposition

90o(1) = H & P (950(9))ars

acA
where H = @7, Ch;, dimg(geo(q))o = 1 for any a € A.

Proof (1) Let X € ind R. By Lemma 4.2(3), dim X # 0, and dim X € A. Thus the map
¥ is well-defined. Let @ € Z™ = G(R) with q(or) = 1. If X is an indecomposable object
with dimX = « in R, then by Proposition 4.1, ux € g. In fact, ux € go. By Theorem 4.3,
0 Hux) € goo(q))a- In the simple Lie algebra goo(q), dimc(geo(q))a < 1 for any 0 # o € Z".
Then the indecomposable object X in R such that dim X = « is unique. Thus % is injective.
Note that the cardinality |ind R| is 2n? — 2n, which is equal to the cardinality |A| by Lemma
2.1(3). Then 9 is bijective.

(2) At first we show that the indecomposable object X with the dimensional vector —¢; is a
mouth object in the Auslander-Reiten quiver of D?(A), others can be similarly proven. Let A be
the repetitive algebra of A. Then A is a self-injective algebra. Since the global dimension of A
is finite, then its stable module category modA as a triangulated category is triangle-equivalent
to D’(A). So from now on we think modA = D?(A). The vertices of ordinary quiver Q of A can
be denoted by i/, 1 < i < n, j € Z, such that for each j the full subquiver of Q consisting of
{19,27...,n7} coincides with the ordinary quiver of A with the same numbering vertices as in
Section 3. Note that the subalgebra determined by the full subquiver consisting of {1°,2°,... n%}
is A. Q is described as follows:

where the diagram is commutative, and any composition of n—1 arrows with a same direction

is zero, i.e., ajab---al,_; =0, for i € Z.
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Slo
Note that the indecomposable module : , which denotes the indecomposable object
S(n71)0
Si-1
with the simple composition factors Syo, Sa0, ..., S,_1y0, S1-1, is the projective cover of Syo, and

also the injective envelope of S;-1. In the Auslander-Reiten quiver of A, the inclusion

520 S]_O
N :
S(nfl)o S(nfl)o
Slfl Sl—l
is right almost split and is an irreducible morphism. Similarly, the canonical epimorphism
S
v Sho
—
Sin_1)0
; ) S(n71)0
1—1

is left almost split and is an irreducible morphism in the Auslander-Reiten quiver of A. Tt is easy

to see that there is a full subquiver

Slo

S 0
(n—=1)
So0 / Si-1 \

Sio
S 0
(n—1)
Si-1 / S(n_l)o
\ SQO
S(n—l)o
S.
Sho >
in the Auslander-Reiten quiver of A, where 7 : = : . Therefore, the image of
S 0
(n—1)
S(n—l)o Sy
Sao
in modA is a mouth object of the Auslander-Reiten quiver of D?(A) = mod A. There
S 0
(n—1)

Sy
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is an exact sequence,

SQO S]_O
0— : — : — S0 — 0,
S(nfl)0 S(nfl)0
Slfl Sl—l
S90
in the mod A, then the image of : in LM[\ is of the dimensional vector —e;. Similarly,
S(n_l)o
Si-1

we can prove that the object with the dimensional vector —es is a mouth object. Similarly, there

is a full subquiver
SQO

S o
S.o (n—1) \
fg / S7L054171 SQO

Sy
S
(n—1)9 S<n71)0
Sno Sl—l
Sy \ S0 / Sno 511
2 .
S(n_l)o
SpnoSy_1
S
Sho &
in the Auslander-Reiten quiver of A, where 7( : )= § (n10 Therefore, the image of
S "
(n—l)o SnOSl—l
Snosl—l
So-1
Ss0
Sin_1y0 in modA is a mouth object of the Auslander-Reiten quiver of D?(A) = mod A. And
SpoSi-1
So-1
there is an exact sequence
530 SQO
0— Sty 7 Sgere So0 =0

S,0S;-1 S,08;-1
5271 52—1
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S0

in the mod A, then the image of S in modA is of the dimensional vector —ey. Let M

,1)0
SpoSi-1
Sy

530

be the image of Sty - Then 7°M,0 < i < n — 3, are mouth objects in mod A. Because

S,0851-1
So-1
dimr'M = —€a1i, 0 < ¢ < n— 3, the indecomposable objects X with the dimensional vector
—€1,. .y —€p_1, Z?:z €; are mouth objects in the Auslander-Retein quiver of R .

(3) Let M; be the unique indecomposable object X with the dimensional vector —e,_; in
R, dimM; 1 = dim7*M;,1 < i <n — 3, M,,_; with the dimensional vector —e;, and M,, with
the dimensional vector €3 + €3 + - -+ + €,. From (2), we know that M;,1 < ¢ < n, are mouth

objects of in modA. We describe them in the Auslander-Reiten quiver of R as follows.

1]\41 T —(n— 4)]\41 (n— 3)M

JANSN N NSNS
NN NN NN\

/N/\/”\/\J\m/\/\
NSNS N NN NS

AYAVAWAN.VYAPN

NSNS NSNS

Figure 2 AR-quiver of R

My,

f

There is a slice L; > Lo — " L3 — > v — "L, 3 " Lpo "M, 1.
So A(n,n — 1) is a tilted algebra of type D,,, and so a piecewise hereditary algebra of type D,,.

As in Section 2, the simple Lie algebra g (q) has a root space decomposition

—Ho @ (9.(a))

acA’
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where H = @ ,Ch; is the Cartan subalgebra of g..(q), A’ is the root system of goo(q).
From the Auslander-Reiten quiver we know dimM; = —e¢,_1, diml, = dimr— ("2 0 =
(—€n_1)® ("2 = —¢; + ¢,. By computation, dimZ; = dimM; + dimMs + --- + dimM,,_; +
dimM,,. Since there is a distinguished triangle L; — M — S,_1 — TL; in R, we have
dimM = —e; + €41 + €. Then dimM = dimM, + dimM3 + --- + dimM,,_; + dimM,,. So
if X =3 e+ > k—ji1 €k, AimX can be written as dimX = 71, kodimM; with integral
coefficients k., all nonnegative. Similarly, dim7TL; = €1 —¢,, and dim7T' L1 = dimT M7 +dimT Ms+
-+ dimT'M,,_1 + dimTM,, = — >, dimM,. By computations, if Z = 22:1 €r — ZZ:;‘H €k,
dimZ can be written as dimZ = Z?:l k;@Ml with integral coefficients k; all nonpositive. By
computations, each root X can be written as dimX = Y7 | kodimM; with integral coefficients
k. all nonnegative or all nonpositive. So {M;|1 <4 < n} is a minimal generating subcategory of
R. By (1) we know {¢(M;)|1 < i < n} is a base of the root system A’, and ¥(M;), 1 <i < n,
are seemed as simple roots of A’. Set 7; = 1(M;),1 < i < n. In the Dynkin diagram I" of A’, for
i # j, m; is joined to m;, if and only if there is a distinguished triangle M; — N — M; — TM;
or M; - N — M; — TM; for NN'" € R, if and only if |i —j| = 1,1 < i < j < n-—1,
or z: Z’ ) j_: Z —% Thus the root system A’ is of Dynkin type D,. Therefore the
simple Lie algebra go(q) is of Dynkin type D,, and go.(q) is a simple Lie algebra of type D,
dimcgoo(q) = 2n%2 — n. So |A/| = 2n? — 2n = |A|. Since the root system A’ C A, we have
A" = A. Thus (3) holds. O

Corollary 5.2 There is a one-to-one correspondence between the objects of indA and the pos-

itive roots of A.

Proof Let AT be the set of the positive roots of A. By Lemma 2.1(3) AT = {¢]1 < i <
n} U {Zi:z ex]l < i< j<n}tU {22:1 ex|ll < i < n}, |AT] = % From Theorem 5.1,
there is an injective map % : ind A — AT defined by (M) = dim M. So ¥ (indA) C A™T. Since
[(indA)| = [indA| = 242=2 — |AT| we have ¢)(indA) = AT. Therefore, ¢ : indA — AT is
bijective. O

Lemma 5.3 (i) Assume that X is an indecomposable object of R with dimension vector
a=06(— 22:1 €r + ZZ:j+1 €x), where 1 < i < j <n. Then in the Ringel-Hall Lie algebra g,

" _{ (=)' [UTs,, UTS; 15+ s UT Sy U,y s -+ - WS,y US,, UTS, |, if 6 =1;
x =

(—1)’[usi,usi71, . ,US27UT5].+1,. .. ,uTSn717uTsn,usl], ifé=-1.

(ii) Assume that X' is an indecomposable object of R with dimension vector o = 6(22:1 €k),
where 1 < i < n. Then in the Ringel-Hall Lie algebra g, if § = 1, uy' = [ug,, sy, USs, - - -, US; 15
ug,|; if 6 = =1, ux: = [Urs,, UTSy, UT Sy - - - » UTS;_ 1> UTS,; ]

(iii) Assume that X" is an indecomposable object of R with dimension vector o = §( i:i €x),
where 1 < i < j < n. Then in the Ringel-Hall Lie algebra g, ux» = [urs,, Urs,, ;- --,UTs,_1,UTS,]

for 0 = —1; uxr = [us,, us, .- -,us,_,,us,] for § =1.
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Proof (i) Let L,,—1 = M,,_1, L, = M,,. As shown in Figure 2, there is a slice

L,

f

n—3 Ln72 Lnfl

Ll E— LQ E— L3 —_— 4>L

in the Auslander-Reiten quiver of R. By the structure of Auslander-Reiten quiver of R, we know
that diml,; = —e; + €,, and there is a distinguished triangle S,, — L; — T.S1 — TS, in R.
By the structure of Auslander-Reiten quiver of R, uy, = —[us,,urs,]. We can get an exact
sequence 0 — Ly — Ly — Sp—1 — 0, then up, = [us,_,,ur,] = —[us,_,,us,,urs,|. Similarly,
since 0 = L; = L;y1 — Sp—; — 0 is exact, we have

Ur; = _[usnﬂurnusnﬂwrzv s 7u5n7uTS1] (**)

for 1 < i < n — 2. For any indecomposable object N with dimension vector 6(— ZZ=1 €r +
D h—ji1 €k) or (= S ek) or 8(— S0 ex),d € {1, -1}, there is some m € {1,2,...,n} such
that Homg (N, L,,,) # 0 or Homg (T'N, L,,) # 0 or Hom(L,,, N) # 0 or Hom(L,,,TN) # 0, we
only prove (i) for the case Homg (N, Ly,) # 0. Let § =1, i.e., dimN = — 22:1 €k + D ki ks
1 <i< j < n.Choose 0 # f eHomg (N, L,,). We can construct a distinguished triangle N’ —
N — L, — TN’ in R. Since Hom,(L,,, TN) = 0 by the structure of R, we have by [11, Corollary
1.4], N’ is indecomposable, and so dimN’ € A. On the other hand, dimN’ = dimN — dimZL,,.
Since Hom(N, L,,,) # 0, then dimL,,, = —¢; +ZZ:J.+1 e for 2 < j < n.Infact, L,, = L,—;, then
dimN’' = — 22:2 e for 2 < i < n—1. Otherwise, dimN’ ¢ A, a contradiction. If dimN’' = —e,,

then dimL,, = —e; + ZZ:J»H €r, 2 < j < n. We can get an exact sequence 0 -+ N’ — N —
L., — 0. By the structure of Auslander-Reiten quiver of R, then un = [ur,,, un]. By Theorem
5.1, N' ~ TSy, uy = [ur,,,urs,]. By (), uy = (—1)2[uTS2,usj+l,...,usn,uTsl]. If dimN’ =
—eg — €3, there is an exact sequence 0 — T'S3 — N’ — TSy — 0, then un’ = [urs,, urs,]-
Therefore,
uy =[ur,,, un'] = [uL,, [urs,, urs,]]

= — [urs,, [urs,,ur, ] — [urs,, [vL,,, urs,]]

= — [ursy, [uL,., urs,]] = (=1)*[urs,, [urs,, ur,,]]

:(_1)3[UT5'3; uTSQ’ qu+17 LU 7US,17UT31]~
If dimN’ = — 37} _, ek, then we know un = (—1)/[urs,, Urs, 1s-- - UTSys US, 415 - - - > US, s UTS,
for diimN = =37, _ e + > 5 i, €. Next, for the case 6 = —1, ie, dimN = 37 e —
> h—ji1 €k 1 <i < j < n, wecan similarly obtain that uy = (1) [us,, g, 1. USy UTS, 415 - - -

urs, ,us,|. So (i) holds.
(ii) By the structure of Auslander-Reiten quiver of R, we know that if dimG = ¢;, dimH =
€;,_1, dim@Q = ¢; + €;_1, and there is an exact sequence 0 - G — @ — H — 0 in R,

then ug = [um,ug] = [us,_,,us;]. And if diml = ¢;_o,dimF = ¢ + ;1 + €2, we can
get an exact sequence 0 — @ — F — I — 0, then up = [us,ug)] = [us, ,,us, ,,us;]
By computation, ux: = [us, ,Us,, Usy, - - -, Us,_,,us,] for dimX’ = St ¢, Similarly, ux, =

. , i
[Urs,,Urs,, .., urs,_,,urs,] for dimX’ = =37 | €.
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(iii) Similarly to the (i), ux~ = [urs,,urs,,,,- - urs,_,,urs,;] for dimX" = —Zi:i €k,

— 3 " o__ J
uxr = [Us;, US, 5+ Us,_;,Us,;| for AmX" =377 e. O

Theorem 5.4 The Lie algebra g..(q) attached to the unit form

n n—1
_ 2
q(zy, T2,...,2,) = Ty — TiTit1 | + T1%p
i=1 i=1

has a basis
B={hi,exi|l <i<n}U{[e_i,e_(i—1)s---1€-2,€j41,.,€En_1,€n,e_1],
[eia €i—1,...,€2, 6,(j+1), sy ef(nfl)a €_n, 61“1 S 1 < ] S n— 1}U
{le—ise_(iq1)s---se—(g—1),e—jl; [€ir €iv1, - s ej1,65]|1 <i < j <nju
{ler,e2,...,ei—1,€i],[e_1,e_a, .. -76—(i—1),€—i]|1 <i<n}
Proof By the construction of g, g has a Chevalley basis B = {hg,|1 < i < n}U{upy|M € ind R}.
By Theorem 4.3, go.(q) has a Chevalley basis ¢! (B) = {h;|1 <i < n}U{p " (up)|M € ind R}.
If dimM = 4¢;,1 <4 < n, then o~ (up) = +eq;. Let dimM # +¢;,1 < i < n. Next we prove

in the following cases that for any M € indR, ¢~ !(uas) is a scalar multiplication of some element
in B.

Case 1 dimM = §(— Y. _, € + D heji1 €k)-

If 0 = 1 and 7 is odd, then by Lemma 5.2, ups = (—1)[urs,, urs, ;- TSy, US; 15+ - US, 15
us, ,urs,]. So o Huy) = —[—e_s, —€_(i=1)s -y —€2,€j 41y, Cn_1,Cn, —C_1] = (1) e_,,
€_(i=1)s--++€—2,€j41s - s En_1,€n,e_1]. If § = Land i is even, then ¢! (unr) = (—1)"le—i, e_;_1),
e €2, €441, €1, Eny €]

If § = —1, then ups = (—1)"[ug,, Us,_,, -, USy, UTS, 5 - - -, UTS, _, > UTS, , s, | by Lemma 5.2,
and s0 @~ Hunar) = (—1)"[€s, €i—1, - €2, —€_(jh1)s- -+ —€—(n_1)s —€—n, €1] = (=1)" 7T [e; 51,
€2, € (j41)s -+ €—(n—1), €—n,€1]. S0 if n — j is even, then o Hun) = (=1)es, €i-1, - - -, €2,
€_(j4+1)-+>€—(n—1)» €—n,e1], and if n—j is odd, then o Hup) = (=) es,ei1,. .., €0, e_(j+1)

ceey 6—(n—1)76—n7 61]'

Case 2 dimW = §(3%_, ex).

If § = 1, then uw = [us,,us,,.--,uUs,_,,us,;], S0 ¢ (uw) = [e1,e2,...,ei-1,¢;]. If § = —1,
then uy = [UTSUUTSza-~-aUTSi,17UTSi]a Y %0_1(UM) = [—6—1,—6—27~-~,—€7(i71)7—€—i] =
(—=1)[e_1,e_2,.. ye_(i—1),e—q|. If i is even, then o Hupr) = [e_1,e_a,.. Se_(i—1),e—i|. Ifiis

odd, then ¢~ (up) = —[e—1,e 9,...,e_(i_1),e_i].

Case 3 dimX = §(37_; ).

If 6 =1, then ux = [us,,us,,,,---,Us,_,,us,|, and o N ux) = lei, €41, ejo1,65]. 15 =
—1, then ux = [urs,, Urs,,,,---,UTS,_,,UTs,;]; SO o Hux) = [—e_s, —C_(i41)y > —C_(j—1)
—e_j] = (=1) " e, e_(it1), - - - e—(j—1), 6—j]. If j—i+1is odd, then o' (ux) = —[e_;, e_ (11,
oy (j—1),e—j]. If j —i+ 1is even, then o Hux) = le_i, € (i41)s - s €—(j—1)> €—j]-

So B is also a Chevalley basis of goo(q). O
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