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On Strongly J-Semiclean Rings
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Abstract We in this note introduce a new concept, so called strongly J-semiclean ring, that
is a generalization of strongly J-clean rings. We first observe the basic properties of strongly
J-semiclean rings, constructing typical examples. We next investigate conditions on a local ring
R that imply that the upper triangular matrix ring T, (R) is a strongly J-semiclean ring. Also,
the criteria on strong .J-semicleanness of 2 x 2 matrices in terms of a quadratic equation are
given. As a consequence, several known results relating to strongly J-clean rings are extended
to a more general setting.
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1. Introduction

Throughout this paper all rings R are associative with identity, and all modules are unitary
R-modules. Let R be a ring. We use N, U(R), J(R), T,(R) and M, (R) to represent the set
of all natural numbers, the set of units of R, the Jacobson radical of R, the ring of all upper
triangular matrices over R and the ring of all n x n matrices over R, respectively.

An element a € R is strongly clean provided that there exist an idempotent e? = e € R and
a unit u € U(R) such that « = e +u and eu = ue. A ring R is strongly clean in case every
element in R is strongly clean. Strong cleanness over commutative rings was extensively studied
by many authors from very different view points [1-8]. Replacing U(R) by J(R), in [9], Chen
paralleled to introduce the concept of strong J-cleanness. An element a € R is strongly J-clean
provided that there exist an idempotent e € R and an element w € J(R) such that a = e + w
and ew = we. A ring R is strongly J-clean in case every element in R is strongly J-clean. It was
shown in [9] that every strongly J-clean element is strongly clean, but the converse is not true
in general [9, Example 2.2]. For more details and properties of strongly J-clean rings [9,10].

In this note we continue the study of strongly J-clean rings. As a generalization of strongly J-
clean rings, we first introduce a notion of strongly J-semiclean rings and investigate its properties.
We next provide some necessary and sufficient conditions for the upper triangular matrix ring
T,.(R) over a local ring R to be strongly J-semiclean. Also, a criterion in terms of solvability of

a simple quadratic equation in R is obtained for M>(R) to be strongly J-semiclean.
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2. Examples

Let R be a ring. An element a € R is called a periodic element provided that there exist
two distinct positive integers m and n such that @™ = a™. Clearly, both nilpotent elements and
idempotents are periodic elements. A ring R is called a periodic ring if every element of R is a

periodic element.

Definition 2.1 Let R be a ring. An element a € R is strongly J-semiclean provided that there
exist a periodic element m € R and an element w € J(R) such that a = 7 +w and 7w = wr. A
ring R is strongly J-semiclean in case every element in R is strongly J-semiclean.

Clearly, every strongly J-clean ring is strongly J-semiclean. But the following example shows
that the converse is not true. Hence a strongly J-semiclean ring is not a trivial extension of a

strongly J-clean ring.

Example 2.2 Let Z, denote the ring of integers modulo p, where p is a prime number. Consider
the ring Z,[z]/(z"1), where (z"1) is the ideal generated by 2" !. Denote T in Z,[x]/(z"*1) by
u. Then Zy[z]/(z") = Zplu] = Zp + Zpu + Zpu® + - - - + Zpu™. Let f = ag+aru+---+a,u” €
Zyplu]. Since al = ag, aju+agu®+- - -+a,u™ € J(Z,[u]), we obtain that f is strongly J-semiclean.
Therefore, Z,[u] = Zy[z]/(x™ ) is a strongly J-semiclean ring.

Now we show that Z,[u] = Z,[z]/(z" ) is not a strongly J-clean ring when p # 2. Note that
the idempotent in Z,[u] = Z,[z]/(z"**) is 0 or 1. So for any g = by + byu + - - + byu™ € Zy[u]
with by # 0 and by # 1, we obtain that by + byu + -+ + b,u™ and by — 1 + byu + - - - + bu”
are units of Z,[u] = Z[z]/(z"*1). So g is not a sum of an idempotent e = e € Z,[u] and an
element w € J(Z,[u]). Hence g is not strongly J-clean. Therefore, Z,[u] = Z,[z]/(z" 1) is not

a strongly J-clean ring, as desired.
Proposition 2.3 Every strongly J-semiclean element is strongly clean.

Proof Let x € R be a strongly J-semiclean element. Then there exists a periodic element 7 € R
and an element w € J(R) such that + = 7 +w and 7w = wn. Let k and ! (k > [) be two distinct

positive integers such that 7% = 7!. Then we have

l k 1_k—l

b =k — k=l o 2(k=D) U 1(k—1-1) 1

=gt o
Thus 7t - 7tE=1=1 = 7l(k=1) gand 1 — 7/*=D are idempotents. Write z = 7 + w as
x=(1-m=Dy 7 — (1 —7l¢=Dy Lo,

Since
-1
[m—(1— ﬂ_l(k—l))][ﬂ_lflﬂl(kfl—l)ﬂl(k—l) _ (Z 7Ti)(1 _ ,n_l(lcfl))]
i=0
l
= [mTl(k—l) —(1-m(1- Wl(kfz))][71717#(197171)7#(1@71) _ ( wi) (1- wl(’“*l))]
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rlpl(k=1=1) 1(k=1) 4 (1— 7)1 - 7Tl(k—l)>
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= plh=0) o =) g (k=) g
-1
— [ﬂ_l—lﬂ_l(k—l—l)ﬂ,l(k—l) _ (Zﬂ_z) (1 _ 7_(_l(lc—l))][ﬂ_ _ (1 _ ﬂ_l(k—l))],
i=0
we obtain that 7 — (1 — 7/(*=0) is a unit in R and so is 7 — (1 — 7!*=0) 4+ w. Tt follows from

mw = wn that

(1—7*FNr — (1 —7F D) ) = [ — (1 — 7 FD) 4 w](1 — 7',
Hence z is a strongly clean element, as required. [J
Corollary 2.4 ([9, Proposition 2.1]) Every strongly J-clean element is strongly clean.
Proof The result follows from Proposition 2.3. [
Corollary 2.5 All strongly J-semiclean rings are strongly clean.

Proof It follows from Proposition 2.3. [J

The following example shows that the converse of Corollary 2.5 is not true.

Example 2.6 Let Q be the field of rational numbers. Then Q is strongly clean but not strongly
J-semiclean.

Recall that an element a € R is strongly semiclean if a = 7+ u, where 7 is a periodic element
in R and u is a unit in R such that 7u = uw. A ring R is a strongly semiclean ring if every

element in R is strongly semiclean [11].
Proposition 2.7 All strongly J-semiclean rings are strongly semiclean.

Proof For any z € R, there exist a periodic element 7 € R and an element w € J(R) such
that + — 1 = 7+ w and 7w = wnw. Then v = 7 + 1+ w. Clearly, 1 + w is a unit in R and
m(l1+w) = (1+w)w. So z is a strongly semiclean element. Therefore, R is a strongly semiclean
ring. [

From Proposition 2.7, one may suspect that that every strongly semiclean ring is strongly

J-semiclean. But the following example eliminates the possibility.

Example 2.8 Let R={" |m,n€Zand 7T{n} and G = {9,9%, 9>} be a cyclic group of order
3. Then by [12, Theorem 3.1], the group ring RG is a strongly semiclean ring. But it is shown
in [6] that RG is not clean and so RG is not strongly clean. So by Corollary 2.5, we obtain that

RG is not strongly J-semiclean.

Example 2.9 Here are some examples of strongly J-semiclean rings:

(1) Any factor ring of a strongly J-semiclean ring is strongly J-semiclean.

(2) A direct sum R = @& | R; of rings {R;} is strongly J-semiclean if and only if so is each
R;,1<i<n.

(3) RJx] is certainly never a strongly J-semiclean ring.

(4) Let R be a commutative ring. Then R[z]/(2™) is strongly J-semiclean if and only if so
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is R.
(5) Every power series ring over a strongly J-semiclean commutative ring is strongly J-

semiclean.

Proof (1) It is directly verified.

(2) Tt suffices to show that if Ry and Ry are strongly J-semiclean, then so is R; @ Ra.
Let z = (21,22) € Ry @ Ry, where 1 € Ry and x93 € Ry. For each i (1 < i < 2), write
x; = m + w;, where m; is a periodic element in R;, w; € J(R;) and mw; = w;m;. Then
x = (x1,22) = (m1,m2) + (w1, w2). Let k; and I; (k; > I; for each i = 1,2) be positive integers

such that 7§ = 7!t and 752 = 72, Then

v kv k1=l _2(ki—l1) _ by (ka—=l2)(ki—11)

My =T =TT =TTy = =TT )
and

lo _ ko _ _lo_ko—lo _ 1o _2(ka—l2) _ oy _(k1—l1)(ka—12)

Ty = Ty = Ty My = Ty T = =TSy .

Without loss of generality, we may assume that I; < ls. Then

lo Ui _lo—11 _ Iy _(ki=li)(ka—l2) _lo—11 _ _lo_(k1—l1)(ka—12)
rl2 = ghple=h = ghgl rle=h = plegl ’

and so (my,m)? = (7r1,wz)(kl_ll)(krl?)H? Thus (71, 72) is a periodic element in Ry @ Rs.
Clearly, (71, m2) (w1, w2) = (w1, ws)(71,m2) and (w1, ws) € J(R1 ® Rz). Hence z = (x1,x2) is
strongly J-semiclean in R; @ Rs. Therefore, R; & Rs is a strongly J-semiclean ring, as desired.

(3) It follows from the fact that R[z] is not strongly clean [9, Example 2.5].

(4) Tt is trivial.

(5) It is trivial. O

Corollary 2.10 Let R = @ ,R;. Then a = (z1,%2,...,2,) € R is a periodic element in R if

and only if each x; is a periodic element in R; (1 <i < n).

3. Elementary properties

Let I be an ideal of R. An element a € R is said to lift strongly modulo I, if, whenever
a™ — a" € I, there exists b° = b* € R such that b —a € I and ab = ba, where m, n, s, t € N and
m #n, s#t. Aring R is said to be a J-ring if every element in R lifts strongly modulo J(R).
Clearly, if a € R is strongly J-semiclean, then a lifts strongly modulo J(R).

Proposition 3.1 Let R = @®? | R;. Then R is a J-ring if and only if so is each R; (1 <i <n).

Proof It suffices to show that R = Ry & R is a J-ring if and only if Ry and Ry are J-rings.
Suppose that Ry @ Ry is a J-ring. Let x; € Ry be such that =5 — 2zt € J(R;) where s # t € N.
Then a = (21,0) € Ry & Ry and a® — a' = (2§ — 24,0) € J(R; @& Rs). So there exists a
periodic element m = (y1,y2) € R1 ® Ry such that a — 7 = (z1 — y1, —y2) € J(R1 ® Rp) and
ar = (2191,0) = ma = (y121,0). Thus 1 —y1 € J(R1), x1y1 = y121, and by Corollary 2.10, y;

is a periodic element in Ry. So R; is a J-ring. Similarly, we can show that Ry is a J-ring.
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Assume that both R; and Rs are J-rings. Let a = (x1,z2) € R1 ® Ry be such that a® — at €
J(R1 ® Rs) where s # t € N. Then we have 2§ — 2! € J(Ry) and 2§ — 2} € J(R2). So there
exist a periodic element m; € Ry and a periodic element w5 € Ry such that 1 — 7 € J(Ry),
Tg —mo € J(R2) and x1m = m1x1, oMo = Wake. Let m = (w1, 72). Then 7 is a periodic element
in Ry ® Ry, and a — 1 = (x1 — m1,22 — m2) € J(R1 ® Ry), am = wa. So a lifts strongly modulo
J(R1 ® Rs). Therefore, Ry @ R» is a J-ring. O

Proposition 3.2 Let R be a ring. If T,,(R) is a J-ring, then so is T,,(R) for each 1 < m < n.

all ai2 -+ Aim
Proof Let A= | ? ‘?.2.2 ooz ) € T,n(R) be such that A* — A* € J(T,,(R)) where s # t € N.
0 Amm
Then we have (A")* — (A’)t € J(T,,(R)), where
air a2 - Qim
0 ax - anm
Al = € T,,(R).
0 0 amm 0 0
0 0 +or e e o0

So there exists a periodic matrix

bll b12 e bln

B _ 0 by -+ Dby

0 0 - by, J
such that A’ — B’ € J(T,,(R)) and A'B’ = B’A’. Let
bir b2 - bim
0 by - bom
77l
0 0 - bym
Then B is a periodic upper triangular matrix in T;,(R), A — B € J(T,»(R)) and AB = BA.

Hence A lifts strongly modulo J(7,,(R)). Therefore, T,,(R) is a J-ring, as required. O

Proposition 3.3 Let A and B be rings and oVp a bimodule. Let R = (‘6‘ E) If R is a J-ring,
then so are A and B.

Proof By using the same way as the proof of Proposition 3.2, we complete the proof.

Proposition 3.4 Let R be a ring. If a € R lifts strongly modulo J(R), then the following
statements are equivalent:

(1) a is strongly J-semiclean;

(2) a* is strongly J-semiclean for any k € N;

(3) a* is strongly J-semiclean for some k € N.
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Proof (1)= (2). Suppose that a is strongly J-semiclean. Then there exist a periodic element
m € R and an element w € J(R) such that ¢ = 7 + w and 7w = wn. Then for any positive

integer k£ € N, we have
a* = (r4+w)* =78 + Olr* " Tw + C2 2w + - 4wk

where C} is the binomial coefficient. Since 7 is a periodic element, there exist two distinct
positive integers m and n such that 7™ = 7. Then (7%)™ = (7%)". So 7* is a periodic element.
Clearly, Cir* 1w 4+ C2r*—2w? + - - + wk € J(R), and 7% (Clrh~tw + CinF—2w? + - - - + k) =
(Clrb=lw + C2n*=2w? + - - + w®)7wk. Therefore, a” is strongly J-semiclean.

(2)= (3). It is trivial.

(3)= (1). Suppose that a* is strongly J-semiclean for some k € N. Then aF = (@) is a
periodic element in R/J(R), and so @ is a periodic element in R/J(R). Hence there exist some
s, t € N such that a® — a' € J(R). Since a lifts strongly modulo J(R), there exist a periodic
element b € R and an element j € J(R) such that a = b+ j and ab = ba. So bj = jb. Therefore,
a is strongly J-semiclean. [J

Proposition 3.5 Let R be a ring. Then the following statements are equivalent:
(1) R is a strongly J-semiclean ring;
(2) R/J(R) is a periodic ring and R is a J-ring.

Proof (1)= (2). It is trivial.

(2)= (1). Let z € R. Then T € R/J(R) is a periodic element. So there exist some k, | € N
such that 2 — 2! € J(R). By hypothesis, there exists some periodic element 7 € R such that
x—m € J(R) and xw = mx. Set w =2 — . Then z = 7+ w, w € J(R) and 7w = wr. Hence x

is strongly J-semiclean. Therefore, R is a strongly J-semiclean ring. [J]

Proposition 3.6 Let R be a strongly J-semiclean ring with 2 being an invertible element. Then

every element in R is a sum of two units.

Proof For any = € R, there exists a periodic element 7 € R and an element w € J(R) such
that 1 = 7+ w and mw = wr. According to [12, Lemma 5.1], there exist e*> = e € R and
u € U(R) such that m = e + u. Hence, x = 2e — 1 + 2u + 2w where 2e — 1 and 2u + 2w are units,
as required. [J

Let R be aring and let a € R. Let ann;(a) = {u € R | ua = 0} and ann,(a) = {u € R | au =

0}.

Proposition 3.7 Let R be a ring and let a = m + w be a strongly J-semiclean decomposition
of a in R. Then there exists some positive integer k € N such that ann;(a) C ann;(7*) and

ann,.(a) C ann,(7%).

Proof Let r € annj(a). Then ra = 0. Write a = m + w, where 7 is a periodic element in R,

w € J(R) and mw = ww. Then rm = —rw. Since 7 is a periodic element in R, by [13, Lemma

1], there exists some k € N such that 7% is an idempotent. Hence ra* = ra*nh = —rrbpk—Te.
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It follows that r7%(1 + 7% 1w) = 0 and so r7* = 0, that is, r € ann;(7*). Therefore, ann;(a) C

ann;(7*). A similar argument shows that ann,.(a) C ann,.(7*). O

Proposition 3.8 Let R be a ring, f € R an idempotent and a € fRf lifts strongly modulo
J(fRf). Then a is strongly J-semiclean in R if and only if a is strongly J-semiclean in fRf.

Proof Suppose that a is strongly J-semiclean in fRf. Then a = m + w, where 7 is a periodic
element in fRf and w € J(fRf) and 7w = wn. Obviously, w € fJ(R)f C J(R). Hence
a € fRf is strongly J-semiclean in R.

Conversely, assume that a € fRf is strongly J-semiclean in R. Then a = 7+ w, where 7 is a
periodic element in R, w € J(R) and mw = wn. By [13, Lemma 1], there exists some k € N such
that 7% = e is an idempotent. Thus a* = e+v where v = Clr* tw+CinF 2w+ .. +w* € J(R)
and ev = ve. So a® € fRf is strongly J-clean in R. By [9, Theorem 3.4], we obtain that a” is
strongly J-clean in fRf and so a* is strongly J-semiclean in fRf. Then by Proposition 3.4, a
is strongly J-semiclean in fRf. [

As is well known, every corner of a strongly clean ring is strongly clean [3, Theorem 2.4],
and every corner of a strongly J-clean ring is strongly J-clean [9, Corollary 3.5]. Analogously,

we can derive the following corollary.

Corollary 3.9 Let e € R be an idempotent and let eRe be a J-ring. If R is a strongly J-

semiclean ring, then so is eRe.

Proof Let a € eRe. As R is strongly J-semiclean, we see that a € eRe is strongly J-semiclean
in R. According to Proposition 3.8, a € eRe is strongly J-semiclean in eRe. Therefore, eRe is a

strongly J-semiclean ring. O

4. Triangular matrix ring

The main purpose of this section is to investigate the strongly .J-semicleanness of T),(R).
These results also hold for the ring of all lower triangular matrices by a similar route.
Let R be a ring, and let

a12 -+ Qin
O a ... G’QTL
Sn(R): |a7aij €ER,

0 0 a
al ag (479
0 -

Un(R) = “ fn—t |a; € R,1<i<n

O 0 a1

Then S, (R) and U, (R) are subrings of T,,(R) under usual matrix operations.

Proposition 4.1 Let R be a commutative ring. Then the following statements are equivalent:
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(1) R is a strongly J-semiclean ring;
(2) Sn(R) is a strongly J-semiclean ring;
(3) Un(R) is a strongly J-semiclean ring.

Proof (1)=-(2). Suppose that R is a strongly J-semiclean ring. Then for any

a Q12 - Q1n
0 a .o a‘27l

A= € Sp(R),
0 0o - a

there exist a periodic element 7 € R and an element w € J(R) such that ¢ = 7 4+ w. Let

O ... 0 w a12 CEEEEY aln
p_ 0 ™ - 0 W= 0 w - agp
0 0 --- 7 0 0 --- w

Then P is a periodic element in S,(R) and W € J(S,(R)). By the condition that R is a
commutative ring, we obtain that PW = WP. So A = P + W is a strongly J-semiclean
decomposition of A. Hence A is strongly J-semiclean in S,,(R). Therefore, S, (R) is a strongly
J-semiclean ring.

(2)= (1). Assume that S,(R) is a strongly J-semiclean ring. Let

0 a2 - a,
0 0 - ag,

Q= |aij€R
o 0 --- 0

Then @ is an ideal of S,,(R) and R = S,,(R)/Q. So by Example 2.9, R is strongly J-semiclean.
(1)< (3). The proof is similar to that of (1)< (2). O

Based on Proposition 4.1, we derive the following corollary.

Corollary 4.2 Let R be a commutative ring. Then the following statements are equivalent:
(1) R is a strongly J-semiclean ring;
(2) The trivial extension R R of R by R is a strongly J-semiclean ring.
Let R be a ring and let

a 0 O
W(R) = a1 a as3 | a,a;; € R
0 0 a

Then W(R) is a ring under usual matrix operations. By using the same way as the proof of

Proposition 4.1, we obtain the following proposition.

Proposition 4.3 Let R be a commutative ring. Then the following statements are equivalent:

(1) R is a strongly J-semiclean ring;
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(2) W(R) is a strongly J-semiclean ring.

Proposition 4.4 Let R be a ring. Then the following statements are equivalent:
(1) T,(R) is a strongly J-semiclean ring;
(2) T, (R) is a strongly J-semiclean ring for all 1 < m < n.

Proof (1)= (2). Suppose that T,,(R) is a strongly J-semiclean ring. Then by Proposition

3.5, T,(R) is a J-ring. In view of Proposition 3.2, T,,(R) is a J-ring for all 1 < m < n. Let

e = diag(1,1,...,1,0,...,0) € T,,(R). Then T,,(R) = eT,,(R)e. It follows from Corollary 3.9
———

that T, (R) is strongly J-semiclean for all 1 < m < n.
(2)= (1). It is trivial. O

Corollary 4.5 Let A and B be rings and 4Vp a bimodule. Let R = (6‘ g) If R is a strongly

J-semiclean ring, then so are A and B.

Proof By using the same way as the the proof of Proposition 4.4, we complete the proof. [J]
Let a € R, l, : R— R and 7, : R — R denote, respectively, the abelian group endo-
morphisms given by l,(r) = ar and r,(r) = ra for all r € R. Thus [, — 7 is an abelian group
endomorphism such that (I, —rp)(r) = ar —rb for any r € R. Following Diesl [4], a local ring R
is bleached provided that for any a € U(R), b € J(R), lo — 7, and I, — 7, are both surjective.

Lemma 4.6 Let R be a local ring, and suppose that A € T,,(R). Then for any set {e;;} of
idempotents in R such that e;; = ej; whenever la,, — r4;, is not a surjective abelian group
endomorphism of R, there exists an idempotent E € T, (R) such that AE = FA and E;; = ey
for any i € {1,2,...,n}.

Proof See [1, Lemma 7]. O

Proposition 4.7 Let R be a local ring, and let n > 2. Then the following statements are
equivalent:

(1) T,(R) is strongly J-semiclean;

(2) T,(R) is a J-ring, R is bleached and R/J(R) is a periodic ring.

Proof (1)= (2). Suppose that T}, (R) is strongly J-semiclean. In view of Proposition 3.5, T,,(R)
is a J-ring. According to Proposition 4.4, R is a strongly J-semiclean ring. Then it follows
from Proposition 3.5, R/J(R) is a periodic ring. Now we show that R is bleached. In view
of Proposition 4.4, T>(R) is strongly J-semiclean. Let a € U(R) and b € J(R). We will show
that I, —r, : R — R is surjective. For any v € R, it suffices to find some z € R such that
ar —xb=v. Let r = (8 Z) Since T»(R) is strongly J-semiclean, there exist a periodic element
™= (%) € T2(R), and an clement w € J(T3(R)) such that r = 7 + w and 7w = wm. So
rm = wr. Since R is a local ring, for periodic elements e, f € R, there exists some [ € N such
that ¢! = L or el =0 and f! =1 or f! = 0. As J(R) is a maximal ideal of R, R/J(R) is a
periodic ring implies that R/J(R) is a periodic field. So for a € U(R), there exists some m € N
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such that a™ € 1+ J(R). Thus we can find some k € N such that r* € (HJ(R) i ) and ¥ is

0 J(R)
0 =z 0 =z 1 =z 1 =z
oo/ \o 1)  \oo) \o1

Since r¥ — 7% = (ClrF =1 + CErF 2w+ -+ - + w* 1w € J(T2(R)), we have 7% = ({ &), otherwise

r* — 7k & J(Ty(R)). Tt follows from rm = mr that r7% = 7%r. Thus we deduce that ax — xb = v.

one of the following:

Thus I, — rp, : R — R is surjective. Analogously, we show that [, — r, : R — R is surjective.
Therefore, R is bleached.

(2)= (1). Let A = (ai;) € To(R). As R is a local ring and R/J(R) is a periodic ring,
there exists some k € N such that {a¥ |i=1,2,...,n} C J(R)U (1 + J(R)). In order to show
that A* is strongly J-semiclean, it suffices to construct a periodic element F € T, (R) such that
EAF = A*E and such that A¥ — E € J(T,(R)). Begin by constructing the main diagonal of
E. Set e; = 0 if af. € J(R), and set e;; = 1 otherwise. Thus af — e;; € J(R) for every i. If
eii 7 €j, then it must be the case (without loss of generality) that af; € U(R) and a¥; € J(R).
As R is bleached, lak Tak, : R — R is surjective. According to Lemma 4.6, there exists an
idempotent E € Tn(R) such that A*E = EA* and E;; = ey for every i € {1,2,...,n}. In
addition, A¥* — E € J(T,(R)). Hence A* is strongly J-clean and so A* is strongly .J-semiclean.
Since T, (R) is a J-ring, by Proposition 3.4, A is a strongly J-semiclean element. Therefore,
T,.(R) is a strongly J-semiclean ring. [

Corollary 4.8 Let R be a commutative local ring and let n > 2. Then the following statements
are equivalent:

(1) T,(R) is strongly J-semiclean;

(2) R/J(R) is a periodic ring and T, (R) is a J-ring.

Proof (1)= (2) is obvious from Proposition 4.7.
(2)= (1). As R is a commutative local ring, it is bleached. Therefore, the result follows from
Proposition 4.7. O

Corollary 4.9 Let R be a local ring. Then T5(R) is strongly J-semiclean if and only if:

(1) R/J(R) is a periodic ring and T>(R) is a J-ring,

(2) For any a € U(R), b € J(R) and v € R, there exists P, Q € U(T»(R)) such that
PH(55)P = (58) and Q71 (§2)Q = (82)-

Proof Suppose that T5(R) is strongly J-semiclean. By virtue of Proposition 4.7, To(R) is
a J-ring, R is bleached and R/J(R) is a periodic ring. Then by using the same way as the
proof of Corollary 4.6 in [9], it is easy to see that there exist P, Q@ € U(T32(R)) such that
PGP = (35) and Q1 (1)@ = (40).

Conversely, assume that (1) and (2) hold. Let A= (§}) € To(R

Case L. Both a and b are in J(R). Then (§}) € J(T2(R)) and so A = (§3) is strongly

J-semiclean.
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Case II. Both a and b are in U(R). Since R is a local ring and R/J(R) is a periodic ring, we
can find some k € N such that a* € 1+ J(R) and b* € 1 + J(R). Then it is easy to see that
AR = (§ g)’“ is strongly J-semiclean. As T»(R) is a J-ring, by Proposition 3.4, A = (§}) is
strongly J-semiclean.

Case III. @ € U(R) and b € J(R). Then there exists some P € U(T>(R)) such that
P7H(§3)P = (&9). As Tx(R) is a J-ring, by Proposition 3.2, R is a J-ring. Then by Propo-
sition 3.5, R is a strongly J-semiclean ring. Thus we have a periodic element 7 € R and an
element w € J(R) such that a« = 7 + w and 7w = wr. Then P~} ({1)P = (793) + (% 9),
andso (§3) =P(F5)P ' +P(¥9)P~1. Clearly, P(53)P~! is a periodic element in T5(R),
P(¥9)P~t € J(T»(R)) and

(™ %) pp( @ O Npap( @ O)pip( ™ O )t
00 0 b 0 b 00

Thus (§3) is a strongly J-semiclean element in T5(R).

Case IV. ¢ € J(R) and b € U(R). Then there exists some @Q € U(T2(R)) such that
Q! (8 2)@2(3 2). By using the same way as the proof of Case III, we can show that (8 z) is
strongly J-semiclean.

In any case, we conclude that A = (§}) is a strongly J-clean element. Therefore, T5(R) is

a strongly J-semiclean ring. [J

Proposition 4.10 Let A and B be local rings and 4Vp a bimodule. Let R = (‘6‘ g) Then
£ =(§1) € R is strongly J-semiclean if and only if :

(1) £ lifts strongly modulo J(R);

(2) There exist some s, t € N such that a® € J(A) and b* € J(B), or

(3) There exist some u, v € N and some invertible periodic elements p € A and q € B such
that a* € p+ J(A) and b¥ € ¢+ J(B), or

(4) There exist x € V, k € N and an invertible periodic element ¢ € A such that c(a*~1v +
a*=20b + - - + vb*71) = aFx — 2b* and that ca — a**t € J(A), b € J(B),a*c = ca*, or

(5) There exist y € V, | € N and an invertible periodic element d € A such that (a'~'v +
a'=2vb + -+ +vb'~)d = yb! — aly and that bd — b'*! € J(B), a € J(A),bld = db'.

Proof (=). Suppose that £ is strongly J-semiclean. Then £ lifts strongly modulo J(R).
If there exists some m € N such that £™ € J(R), then o™ € J(A), b™ € J(B) and so the
condition (2) holds. If there exist some invertible periodic elements p € A and ¢ € B, and a
positive integer n € N such that (82) — (8};)” € J(R), then a™ € p+ J(A), b™ € g+ J(B),
and so the condition (3) holds. Now we assume that for any m € N, £™ & J(R), and for any
invertible periodic elements p € A, ¢ € B, any n € N, (8 2) — £™ ¢ J(R). Since £ is strongly
J-semiclean, there exists some periodic element F = (8 7}’) € R such that £ — E € J(R) and
£FE = E£. Since FE is a periodic element in R, we obtain that e and f are periodic elements in
A and B, respectively. If both e and f are invertible periodic elements, then (§ %) — £ € J(R),
a contradiction. If both e and f are nilpotent elements, the E € J(R) and so £ € J(R), a
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contradiction. So e is an invertible periodic element in A and f is a nilpotent element in B,
or e is a nilpotent element in A and f is an invertible element in B. Firstly, we assume that
e is an invertible periodic element in A and f is a nilpotent element in B. It follows from
£ —E € J(R) that b € J(B). Let k € N be such that f* = 0. Then E¥ = (eokg) =(6%)
where ¢ = € is an invertible periodic element in A and z € V. It follows from £E = E£

that LPEF = ENLE. So (o tvrel bttt (§5) = (§) () o Tvret bttt

Thus c(a* ‘v + a*20b + - - + vb* 1) = a*2 — 2b* and a*c = ca®. Since £ — E € J(R) and
£LE = E£, there exists U € J(R) such that £ = E+ U and EU = UE. Then £F = EF + U’
where U’ = CLE*1U + C2E*~2U% + ... + U* € J(R). Hence e¥ — a* = ¢ — a* € J(A) and so

ca — ak*t1 € J(A). Secondly, assume that e is a nilpotent element in A and f is an invertible

element in B. Then similarly, we show that there exist y € V', [ € N and an invertible periodic
element d € A such that (a'~'v +a'~2vb+ - + vb!~1)d = yb' — a'y and that bd — b'*+* € J(B),
a € J(A), bld = db.

(«<=). Suppose that £ = (§}) € R lifts strongly modulo J(R).

Case 1. There exist some s, t € N such that a® € J(A) and b* € J(B). Then £5¢ = (“St bft) €
J(R) where x € V. Then £%¢ is strongly J-semiclean and so £ is strongly J-semiclean by
Proposition 3.4.

Case II. There exist some u, v € N and some invertible periodic elements p € A and ¢ € B
such that a* € p+ J(A) and b* € ¢+ J(B). Let k € N be such that p* = 14 and ¢* = 1p.
Then £"% = (§ Z)Wk = ("“uovk bj’f)k) =(§9)+ W’ where W’ € J(R) and z € V. Hence £""* is
strongly J-semiclean and so £ is strongly J-semiclean by Proposition 3.4.

Case III. There exist € V, k € N and an invertible periodic element ¢ € A such that
c(a* v +aF2vb+- - +ob* 1) = aFx — zb* and that ca—a*t! € J(A), b € J(B) and a*c = ca®.
Since J(A) is a maximal ideal of A, a € J(A) or ¢ — a* € J(A). If a € J(A), then £ € J(R)
and so £ is strongly J-semiclean. Now assume that ¢ —a* € J(A), b € J(B), a¥c = ca* and
c(a* o+ aF2vb+ - - +0bP 1) = aFz —2b”. Choose E = (§§). Since c is an invertible periodic
element, there exists I € N such that ¢/ = 14 and so E* = E'. Hence E is a periodic matrix in
R. Since £ — E € J(R) and £¥E = E£L*, we obtain that £* is strongly J-semiclean, and so £
is strongly J-semiclean.

Case IV. There exist y € V, I € N and an invertible periodic element d € A such that
(@ 1v 4+ a'2vb 4 --- + b~ Hd = y'b — a'y and that bd — b+ € J(B), a € J(A), db' = bld. By
using the same way as the proof of Case I1I, we can show that £ is strongly J-semiclean.

Therefore in any case, we conclude that £ € R is strongly J-semiclean. [J

Proposition 4.11 Let A and B be local rings and 4Vp a bimodule. Let R = (6‘ g) Then R
is strongly J-semiclean if and only if:

(1) R is a J-ring;

(2) Both A/J(A) and B/J(B) are periodic rings;

(3) Ifaely+ J(A),be J(B), and v € V, there exists x € V such that v = ax — xb.

Proof (=). Suppose that R is strongly J-semiclean. Then by Proposition 3.5, R is a J-
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ring. In view of Corollary 4.5, A and B are strongly J-semiclean rings. Then by Proposition
3.5, both A/J(A) and B/J(B) are periodic rings. Suppose that a € 14 + J(A), b € J(B), and
v € V. Then (8 g) € R is a strongly J-semiclean element in R. So there exists a periodic element
E=(§%)€ Rsuchthat (§§)—FE € J(R)and (§})E=E(§}). Since E is a periodic element
in R, we obtain that both e and f are periodic elements. If f is an invertible periodic element in B,
then b— f is an invertible element in B and so (§ § )—E & J(R), a contradiction. If e is a nilpotent
element in A, then a — e is an invertible element in A and so (§}) — E € J(R), a contradiction.
Hence e is an invertible periodic element in A and f is a nilpotent element in B. Let £ € N be
such that e¥ = 14 and f* = 0. Then EF = (164 "6) where z = e* lw+eF2wf+- - FwfFle V.
It follows from (§§)E = E(§y) that (§5)E* =E*(§%). Hence (§5) (¢ 2) = (% 2)(6%)-
Thus v = ax — xb.

(<). Suppose that the conditions (1), (2) and (3) are satisfied. Let (§}) € R. Since R is
a J-ring, by Proposition 3.3, A and B are J-rings. As both A/J(A) and B/J(B) are periodic
rings, we obtain that a € J(A) or a € p+ J(A), that b € J(B) or b € g + J(B), where p is an
invertible periodic element in A and ¢ is an invertible periodic element in B.

Casel.a € J(A)and b e J(B). Then (§}) € J(R),andso (§}) € Risstrongly J-semiclean.

Case Il. a € p+ J(A), b € ¢+ J(B), where p and ¢ are invertible periodic elements. Let
s € N be such that p* = 14 and ¢°* = 1. Then a® € 14 + J(A4) and ¢°* € 15 + J(B) and so
(1) = () (45 0, Do) hene (510« o, o) € )
Hence (8 }j)s is strongly J-semiclean and so (8 }j) is strongly J-semiclean.

Case III. a € p+ J(A), b € J(B) where p is an invertible periodic element. Let s € N be
such that p* = 14. Then a® € 14 + J(A), b* € J(B). Consider (8};)5 = (9 ;)’;) € R where
v = a* v+ a*2vb+ --- + vb°! € V. By hypothesis there exists some x € V such that
v =a*z —ab*. Let E = (' %). Then E is a periodic element in R, (§ Z)s — FE € J(R) and
(6 Z)SE =E(§ Z)S. Hence (§ Z)S is strongly J-semiclean and so () is strongly J-semiclean.

Case IV. a € J(A), b € g+ J(B), where ¢ is an invertible periodic element in B. Let
I € N be such that ¢/ = 15. Then a! € J(A), b € 15+ J(B), and so 14 —a' € 14 + J(A) and
1p—b' € J(B). Consider (§ }j)l = (%l gﬁ) € Rwhere u = a""'v+a'"2vb+---+vb ! € V. By the
hypothesis there exists z € V such that u = (14 —a' )z —z(15—b"), i.e., u = a'(—x) — (—2)b'. Let
E = ({17) € R. Then E is a periodic element in R, (§ E)I—E € J(R) and (§ }j)lE =E(§ g)l.
Hence (§ Z)l is strongly J-semiclean and so () is strongly J-semiclean. Therefore, R is a
strongly J-semiclean ring. O

Let R be a local ring. As an immediate consequence, we deduce that T»(R) is strongly J-

semiclean if and only if R is a J-ring, R/J(R) is a periodic ring and R is bleached.

Corollary 4.12 Let A and B be local rings and 4Vp a bimodule. Let R = (‘6‘ v ) Then R is
strongly J-semiclean if and only if:

(1) R is a J-ring;

(2) Both A/J(A) and B/J(B) are periodic rings;

(3) R is strongly clean.
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Proof According to [7, Example 2], R is strongly clean if and only if whenever a — 14 € J(A4),
be J(B),and v € V| there exists € V such that v = ax — xb. Therefore we complete the proof
by Proposition 4.11. [0

5. 2 X 2 matrix rings

The main purpose of this section is to investigate the strong J-semicleanness of a single 2 x 2

matrix over a commutative local rings.

Lemma 5.1 Let R be a commutative local ring, and let E € My(R) be a periodic matrix. Then
there exists some k € N such that E* is similar to a periodic diagonal matrix ({} ;)2), where f;

and fy are periodic elements in R.

Proof Since E is a periodic matrix, by [13, Lemma 1], there exists some k € N such that E¥ is

an idempoten [9, Lemma 5.1], we complete the proof. O

Proposition 5.2 Let R be a commutative local ring. Then A € My(R) is strongly J-semiclean
if and only if A lifts strongly modulo J(Ms(R)) and there exist some k, I, m € N and some
invertible periodic element p and q in R such that A* € J(My(R)), or pI, — Al € J(My(R)), or

A™ is similar to a matrix (q+dw1 £2 ), where Iy is the identity matrix of Ms(R) and w1, we € J(R).

Proof If either A*¥ € J(My(R)) or pIy — Al € J(M(R)) for some k, | € N and some invertible
periodic element p € R, then A* or A! is strongly J-semiclean, and so A is strongly J-semiclean
by Proposition 3.4. For wi, ws € J(R), (1™ 132) =(g9)+ (¢ ’U(J)2) is strongly J-semiclean.

Thus A™ is strongly J-semiclean and so A is strongly J-semiclean. Hence, one direction is

obvious.

Conversely, assume that A € Ms(R) is strongly J-semiclean. Then A lifts strongly modulo
J(M32(R)) and there exist a periodic matrix E € My(R) and a W € J(Mz(R)) such that
A= FE+W with EW = WE. Suppose that for any k, [ € N and any invertible periodic element
p € R, A* and ply — A! are not in J(My(R)). According to Lemma 5.1, there exist some ¢ € N
and J € GLy(R) such that JE'J 1 = (f01 ]?2), where f1, fo are periodic elements. If both
f1, f2 are nilpotent periodic elements, then there exists s € N such that f; = f§ = 0. Then

JEStJ1 = 0. Tt follows from A = E + W and EW = WE that
JAS T = J(CLES'W + CRE"2W? + ... + W*HJ 1 € J(Ms(R)).

Hence A%* € J(My(R)). This contradicts the hypothesis that for any k € N, A* is not in
J(M3(R)). If both f; and f, are invertible periodic elements, then there exists some u € N such
that fit = f& = 1 and so JE*'J~! = [5. Thus E% = I and so I — A = CL,E“=1W +
C2,E®=2W?2 + ... + W¥t € J(My(R)). This contradicts the fact that for any [ € N and any
invertible periodic element p € R, pIo—A' & J(M>(R)). Thus f; is an invertible periodic element,
f2 is a nilpotent periodic element, or f; is a nilpotent periodic element, f5 is an invertible periodic

element. So there exist some v, v’ € N such that JE®*J ! = (fof 8) or JE?J ! = (8 fi’]" ), where
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fi and fﬁ’/ are invertible periodic elements. Therefore there exist some m € N, H € GL2(R) and
some invertible periodic element ¢ € R such that HA™H ' = (¢ 8) + HW'H=!, where W' =
CLE™IW + CZE™2W?2 4+ .- + W™ € J(M3(R)). Set V = (v;;) = HW'H™! € J(M2(R)).
It follows from EW = WE that (g 8)V = V(g 8). Hence v13 = vo; = 0 and vy, vas € J(R).

Therefore A™ is similar to a matrix (q+0“’1 52

) where wy, we € J(R), ¢ is an invertible periodic
element. [J
Let R be a commutative local ring. Then M3 (R) is not strongly J-clean by [9, Corollary 5.4].

But the following example shows that this is not true for strongly J-semiclean rings.

Example 5.3 Let Z4 denote the ring of integers modulo 4. Then Z, is a commutative local
ring. Since M3(Z4) is a finite ring, each matrix in M(Z4) is a periodic matrix. Hence Mz (Zy)
is a strongly J-semiclean ring.

Based on Example 5.3, we obtain the following proposition.
Proposition 5.4 If R is a finite ring, then M, (R) is a strongly J-semiclean ring.

Lemma 5.5 Let R be a commutative local ring, and let A € My(R) be strongly J-semiclean.
Then there exist some k, I, m € N and some invertible periodic element p € R such that
Ak € J(My(R)), or pI, — A" € J(M(R)), or A™ is similar to a matrix (97), where X € J(R),
pel+ J(R).

Proof If for any k, I € N and any invertible periodic element p € R, A*¥ ¢ J(Mz(R)) and
ply, — AL ¢ J(Ms(R)), then it follows from Proposition 5.2 that there exist some s € N, some
P € GLy(R) and some invertible periodic element ¢ € R such that P~1ASP = (3 8) where
u € q+ J(R), v € J(R). Lett € N be such that ¢ = 1. Then u! € 1+ J(R), and so
P71AStP = (§ 3) where a =u' € 1+ J(R), B =v' € J(R). So a — 3 is an invertible element

in R. Note that (_16 _1") ( f?a_fé;l fg?a_fﬁ);l ) = ((1J (1))’ and

-8 -« a 0 (a—B)1t ala—p)"1t [0 —ap
11 0 8 )\ ~(a=p8)"" —Bla-p~" L atp )
Let m = st. Then A™ is similar to (), where A= —af € J(R), p=a+ €1+ J(R). O
Let R be a commutative ring with an identity, and let A = (a;;) € M2(R). Denote Tr(A) =
ay1 + age and det(A) = ajiage — ajzaz;. The following proposition shows that the strong J-

semicleanness of a 2 x 2 matrix over a commutative local ring can be characterize by a kind of

quadratic equation.

Proposition 5.6 Let R be a commutative local ring. Then the following statements are
equivalent:

(1) A€ Ms(R) is strongly J-semiclean.

(2) A lifts strongly modulo J(Mz(R)) and there exist some k, I, m € N and some invertible
periodic element p € R such that A* € J(My(R)), or pIo — Al € J(My(R)), or the equation
22 — TrA™z + detA™ = 0 has a root in J(R) and a root in 1 + J(R).
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Proof (1)= (2). Let A € M(R) be strongly J-semiclean. Then A lifts strongly modulo
J(Ms(R)). Assume that for any k, [ € N and any invertible periodic element p € R, A* ¢
J(Ms(R)) and pIy — A' ¢ J(M>(R)). In view of Lemma 5.5, there exists some m € N such that

A™ is similar to a matrix B = ({ f;), where A € J(R), p € 1+ J(R). By using the same way as

the proof of [9, Theorem 6.3], we obtain that the equation 2% — TrA™z + detA™ = 0 has a root
in J(R) and a root in 1+ J(R).

(2)= (1). Suppose that A € Ma(R) lifts strongly modulo J(R). If there exists some k, [ € N
and some invertible periodic element p € R such that A* € J(Ms(R)) or ply — Al € J(My(R)),
then A* or A! are strongly J-semiclean and so A is strongly J-semiclean. Otherwise, we obtain
that A™ ¢ J(Mz(R)) and Iy — A™ ¢ J(M3(R)) for all m € N. Then by [9, Theorem 6.3], we
obtain that A™ is strongly J-clean and so A™ is strongly J-semiclean. In view of Proposition

3.4, A is strongly J-semiclean, as desired. [J
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