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On Strongly J-Semiclean Rings

Lunqun OUYANG∗, Zhaoqing GONG

Department of Mathematics, Hunan University of Science and Technology, Hunan 411201, P. R. China

Abstract We in this note introduce a new concept, so called strongly J-semiclean ring, that

is a generalization of strongly J-clean rings. We first observe the basic properties of strongly

J-semiclean rings, constructing typical examples. We next investigate conditions on a local ring

R that imply that the upper triangular matrix ring Tn(R) is a strongly J-semiclean ring. Also,

the criteria on strong J-semicleanness of 2 × 2 matrices in terms of a quadratic equation are

given. As a consequence, several known results relating to strongly J-clean rings are extended

to a more general setting.
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1. Introduction

Throughout this paper all rings R are associative with identity, and all modules are unitary

R-modules. Let R be a ring. We use N, U(R), J(R), Tn(R) and Mn(R) to represent the set

of all natural numbers, the set of units of R, the Jacobson radical of R, the ring of all upper

triangular matrices over R and the ring of all n× n matrices over R, respectively.

An element a ∈ R is strongly clean provided that there exist an idempotent e2 = e ∈ R and

a unit u ∈ U(R) such that a = e + u and eu = ue. A ring R is strongly clean in case every

element in R is strongly clean. Strong cleanness over commutative rings was extensively studied

by many authors from very different view points [1–8]. Replacing U(R) by J(R), in [9], Chen

paralleled to introduce the concept of strong J-cleanness. An element a ∈ R is strongly J-clean

provided that there exist an idempotent e ∈ R and an element w ∈ J(R) such that a = e + w

and ew = we. A ring R is strongly J-clean in case every element in R is strongly J-clean. It was

shown in [9] that every strongly J-clean element is strongly clean, but the converse is not true

in general [9, Example 2.2]. For more details and properties of strongly J-clean rings [9, 10].

In this note we continue the study of strongly J-clean rings. As a generalization of strongly J-

clean rings, we first introduce a notion of strongly J-semiclean rings and investigate its properties.

We next provide some necessary and sufficient conditions for the upper triangular matrix ring

Tn(R) over a local ring R to be strongly J-semiclean. Also, a criterion in terms of solvability of

a simple quadratic equation in R is obtained for M2(R) to be strongly J-semiclean.
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2. Examples

Let R be a ring. An element a ∈ R is called a periodic element provided that there exist

two distinct positive integers m and n such that am = an. Clearly, both nilpotent elements and

idempotents are periodic elements. A ring R is called a periodic ring if every element of R is a

periodic element.

Definition 2.1 Let R be a ring. An element a ∈ R is strongly J-semiclean provided that there

exist a periodic element π ∈ R and an element w ∈ J(R) such that a = π + w and πw = wπ. A

ring R is strongly J-semiclean in case every element in R is strongly J-semiclean.

Clearly, every strongly J-clean ring is strongly J-semiclean. But the following example shows

that the converse is not true. Hence a strongly J-semiclean ring is not a trivial extension of a

strongly J-clean ring.

Example 2.2 Let Zp denote the ring of integers modulo p, where p is a prime number. Consider

the ring Zp[x]/(x
n+1), where (xn+1) is the ideal generated by xn+1. Denote x in Zp[x]/(x

n+1) by

u. Then Zp[x]/(x
n+1) = Zp[u] = Zp +Zpu+Zpu

2 + · · ·+Zpu
n. Let f = a0 + a1u+ · · ·+ anu

n ∈
Zp[u]. Since a

p
0 = a0, a1u+a2u

2+· · ·+anu
n ∈ J(Zp[u]), we obtain that f is strongly J-semiclean.

Therefore, Zp[u] = Zp[x]/(x
n+1) is a strongly J-semiclean ring.

Now we show that Zp[u] = Zp[x]/(x
n+1) is not a strongly J-clean ring when p ̸= 2. Note that

the idempotent in Zp[u] = Zp[x]/(x
n+1) is 0 or 1. So for any g = b0 + b1u+ · · ·+ bnu

n ∈ Zp[u]

with b0 ̸= 0 and b0 ̸= 1, we obtain that b0 + b1u + · · · + bnu
n and b0 − 1 + b1u + · · · + bnu

n

are units of Zp[u] = Zp[x]/(x
n+1). So g is not a sum of an idempotent e2 = e ∈ Zp[u] and an

element w ∈ J(Zp[u]). Hence g is not strongly J-clean. Therefore, Zp[u] = Zp[x]/(x
n+1) is not

a strongly J-clean ring, as desired.

Proposition 2.3 Every strongly J-semiclean element is strongly clean.

Proof Let x ∈ R be a strongly J-semiclean element. Then there exists a periodic element π ∈ R

and an element w ∈ J(R) such that x = π+w and πw = wπ. Let k and l (k > l) be two distinct

positive integers such that πk = πl. Then we have

πl = πk = πlπk−l = πlπ2(k−l) = · · · = πl · πl(k−l−1) · πl.

Thus πl · πl(k−l−1) = πl(k−l) and 1− πl(k−l) are idempotents. Write x = π + w as

x = (1− πl(k−l)) + π − (1− πl(k−l)) + w.

Since

[π − (1− πl(k−l))][πl−1πl(k−l−1)πl(k−l) − (
l−1∑
i=0

πi)(1− πl(k−l))]

= [ππl(k−l) − (1− π)(1− πl(k−l))][πl−1πl(k−l−1)πl(k−l) −
( l−1∑

i=0

πi
)
(1− πl(k−l))]

= πlπl(k−l−1)πl(k−l) + (1− πl)(1− πl(k−l))
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= πl(k−l) + 1− πl(k−l) − πl + πlπl(k−l) = 1

= [πl−1πl(k−l−1)πl(k−l) −
( l−1∑

i=0

πi
)
(1− πl(k−l))][π − (1− πl(k−l))],

we obtain that π − (1 − πl(k−l)) is a unit in R and so is π − (1 − πl(k−l)) + w. It follows from

πw = wπ that

(1− πl(k−l))[π − (1− πl(k−l)) + w] = [π − (1− πl(k−l)) + w](1− πl(k−l)).

Hence x is a strongly clean element, as required. �

Corollary 2.4 ([9, Proposition 2.1]) Every strongly J-clean element is strongly clean.

Proof The result follows from Proposition 2.3. �

Corollary 2.5 All strongly J-semiclean rings are strongly clean.

Proof It follows from Proposition 2.3. �
The following example shows that the converse of Corollary 2.5 is not true.

Example 2.6 Let Q be the field of rational numbers. Then Q is strongly clean but not strongly

J-semiclean.

Recall that an element a ∈ R is strongly semiclean if a = π+u, where π is a periodic element

in R and u is a unit in R such that πu = uπ. A ring R is a strongly semiclean ring if every

element in R is strongly semiclean [11].

Proposition 2.7 All strongly J-semiclean rings are strongly semiclean.

Proof For any x ∈ R, there exist a periodic element π ∈ R and an element w ∈ J(R) such

that x − 1 = π + w and πw = wπ. Then x = π + 1 + w. Clearly, 1 + w is a unit in R and

π(1 +w) = (1 +w)π. So x is a strongly semiclean element. Therefore, R is a strongly semiclean

ring. �
From Proposition 2.7, one may suspect that that every strongly semiclean ring is strongly

J-semiclean. But the following example eliminates the possibility.

Example 2.8 Let R = {m
n | m,n ∈ Z and 7 - n} and G = {g, g2, g3} be a cyclic group of order

3. Then by [12, Theorem 3.1], the group ring RG is a strongly semiclean ring. But it is shown

in [6] that RG is not clean and so RG is not strongly clean. So by Corollary 2.5, we obtain that

RG is not strongly J-semiclean.

Example 2.9 Here are some examples of strongly J-semiclean rings:

(1) Any factor ring of a strongly J-semiclean ring is strongly J-semiclean.

(2) A direct sum R = ⊕n
i=1Ri of rings {Ri} is strongly J-semiclean if and only if so is each

Ri, 1 ≤ i ≤ n.

(3) R[x] is certainly never a strongly J-semiclean ring.

(4) Let R be a commutative ring. Then R[x]/(xn) is strongly J-semiclean if and only if so



354 Lunqun OUYANG and Zhaoqing GONG

is R.

(5) Every power series ring over a strongly J-semiclean commutative ring is strongly J-

semiclean.

Proof (1) It is directly verified.

(2) It suffices to show that if R1 and R2 are strongly J-semiclean, then so is R1 ⊕ R2.

Let x = (x1, x2) ∈ R1 ⊕ R2, where x1 ∈ R1 and x2 ∈ R2. For each i (1 ≤ i ≤ 2), write

xi = πi + wi, where πi is a periodic element in Ri, wi ∈ J(Ri) and πiwi = wiπi. Then

x = (x1, x2) = (π1, π2) + (w1, w2). Let ki and li (ki > li for each i = 1, 2) be positive integers

such that πk1
1 = πl1

1 and πk2
2 = πl2

2 . Then

πl1
1 = πk1

1 = πl1
1 πk1−l1

1 = πl1
1 π

2(k1−l1)
1 = · · · = πl1

1 π
(k2−l2)(k1−l1)
1 ,

and

πl2
2 = πk2

2 = πl2
2 πk2−l2

2 = πl2
2 π

2(k2−l2)
2 = · · · = πl2

2 π
(k1−l1)(k2−l2)
2 .

Without loss of generality, we may assume that l1 < l2. Then

πl2
1 = πl1

1 πl2−l1
1 = πl1

1 π
(k1−l1)(k2−l2)
1 πl2−l1

1 = πl2
1 π

(k1−l1)(k2−l2)
1 ,

and so (π1, π2)
l2 = (π1, π2)

(k1−l1)(k2−l2)+l2 . Thus (π1, π2) is a periodic element in R1 ⊕ R2.

Clearly, (π1, π2)(w1, w2) = (w1, w2)(π1, π2) and (w1, w2) ∈ J(R1 ⊕ R2). Hence x = (x1, x2) is

strongly J-semiclean in R1 ⊕R2. Therefore, R1 ⊕R2 is a strongly J-semiclean ring, as desired.

(3) It follows from the fact that R[x] is not strongly clean [9, Example 2.5].

(4) It is trivial.

(5) It is trivial. �

Corollary 2.10 Let R = ⊕n
i=1Ri. Then a = (x1, x2, . . . , xn) ∈ R is a periodic element in R if

and only if each xi is a periodic element in Ri (1 ≤ i ≤ n).

3. Elementary properties

Let I be an ideal of R. An element a ∈ R is said to lift strongly modulo I, if, whenever

am − an ∈ I, there exists bs = bt ∈ R such that b− a ∈ I and ab = ba, where m, n, s, t ∈ N and

m ̸= n, s ̸= t. A ring R is said to be a J-ring if every element in R lifts strongly modulo J(R).

Clearly, if a ∈ R is strongly J-semiclean, then a lifts strongly modulo J(R).

Proposition 3.1 Let R = ⊕n
i=1Ri. Then R is a J-ring if and only if so is each Ri (1 ≤ i ≤ n).

Proof It suffices to show that R = R1 ⊕ R2 is a J-ring if and only if R1 and R2 are J-rings.

Suppose that R1 ⊕ R2 is a J-ring. Let x1 ∈ R1 be such that xs
1 − xt

1 ∈ J(R1) where s ̸= t ∈ N.
Then a = (x1, 0) ∈ R1 ⊕ R2 and as − at = (xs

1 − xt
1, 0) ∈ J(R1 ⊕ R2). So there exists a

periodic element π = (y1, y2) ∈ R1 ⊕ R2 such that a − π = (x1 − y1,−y2) ∈ J(R1 ⊕ R2) and

aπ = (x1y1, 0) = πa = (y1x1, 0). Thus x1 − y1 ∈ J(R1), x1y1 = y1x1, and by Corollary 2.10, y1

is a periodic element in R1. So R1 is a J-ring. Similarly, we can show that R2 is a J-ring.
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Assume that both R1 and R2 are J-rings. Let a = (x1, x2) ∈ R1 ⊕R2 be such that as − at ∈
J(R1 ⊕ R2) where s ̸= t ∈ N. Then we have xs

1 − xt
1 ∈ J(R1) and xs

2 − xt
2 ∈ J(R2). So there

exist a periodic element π1 ∈ R1 and a periodic element π2 ∈ R2 such that x1 − π1 ∈ J(R1),

x2 − π2 ∈ J(R2) and x1π1 = π1x1, x2π2 = π2x2. Let π = (π1, π2). Then π is a periodic element

in R1 ⊕ R2, and a− π = (x1 − π1, x2 − π2) ∈ J(R1 ⊕ R2), aπ = πa. So a lifts strongly modulo

J(R1 ⊕R2). Therefore, R1 ⊕R2 is a J-ring. �

Proposition 3.2 Let R be a ring. If Tn(R) is a J-ring, then so is Tm(R) for each 1 ≤ m ≤ n.

Proof Let A =

( a11 a12 ··· a1m
0 a22 ··· a2m
··· ··· ··· ···
0 0 ··· amm

)
∈ Tm(R) be such that As −At ∈ J(Tm(R)) where s ̸= t ∈ N.

Then we have (A′)s − (A′)t ∈ J(Tn(R)), where

A′ =



a11 a12 · · · a1m 0 · · · 0

0 a22 · · · a2m 0 · · · 0

· · · · · · · · · · · · · · · · · · · · ·
0 0 · · · amm 0 · · · 0

· · · · · · · · · · · · · · · · · · · · ·
0 0 · · · · · · · · · · · · 0


∈ Tn(R).

So there exists a periodic matrix

B′ =


b11 b12 · · · b1n

0 b22 · · · b2n

· · · · · · · · · · · ·
0 0 · · · bnn

 ∈ Tn(R)

such that A′ −B′ ∈ J(Tn(R)) and A′B′ = B′A′. Let

B =


b11 b12 · · · b1m

0 b22 · · · b2m

· · · · · · · · · · · ·
0 0 · · · bmm

 ∈ Tm(R).

Then B is a periodic upper triangular matrix in Tm(R), A − B ∈ J(Tm(R)) and AB = BA.

Hence A lifts strongly modulo J(Tm(R)). Therefore, Tm(R) is a J-ring, as required. �

Proposition 3.3 Let A and B be rings and AVB a bimodule. Let R =
(
A V
0 B

)
. If R is a J-ring,

then so are A and B.

Proof By using the same way as the proof of Proposition 3.2, we complete the proof. �

Proposition 3.4 Let R be a ring. If a ∈ R lifts strongly modulo J(R), then the following

statements are equivalent:

(1) a is strongly J-semiclean;

(2) ak is strongly J-semiclean for any k ∈ N;
(3) ak is strongly J-semiclean for some k ∈ N.
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Proof (1)⇒ (2). Suppose that a is strongly J-semiclean. Then there exist a periodic element

π ∈ R and an element w ∈ J(R) such that a = π + w and πw = wπ. Then for any positive

integer k ∈ N, we have

ak = (π + w)k = πk + C1
kπ

k−1w + C2
kπ

k−2w2 + · · ·+ wk

where Ci
k is the binomial coefficient. Since π is a periodic element, there exist two distinct

positive integers m and n such that πm = πn. Then (πk)m = (πk)n. So πk is a periodic element.

Clearly, C1
kπ

k−1w +C2
kπ

k−2w2 + · · ·+wk ∈ J(R), and πk(C1
kπ

k−1w +C2
kπ

k−2w2 + · · ·+wk) =

(C1
kπ

k−1w + C2
kπ

k−2w2 + · · ·+ wk)πk. Therefore, ak is strongly J-semiclean.

(2)⇒ (3). It is trivial.

(3)⇒ (1). Suppose that ak is strongly J-semiclean for some k ∈ N. Then ak = (a)k is a

periodic element in R/J(R), and so a is a periodic element in R/J(R). Hence there exist some

s, t ∈ N such that as − at ∈ J(R). Since a lifts strongly modulo J(R), there exist a periodic

element b ∈ R and an element j ∈ J(R) such that a = b+ j and ab = ba. So bj = jb. Therefore,

a is strongly J-semiclean. �

Proposition 3.5 Let R be a ring. Then the following statements are equivalent:

(1) R is a strongly J-semiclean ring;

(2) R/J(R) is a periodic ring and R is a J-ring.

Proof (1)⇒ (2). It is trivial.

(2)⇒ (1). Let x ∈ R. Then x ∈ R/J(R) is a periodic element. So there exist some k, l ∈ N
such that xk − xl ∈ J(R). By hypothesis, there exists some periodic element π ∈ R such that

x− π ∈ J(R) and xπ = πx. Set w = x− π. Then x = π + w, w ∈ J(R) and πw = wπ. Hence x

is strongly J-semiclean. Therefore, R is a strongly J-semiclean ring. �

Proposition 3.6 Let R be a strongly J-semiclean ring with 2 being an invertible element. Then

every element in R is a sum of two units.

Proof For any x ∈ R, there exists a periodic element π ∈ R and an element w ∈ J(R) such

that x+1
2 = π + w and πw = wπ. According to [12, Lemma 5.1], there exist e2 = e ∈ R and

u ∈ U(R) such that π = e+ u. Hence, x = 2e− 1+ 2u+2w where 2e− 1 and 2u+2w are units,

as required. �
Let R be a ring and let a ∈ R. Let annl(a) = {u ∈ R | ua = 0} and annr(a) = {u ∈ R | au =

0}.

Proposition 3.7 Let R be a ring and let a = π + w be a strongly J-semiclean decomposition

of a in R. Then there exists some positive integer k ∈ N such that annl(a) ⊆ annl(π
k) and

annr(a) ⊆ annr(π
k).

Proof Let r ∈ annl(a). Then ra = 0. Write a = π + w, where π is a periodic element in R,

w ∈ J(R) and πw = wπ. Then rπ = −rw. Since π is a periodic element in R, by [13, Lemma

1], there exists some k ∈ N such that πk is an idempotent. Hence rπk = rπkπk = −rπkπk−1w.
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It follows that rπk(1 + πk−1w) = 0 and so rπk = 0, that is, r ∈ annl(π
k). Therefore, annl(a) ⊆

annl(π
k). A similar argument shows that annr(a) ⊆ annr(π

k). �

Proposition 3.8 Let R be a ring, f ∈ R an idempotent and a ∈ fRf lifts strongly modulo

J(fRf). Then a is strongly J-semiclean in R if and only if a is strongly J-semiclean in fRf .

Proof Suppose that a is strongly J-semiclean in fRf . Then a = π + w, where π is a periodic

element in fRf and w ∈ J(fRf) and πw = wπ. Obviously, w ∈ fJ(R)f ⊆ J(R). Hence

a ∈ fRf is strongly J-semiclean in R.

Conversely, assume that a ∈ fRf is strongly J-semiclean in R. Then a = π+w, where π is a

periodic element in R, w ∈ J(R) and πw = wπ. By [13, Lemma 1], there exists some k ∈ N such

that πk = e is an idempotent. Thus ak = e+v where v = C1
kπ

k−1w+C2
kπ

k−2w2+· · ·+wk ∈ J(R)

and ev = ve. So ak ∈ fRf is strongly J-clean in R. By [9, Theorem 3.4], we obtain that ak is

strongly J-clean in fRf and so ak is strongly J-semiclean in fRf . Then by Proposition 3.4, a

is strongly J-semiclean in fRf . �
As is well known, every corner of a strongly clean ring is strongly clean [3, Theorem 2.4],

and every corner of a strongly J-clean ring is strongly J-clean [9, Corollary 3.5]. Analogously,

we can derive the following corollary.

Corollary 3.9 Let e ∈ R be an idempotent and let eRe be a J-ring. If R is a strongly J-

semiclean ring, then so is eRe.

Proof Let a ∈ eRe. As R is strongly J-semiclean, we see that a ∈ eRe is strongly J-semiclean

in R. According to Proposition 3.8, a ∈ eRe is strongly J-semiclean in eRe. Therefore, eRe is a

strongly J-semiclean ring. �

4. Triangular matrix ring

The main purpose of this section is to investigate the strongly J-semicleanness of Tn(R).

These results also hold for the ring of all lower triangular matrices by a similar route.

Let R be a ring, and let

Sn(R) =




a a12 · · · a1n

0 a · · · a2n

· · · · · · · · · · · ·
0 0 · · · a

 | a, aij ∈ R

 ,

Un(R) =




a1 a2 · · · an

0 a1 · · · an−1

· · · · · · · · · · · ·
0 0 · · · a1

 | ai ∈ R, 1 ≤ i ≤ n

 .

Then Sn(R) and Un(R) are subrings of Tn(R) under usual matrix operations.

Proposition 4.1 Let R be a commutative ring. Then the following statements are equivalent:
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(1) R is a strongly J-semiclean ring;

(2) Sn(R) is a strongly J-semiclean ring;

(3) Un(R) is a strongly J-semiclean ring.

Proof (1)⇒(2). Suppose that R is a strongly J-semiclean ring. Then for any

A =


a a12 · · · a1n

0 a · · · a2n

· · · · · · · · · · · ·
0 0 · · · a

 ∈ Sn(R),

there exist a periodic element π ∈ R and an element w ∈ J(R) such that a = π + w. Let

P =


π 0 · · · 0

0 π · · · 0

· · · · · · · · · · · ·
0 0 · · · π

 , W =


w a12 · · · a1n

0 w · · · a2n

· · · · · · · · · · · ·
0 0 · · · w

 .

Then P is a periodic element in Sn(R) and W ∈ J(Sn(R)). By the condition that R is a

commutative ring, we obtain that PW = WP . So A = P + W is a strongly J-semiclean

decomposition of A. Hence A is strongly J-semiclean in Sn(R). Therefore, Sn(R) is a strongly

J-semiclean ring.

(2)⇒ (1). Assume that Sn(R) is a strongly J-semiclean ring. Let

Q =




0 a12 · · · a1n

0 0 · · · a2n

· · · · · · · · · · · ·
0 0 · · · 0

 | aij ∈ R

 .

Then Q is an ideal of Sn(R) and R ∼= Sn(R)/Q. So by Example 2.9, R is strongly J-semiclean.

(1)⇔ (3). The proof is similar to that of (1)⇔ (2). �
Based on Proposition 4.1, we derive the following corollary.

Corollary 4.2 Let R be a commutative ring. Then the following statements are equivalent:

(1) R is a strongly J-semiclean ring;

(2) The trivial extension R ◃▹ R of R by R is a strongly J-semiclean ring.

Let R be a ring and let

W (R) =


 a 0 0

a21 a a23

0 0 a

 | a, aij ∈ R

 .

Then W (R) is a ring under usual matrix operations. By using the same way as the proof of

Proposition 4.1, we obtain the following proposition.

Proposition 4.3 Let R be a commutative ring. Then the following statements are equivalent:

(1) R is a strongly J-semiclean ring;
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(2) W (R) is a strongly J-semiclean ring.

Proposition 4.4 Let R be a ring. Then the following statements are equivalent:

(1) Tn(R) is a strongly J-semiclean ring;

(2) Tm(R) is a strongly J-semiclean ring for all 1 ≤ m ≤ n.

Proof (1)⇒ (2). Suppose that Tn(R) is a strongly J-semiclean ring. Then by Proposition

3.5, Tn(R) is a J-ring. In view of Proposition 3.2, Tm(R) is a J-ring for all 1 ≤ m ≤ n. Let

e = diag(1, 1, . . . , 1︸ ︷︷ ︸
m

, 0, . . . , 0) ∈ Tn(R). Then Tm(R) ∼= eTn(R)e. It follows from Corollary 3.9

that Tm(R) is strongly J-semiclean for all 1 ≤ m ≤ n.

(2)⇒ (1). It is trivial. �

Corollary 4.5 Let A and B be rings and AVB a bimodule. Let R =
(
A V
0 B

)
. If R is a strongly

J-semiclean ring, then so are A and B.

Proof By using the same way as the the proof of Proposition 4.4, we complete the proof. �
Let a ∈ R, la : R −→ R and ra : R −→ R denote, respectively, the abelian group endo-

morphisms given by la(r) = ar and ra(r) = ra for all r ∈ R. Thus la − rb is an abelian group

endomorphism such that (la − rb)(r) = ar− rb for any r ∈ R. Following Diesl [4], a local ring R

is bleached provided that for any a ∈ U(R), b ∈ J(R), la − rb, and lb − ra are both surjective.

Lemma 4.6 Let R be a local ring, and suppose that A ∈ Tn(R). Then for any set {eii} of

idempotents in R such that eii = ejj whenever lAii − rAjj is not a surjective abelian group

endomorphism of R, there exists an idempotent E ∈ Tn(R) such that AE = EA and Eii = eii

for any i ∈ {1, 2, . . . , n}.

Proof See [1, Lemma 7]. �

Proposition 4.7 Let R be a local ring, and let n ≥ 2. Then the following statements are

equivalent:

(1) Tn(R) is strongly J-semiclean;

(2) Tn(R) is a J-ring, R is bleached and R/J(R) is a periodic ring.

Proof (1)⇒ (2). Suppose that Tn(R) is strongly J-semiclean. In view of Proposition 3.5, Tn(R)

is a J-ring. According to Proposition 4.4, R is a strongly J-semiclean ring. Then it follows

from Proposition 3.5, R/J(R) is a periodic ring. Now we show that R is bleached. In view

of Proposition 4.4, T2(R) is strongly J-semiclean. Let a ∈ U(R) and b ∈ J(R). We will show

that la − rb : R −→ R is surjective. For any v ∈ R, it suffices to find some x ∈ R such that

ax− xb = v. Let r =
(
a v
0 b

)
. Since T2(R) is strongly J-semiclean, there exist a periodic element

π =
( e g
0 f

)
∈ T2(R), and an element w ∈ J(T2(R)) such that r = π + w and πw = wπ. So

rπ = πr. Since R is a local ring, for periodic elements e, f ∈ R, there exists some l ∈ N such

that el = 1 or el = 0 and f l = 1 or f l = 0. As J(R) is a maximal ideal of R, R/J(R) is a

periodic ring implies that R/J(R) is a periodic field. So for a ∈ U(R), there exists some m ∈ N
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such that am ∈ 1 + J(R). Thus we can find some k ∈ N such that rk ∈
(

1+J(R) R
0 J(R)

)
and πk is

one of the following: (
0 x

0 0

)
,

(
0 x

0 1

)
,

(
1 x

0 0

)
,

(
1 x

0 1

)

Since rk −πk = (C1
kπ

k−1+C2
kπ

k−2w+ · · ·+wk−1)w ∈ J(T2(R)), we have πk =
(
1 x
0 0

)
, otherwise

rk − πk ̸∈ J(T2(R)). It follows from rπ = πr that rπk = πkr. Thus we deduce that ax− xb = v.

Thus la − rb : R −→ R is surjective. Analogously, we show that lb − ra : R −→ R is surjective.

Therefore, R is bleached.

(2)⇒ (1). Let A = (aij) ∈ Tn(R). As R is a local ring and R/J(R) is a periodic ring,

there exists some k ∈ N such that {akii | i = 1, 2, . . . , n} ⊆ J(R) ∪ (1 + J(R)). In order to show

that Ak is strongly J-semiclean, it suffices to construct a periodic element E ∈ Tn(R) such that

EAk = AkE and such that Ak − E ∈ J(Tn(R)). Begin by constructing the main diagonal of

E. Set eii = 0 if akii ∈ J(R), and set eii = 1 otherwise. Thus akii − eii ∈ J(R) for every i. If

eii ̸= ejj , then it must be the case (without loss of generality) that akii ∈ U(R) and akjj ∈ J(R).

As R is bleached, lak
ii
− rak

jj
: R −→ R is surjective. According to Lemma 4.6, there exists an

idempotent E ∈ Tn(R) such that AkE = EAk and Eii = eii for every i ∈ {1, 2, . . . , n}. In

addition, Ak − E ∈ J(Tn(R)). Hence Ak is strongly J-clean and so Ak is strongly J-semiclean.

Since Tn(R) is a J-ring, by Proposition 3.4, A is a strongly J-semiclean element. Therefore,

Tn(R) is a strongly J-semiclean ring. �

Corollary 4.8 Let R be a commutative local ring and let n ≥ 2. Then the following statements

are equivalent:

(1) Tn(R) is strongly J-semiclean;

(2) R/J(R) is a periodic ring and Tn(R) is a J-ring.

Proof (1)⇒ (2) is obvious from Proposition 4.7.

(2)⇒ (1). As R is a commutative local ring, it is bleached. Therefore, the result follows from

Proposition 4.7. �

Corollary 4.9 Let R be a local ring. Then T2(R) is strongly J-semiclean if and only if:

(1) R/J(R) is a periodic ring and T2(R) is a J-ring,

(2) For any a ∈ U(R), b ∈ J(R) and v ∈ R, there exists P , Q ∈ U(T2(R)) such that

P−1
(
a v
0 b

)
P =

(
a 0
0 b

)
and Q−1

(
b v
0 a

)
Q =

(
b 0
0 a

)
.

Proof Suppose that T2(R) is strongly J-semiclean. By virtue of Proposition 4.7, T2(R) is

a J-ring, R is bleached and R/J(R) is a periodic ring. Then by using the same way as the

proof of Corollary 4.6 in [9], it is easy to see that there exist P , Q ∈ U(T2(R)) such that

P−1
(
a v
0 b

)
P =

(
a 0
0 b

)
and Q−1

(
b v
0 a

)
Q =

(
b 0
0 a

)
.

Conversely, assume that (1) and (2) hold. Let A =
(
a v
0 b

)
∈ T2(R).

Case I. Both a and b are in J(R). Then
(
a v
0 b

)
∈ J(T2(R)) and so A =

(
a v
0 b

)
is strongly

J-semiclean.
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Case II. Both a and b are in U(R). Since R is a local ring and R/J(R) is a periodic ring, we

can find some k ∈ N such that ak ∈ 1 + J(R) and bk ∈ 1 + J(R). Then it is easy to see that

Ak =
(
a v
0 b

)k
is strongly J-semiclean. As T2(R) is a J-ring, by Proposition 3.4, A =

(
a v
0 b

)
is

strongly J-semiclean.

Case III. a ∈ U(R) and b ∈ J(R). Then there exists some P ∈ U(T2(R)) such that

P−1
(
a v
0 b

)
P =

(
a 0
0 b

)
. As T2(R) is a J-ring, by Proposition 3.2, R is a J-ring. Then by Propo-

sition 3.5, R is a strongly J-semiclean ring. Thus we have a periodic element π ∈ R and an

element w ∈ J(R) such that a = π + w and πw = wπ. Then P−1
(
a v
0 b

)
P =

(
π 0
0 0

)
+
(
w 0
0 b

)
,

and so
(
a v
0 b

)
= P

(
π 0
0 0

)
P−1 + P

(
w 0
0 b

)
P−1. Clearly, P

(
π 0
0 0

)
P−1 is a periodic element in T2(R),

P
(
w 0
0 b

)
P−1 ∈ J(T2(R)) and

P

(
π 0

0 0

)
P−1P

(
w 0

0 b

)
P−1 = P

(
w 0

0 b

)
P−1P

(
π 0

0 0

)
P−1.

Thus
(
a v
0 b

)
is a strongly J-semiclean element in T2(R).

Case IV. a ∈ J(R) and b ∈ U(R). Then there exists some Q ∈ U(T2(R)) such that

Q−1
(
a v
0 b

)
Q=
(
a 0
0 b

)
. By using the same way as the proof of Case III, we can show that

(
a v
0 b

)
is

strongly J-semiclean.

In any case, we conclude that A =
(
a v
0 b

)
is a strongly J-clean element. Therefore, T2(R) is

a strongly J-semiclean ring. �

Proposition 4.10 Let A and B be local rings and AVB a bimodule. Let R =
(
A V
0 B

)
. Then

£ =
(
a v
0 b

)
∈ R is strongly J-semiclean if and only if :

(1) £ lifts strongly modulo J(R);

(2) There exist some s, t ∈ N such that as ∈ J(A) and bt ∈ J(B), or

(3) There exist some u, v ∈ N and some invertible periodic elements p ∈ A and q ∈ B such

that au ∈ p+ J(A) and bv ∈ q + J(B), or

(4) There exist x ∈ V , k ∈ N and an invertible periodic element c ∈ A such that c(ak−1v +

ak−2vb+ · · ·+ vbk−1) = akx− xbk and that ca− ak+1 ∈ J(A), b ∈ J(B), akc = cak, or

(5) There exist y ∈ V , l ∈ N and an invertible periodic element d ∈ A such that (al−1v +

al−2vb+ · · ·+ vbl−1)d = ybl − aly and that bd− bl+1 ∈ J(B), a ∈ J(A), bld = dbl.

Proof (⇒). Suppose that £ is strongly J-semiclean. Then £ lifts strongly modulo J(R).

If there exists some m ∈ N such that £m ∈ J(R), then am ∈ J(A), bm ∈ J(B) and so the

condition (2) holds. If there exist some invertible periodic elements p ∈ A and q ∈ B, and a

positive integer n ∈ N such that
( p 0
0 q

)
−
(
a v
0 b

)n ∈ J(R), then an ∈ p + J(A), bn ∈ q + J(B),

and so the condition (3) holds. Now we assume that for any m ∈ N, £m ̸∈ J(R), and for any

invertible periodic elements p ∈ A, q ∈ B, any n ∈ N,
( p 0
0 q

)
− £n ̸∈ J(R). Since £ is strongly

J-semiclean, there exists some periodic element E =
( e w
0 f

)
∈ R such that £ − E ∈ J(R) and

£E = E£. Since E is a periodic element in R, we obtain that e and f are periodic elements in

A and B, respectively. If both e and f are invertible periodic elements, then
(
e 0
0 f

)
−£ ∈ J(R),

a contradiction. If both e and f are nilpotent elements, the E ∈ J(R) and so £ ∈ J(R), a
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contradiction. So e is an invertible periodic element in A and f is a nilpotent element in B,

or e is a nilpotent element in A and f is an invertible element in B. Firstly, we assume that

e is an invertible periodic element in A and f is a nilpotent element in B. It follows from

£ − E ∈ J(R) that b ∈ J(B). Let k ∈ N be such that fk = 0. Then Ek =
(
ek x
0 0

)
=
(
c x
0 0

)
where c = ek is an invertible periodic element in A and x ∈ V . It follows from £E = E£

that £kEk = Ek£k. So
(
ak ak−1v+ak−2vb+···+vbk−1

0 bk

)(
c x
0 0

)
=
(
c x
0 0

)(
ak ak−1v+ak−2vb+···+vbk−1

0 bk

)
.

Thus c(ak−1v + ak−2vb + · · · + vbk−1) = akx − xbk and akc = cak. Since £ − E ∈ J(R) and

£E = E£, there exists U ∈ J(R) such that £ = E + U and EU = UE. Then £k = Ek + U ′

where U ′ = C1
kE

k−1U + C2
kE

k−2U2 + · · ·+ Uk ∈ J(R). Hence ek − ak = c− ak ∈ J(A) and so

ca − ak+1 ∈ J(A). Secondly, assume that e is a nilpotent element in A and f is an invertible

element in B. Then similarly, we show that there exist y ∈ V , l ∈ N and an invertible periodic

element d ∈ A such that (al−1v + al−2vb+ · · ·+ vbl−1)d = ybl − aly and that bd− bl+1 ∈ J(B),

a ∈ J(A), bld = dbl.

(⇐). Suppose that £ =
(
a v
0 b

)
∈ R lifts strongly modulo J(R).

Case I. There exist some s, t ∈ N such that as ∈ J(A) and bt ∈ J(B). Then £st =
(
ast x
0 bst

)
∈

J(R) where x ∈ V . Then £st is strongly J-semiclean and so £ is strongly J-semiclean by

Proposition 3.4.

Case II. There exist some u, v ∈ N and some invertible periodic elements p ∈ A and q ∈ B

such that au ∈ p + J(A) and bv ∈ q + J(B). Let k ∈ N be such that pk = 1A and qk = 1B .

Then £uvk =
(
a v
0 b

)uvk
=
(
auvk x
0 buvk

)
=
(
1 0
0 1

)
+W ′ where W ′ ∈ J(R) and x ∈ V . Hence £uvk is

strongly J-semiclean and so £ is strongly J-semiclean by Proposition 3.4.

Case III. There exist x ∈ V , k ∈ N and an invertible periodic element c ∈ A such that

c(ak−1v+ak−2vb+ · · ·+vbk−1) = akx−xbk and that ca−ak+1 ∈ J(A), b ∈ J(B) and akc = cak.

Since J(A) is a maximal ideal of A, a ∈ J(A) or c − ak ∈ J(A). If a ∈ J(A), then £ ∈ J(R)

and so £ is strongly J-semiclean. Now assume that c − ak ∈ J(A), b ∈ J(B), akc = cak and

c(ak−1v+ak−2vb+ · · ·+vbk−1) = akx−xbk. Choose E =
(
c x
0 0

)
. Since c is an invertible periodic

element, there exists l ∈ N such that cl = 1A and so E2l = El. Hence E is a periodic matrix in

R. Since £k −E ∈ J(R) and £kE = E£k, we obtain that £k is strongly J-semiclean, and so £

is strongly J-semiclean.

Case IV. There exist y ∈ V , l ∈ N and an invertible periodic element d ∈ A such that

(al−1v + al−2vb+ · · ·+ vbl−1)d = ylb− aly and that bd− bl+1 ∈ J(B), a ∈ J(A), dbl = bld. By

using the same way as the proof of Case III, we can show that £ is strongly J-semiclean.

Therefore in any case, we conclude that £ ∈ R is strongly J-semiclean. �

Proposition 4.11 Let A and B be local rings and AVB a bimodule. Let R =
(
A V
0 B

)
. Then R

is strongly J-semiclean if and only if:

(1) R is a J-ring;

(2) Both A/J(A) and B/J(B) are periodic rings;

(3) If a ∈ 1A + J(A), b ∈ J(B), and v ∈ V , there exists x ∈ V such that v = ax− xb.

Proof (⇒). Suppose that R is strongly J-semiclean. Then by Proposition 3.5, R is a J-
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ring. In view of Corollary 4.5, A and B are strongly J-semiclean rings. Then by Proposition

3.5, both A/J(A) and B/J(B) are periodic rings. Suppose that a ∈ 1A + J(A), b ∈ J(B), and

v ∈ V . Then
(
a v
0 b

)
∈ R is a strongly J-semiclean element in R. So there exists a periodic element

E =
( e w
0 f

)
∈ R such that

(
a v
0 b

)
−E ∈ J(R) and

(
a v
0 b

)
E = E

(
a v
0 b

)
. Since E is a periodic element

inR, we obtain that both e and f are periodic elements. If f is an invertible periodic element in B,

then b−f is an invertible element in B and so
(
a v
0 b

)
−E ̸∈ J(R), a contradiction. If e is a nilpotent

element in A, then a− e is an invertible element in A and so
(
a v
0 b

)
−E ̸∈ J(R), a contradiction.

Hence e is an invertible periodic element in A and f is a nilpotent element in B. Let k ∈ N be

such that ek = 1A and fk = 0. Then Ek =
(
1A x
0 0

)
where x = ek−1w+ek−2wf+ · · ·+wfk−1 ∈ V .

It follows from
(
a v
0 b

)
E = E

(
a v
0 b

)
that

(
a v
0 b

)
Ek = Ek

(
a v
0 b

)
. Hence

(
a v
0 b

)(
1A x
0 0

)
=
(
1A x
0 0

)(
a v
0 b

)
.

Thus v = ax− xb.

(⇐). Suppose that the conditions (1), (2) and (3) are satisfied. Let
(
a v
0 b

)
∈ R. Since R is

a J-ring, by Proposition 3.3, A and B are J-rings. As both A/J(A) and B/J(B) are periodic

rings, we obtain that a ∈ J(A) or a ∈ p + J(A), that b ∈ J(B) or b ∈ q + J(B), where p is an

invertible periodic element in A and q is an invertible periodic element in B.

Case I. a ∈ J(A) and b ∈ J(B). Then
(
a v
0 b

)
∈ J(R), and so

(
a v
0 b

)
∈ R is strongly J-semiclean.

Case II. a ∈ p + J(A), b ∈ q + J(B), where p and q are invertible periodic elements. Let

s ∈ N be such that ps = 1A and qs = 1B. Then as ∈ 1A + J(A) and qs ∈ 1B + J(B) and so(
a v
0 b

)s
=
(
1A 0
0 1B

)
+
(
as−1A as−1v+as−2vb+···+vbs−1

0 bs−1B

)
, where

(
as−1A as−1v+as−2vb+···+vbs−1

0 bs−1B

)
∈ J(R).

Hence
(
a v
0 b

)s
is strongly J-semiclean and so

(
a v
0 b

)
is strongly J-semiclean.

Case III. a ∈ p + J(A), b ∈ J(B) where p is an invertible periodic element. Let s ∈ N be

such that ps = 1A. Then as ∈ 1A + J(A), bs ∈ J(B). Consider
(
a v
0 b

)s
=
(
as v′

0 bs

)
∈ R where

v′ = as−1v + as−2vb + · · · + vbs−1 ∈ V . By hypothesis there exists some x ∈ V such that

v′ = asx − xbs. Let E =
(
1A x
0 0

)
. Then E is a periodic element in R,

(
a v
0 b

)s − E ∈ J(R) and(
a v
0 b

)s
E = E

(
a v
0 b

)s
. Hence

(
a v
0 b

)s
is strongly J-semiclean and so

(
a v
0 b

)
is strongly J-semiclean.

Case IV. a ∈ J(A), b ∈ q + J(B), where q is an invertible periodic element in B. Let

l ∈ N be such that ql = 1B . Then al ∈ J(A), bl ∈ 1B + J(B), and so 1A − al ∈ 1A + J(A) and

1B−bl ∈ J(B). Consider
(
a v
0 b

)l
=
(
al u
0 bl

)
∈ R where u = al−1v+al−2vb+· · ·+vbl−1 ∈ V . By the

hypothesis there exists x ∈ V such that u = (1A−al)x−x(1B−bl), i.e., u = al(−x)−(−x)bl. Let

E =
(
0 −x
0 1B

)
∈ R. Then E is a periodic element in R,

(
a v
0 b

)l−E ∈ J(R) and
(
a v
0 b

)l
E = E

(
a v
0 b

)l
.

Hence
(
a v
0 b

)l
is strongly J-semiclean and so

(
a v
0 b

)
is strongly J-semiclean. Therefore, R is a

strongly J-semiclean ring. �
Let R be a local ring. As an immediate consequence, we deduce that T2(R) is strongly J-

semiclean if and only if R is a J-ring, R/J(R) is a periodic ring and R is bleached.

Corollary 4.12 Let A and B be local rings and AVB a bimodule. Let R =
(
A V
0 B

)
. Then R is

strongly J-semiclean if and only if:

(1) R is a J-ring;

(2) Both A/J(A) and B/J(B) are periodic rings;

(3) R is strongly clean.



364 Lunqun OUYANG and Zhaoqing GONG

Proof According to [7, Example 2], R is strongly clean if and only if whenever a− 1A ∈ J(A),

b ∈ J(B), and v ∈ V , there exists x ∈ V such that v = ax−xb. Therefore we complete the proof

by Proposition 4.11. �

5. 2× 2 matrix rings

The main purpose of this section is to investigate the strong J-semicleanness of a single 2×2

matrix over a commutative local rings.

Lemma 5.1 Let R be a commutative local ring, and let E ∈ M2(R) be a periodic matrix. Then

there exists some k ∈ N such that Ek is similar to a periodic diagonal matrix
( f1 0

0 f2

)
, where f1

and f2 are periodic elements in R.

Proof Since E is a periodic matrix, by [13, Lemma 1], there exists some k ∈ N such that Ek is

an idempoten [9, Lemma 5.1], we complete the proof. �

Proposition 5.2 Let R be a commutative local ring. Then A ∈ M2(R) is strongly J-semiclean

if and only if A lifts strongly modulo J(M2(R)) and there exist some k, l, m ∈ N and some

invertible periodic element p and q in R such that Ak ∈ J(M2(R)), or pI2 − Al ∈ J(M2(R)), or

Am is similar to a matrix
(
q+w1 0

0 w2

)
, where I2 is the identity matrix ofM2(R) and w1, w2 ∈ J(R).

Proof If either Ak ∈ J(M2(R)) or pI2 − Al ∈ J(M2(R)) for some k, l ∈ N and some invertible

periodic element p ∈ R, then Ak or Al is strongly J-semiclean, and so A is strongly J-semiclean

by Proposition 3.4. For w1, w2 ∈ J(R),
(
q+w1 0

0 w2

)
=
(
q 0
0 0

)
+
(
w1 0
0 w2

)
is strongly J-semiclean.

Thus Am is strongly J-semiclean and so A is strongly J-semiclean. Hence, one direction is

obvious.

Conversely, assume that A ∈ M2(R) is strongly J-semiclean. Then A lifts strongly modulo

J(M2(R)) and there exist a periodic matrix E ∈ M2(R) and a W ∈ J(M2(R)) such that

A = E+W with EW = WE. Suppose that for any k, l ∈ N and any invertible periodic element

p ∈ R, Ak and pI2 − Al are not in J(M2(R)). According to Lemma 5.1, there exist some t ∈ N
and J ∈ GL2(R) such that JEtJ−1 =

( f1 0
0 f2

)
, where f1, f2 are periodic elements. If both

f1, f2 are nilpotent periodic elements, then there exists s ∈ N such that fs
1 = fs

2 = 0. Then

JEstJ−1 = 0. It follows from A = E +W and EW = WE that

JAstJ−1 = J(C1
stE

st−1W + C2
stE

st−2W 2 + · · ·+W st)J−1 ∈ J(M2(R)).

Hence Ast ∈ J(M2(R)). This contradicts the hypothesis that for any k ∈ N, Ak is not in

J(M2(R)). If both f1 and f2 are invertible periodic elements, then there exists some u ∈ N such

that fu
1 = fu

2 = 1 and so JEutJ−1 = I2. Thus Eut = I2 and so I2 − Aut = C1
utE

ut−1W +

C2
utE

ut−2W 2 + · · · + Wut ∈ J(M2(R)). This contradicts the fact that for any l ∈ N and any

invertible periodic element p ∈ R, pI2−Al ̸∈ J(M2(R)). Thus f1 is an invertible periodic element,

f2 is a nilpotent periodic element, or f1 is a nilpotent periodic element, f2 is an invertible periodic

element. So there exist some v, v′ ∈ N such that JEtvJ−1 =
(
fv
1 0
0 0

)
or JEtvJ−1 =

( 0 0

0 fv′
2

)
, where



On strongly J-semiclean rings 365

fv
1 and fv′

2 are invertible periodic elements. Therefore there exist some m ∈ N, H ∈ GL2(R) and

some invertible periodic element q ∈ R such that HAmH−1 =
(
q 0
0 0

)
+HW ′H−1, where W ′ =

C1
mEm−1W + C2

mEm−2W 2 + · · · +Wm ∈ J(M2(R)). Set V = (vij) = HW ′H−1 ∈ J(M2(R)).

It follows from EW = WE that
(
q 0
0 0

)
V = V

(
q 0
0 0

)
. Hence v12 = v21 = 0 and v11, v22 ∈ J(R).

Therefore Am is similar to a matrix
(
q+w1 0

0 w2

)
where w1, w2 ∈ J(R), q is an invertible periodic

element. �
Let R be a commutative local ring. Then M2(R) is not strongly J-clean by [9, Corollary 5.4].

But the following example shows that this is not true for strongly J-semiclean rings.

Example 5.3 Let Z4 denote the ring of integers modulo 4. Then Z4 is a commutative local

ring. Since M2(Z4) is a finite ring, each matrix in M2(Z4) is a periodic matrix. Hence M2(Z4)

is a strongly J-semiclean ring.

Based on Example 5.3, we obtain the following proposition.

Proposition 5.4 If R is a finite ring, then Mn(R) is a strongly J-semiclean ring.

Lemma 5.5 Let R be a commutative local ring, and let A ∈ M2(R) be strongly J-semiclean.

Then there exist some k, l, m ∈ N and some invertible periodic element p ∈ R such that

Ak ∈ J(M2(R)), or pI2 − Al ∈ J(M2(R)), or Am is similar to a matrix
(
0 λ
1 µ

)
, where λ ∈ J(R),

µ ∈ 1 + J(R).

Proof If for any k, l ∈ N and any invertible periodic element p ∈ R, Ak ̸∈ J(M2(R)) and

pI2 − Al ̸∈ J(M2(R)), then it follows from Proposition 5.2 that there exist some s ∈ N, some

P ∈ GL2(R) and some invertible periodic element q ∈ R such that P−1AsP =
(
u 0
0 v

)
where

u ∈ q + J(R), v ∈ J(R). Let t ∈ N be such that qt = 1. Then ut ∈ 1 + J(R), and so

P−1AstP =
(
α 0
0 β

)
where α = ut ∈ 1 + J(R), β = vt ∈ J(R). So α − β is an invertible element

in R. Note that
(−β −α

1 1

)( (α−β)−1 α(α−β)−1

−(α−β)−1 −β(α−β)−1

)
=
(
1 0
0 1

)
, and(

−β −α

1 1

)(
α 0

0 β

)(
(α− β)−1 α(α− β)−1

−(α− β)−1 −β(α− β)−1

)
=

(
0 −αβ

1 α+ β

)
.

Let m = st. Then Am is similar to
(
0 λ
1 µ

)
, where λ = −αβ ∈ J(R), µ = α+ β ∈ 1 + J(R). �

Let R be a commutative ring with an identity, and let A = (aij) ∈ M2(R). Denote Tr(A) =

a11 + a22 and det(A) = a11a22 − a12a21. The following proposition shows that the strong J-

semicleanness of a 2 × 2 matrix over a commutative local ring can be characterize by a kind of

quadratic equation.

Proposition 5.6 Let R be a commutative local ring. Then the following statements are

equivalent:

(1) A ∈ M2(R) is strongly J-semiclean.

(2) A lifts strongly modulo J(M2(R)) and there exist some k, l, m ∈ N and some invertible

periodic element p ∈ R such that Ak ∈ J(M2(R)), or pI2 − Al ∈ J(M2(R)), or the equation

x2 − TrAmx+ detAm = 0 has a root in J(R) and a root in 1 + J(R).
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Proof (1)⇒ (2). Let A ∈ M2(R) be strongly J-semiclean. Then A lifts strongly modulo

J(M2(R)). Assume that for any k, l ∈ N and any invertible periodic element p ∈ R, Ak ̸∈
J(M2(R)) and pI2 −Al ̸∈ J(M2(R)). In view of Lemma 5.5, there exists some m ∈ N such that

Am is similar to a matrix B =
(
0 λ
1 µ

)
, where λ ∈ J(R), µ ∈ 1 + J(R). By using the same way as

the proof of [9, Theorem 6.3], we obtain that the equation x2 − TrAmx+ detAm = 0 has a root

in J(R) and a root in 1 + J(R).

(2)⇒ (1). Suppose that A ∈ M2(R) lifts strongly modulo J(R). If there exists some k, l ∈ N
and some invertible periodic element p ∈ R such that Ak ∈ J(M2(R)) or pI2 − Al ∈ J(M2(R)),

then Ak or Al are strongly J-semiclean and so A is strongly J-semiclean. Otherwise, we obtain

that Am ̸∈ J(M2(R)) and I2 − Am ̸∈ J(M2(R)) for all m ∈ N. Then by [9, Theorem 6.3], we

obtain that Am is strongly J-clean and so Am is strongly J-semiclean. In view of Proposition

3.4, A is strongly J-semiclean, as desired. �
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