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Abstract The main aim of this article is to obtain certain Laurent type hypergeometric gen-
erating relations. Using a general double series identity, Laurent type generating functions (in
terms of Kampé de Fériet double hypergeometric function) are derived. Some known results
obtained by the method of Lie groups and Lie algebras, are also modified here as special cases.
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1. Introduction and preliminaries

There has been a great revival of interest in the study of hypergeometric functions in the
last two decades. This newfound interest comes from the connections between hypergeometric
functions and many areas of mathematics such as representation theory, algebraic geometry and
Hodge theory, combinatorics, D-modules, number theory, mirror symmetry, etc. The integral
representations played an important role in the study of the hypergeometric functions. The
celebrated Euler’s integral for the Gauss functions o F; was probably the first among them.

The Pochhammer symbol (), is defined as:

AMA+DA+2)---A+n-1), ifn=1,23,...,
=41, ifn =0,
nl, ifA=1,1n=01,23,....

_ I'(A+n)
M ==y

A natural generalization of the Gaussian hypergeometric series o Fi [av, §; 7; 2], is accomplished
by introducing any arbitrary number of numerator and denominator parameters. Thus, the

resulting series

(Oép); Qq,Q2,...,0; )
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is known as the generalized hypergeometric series, or simply, the generalized hypergeometric func-
tion. Here p and q are positive integers or zero and we assume that the variable z, the numerator
parameters o, @z, . .., &, and the denominator parameters 31, 82, . . ., 84 take on complex values,
provided that

B #0,-1,-2,...; j=1,2,...,q.

In contracted notation, the sequence of p numerator parameters a1, as, ..., o, is denoted by
(cvp) with similar interpretation for others throughout this paper.

Supposing that none of numerator parameters is zero or a negative integer and for 5; #
0,-1,-2,...;7=1,2,...,¢q, we note that the ,F} series defined by Eq. (1.1):

(i) converges for |z| < oo, if p < ¢,

(ii) converges for |z] < 1,if p=g¢+ 1 and

(iii) diverges for all z, z # 0, if p > g + 1.

Just as the Gaussian oF function was generalized to ,F, by increasing the number of the
numerator and denominator parameters, the four Appell functions were unified and generalized
by Kampé de Fériet [1] who defined a general hypergeometric function of two variables [2, p.
423, Eq.(26)].

The notation introduced by Kampé de Fériet for his double hypergeometric function of
superior order was subsequently abbreviated by Burchnall and Chaundy [3, p.112]. We recall
here the definition of a more general double hypergeometric function (than the one defined by
Kampé de Fériet) in a slightly modified notation [4, p.423, Eq.(26)]:

(ay) : (b)) 5 () : o 1@ 1) 11,

s q; k Jj=1 j=1 Jj=1 'y
(O‘Z) : (ﬁm) 5 ('Vn) ; ms=0 H (aj)r-i-s H (/Bj)r H ('Yj)s
j=1 j=1 j=1
where, for convergence,

(i) ptag<tl4+m+1, p+k<l+n+1, |z|] <oo, |yl < oo, or (1.3)

(ii)) p+g=~L+m+1, p+k=~L+n+1and (1.4)
[P0 4 [y |V <1, i p > €, (L5)
mas {Jz, Jyl} < 1, ifp<t. '

Although the double hypergeometric function defined by (1.2) reduces to the Kampé de Fériet
function in the special case: ¢ = k and m = n, yet it is usually referred to in the literature as
the Kampé de Fériet.

A multivariable hypergeometric function provides an interesting and useful unification of the
generalized hypergeometric function ,Fy, of one variable (with p numerator and ¢ denominator

parameters).
The following generalization of the hypergeometric function in several variables has been
given by Srivastava and Daoust [5], which is referred to in the literature as the generalized
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Lauricella function of several variables:

[(a):0,0",...0™]: [(¥):¢); [):d") -7 [B™):e™];
A B’;B";..;B(™
C:D’';D';...;D(™) 21,22, s Zn
[(¢) : o 0", o p™] () :8); (@) 6" - [(d™):6™)];
o my mo Mn
= Z Q(m17m27“'7mn) S “n ) (16)
_ m1! m2! mﬂ'

Q(my,ma,...,my)
A B™ 4 (n)
szl(aj)m19'+7nz€”+ +m, 6 HJ 1( )m1¢ HJ 1( )m2¢” o H] 1 (bn )mnaﬁn)
C D
[T (e )mlw’+mzw”+ Amn ™ HJ 1(d/)m15 HJ 1(d,/)m25" - 1T (d(n)) 8¢

and the coefficients

e_gk)aj = 1723"'7A; ¢§k)7] = 172aaB(k)v 7/)](k),] = 1727"'70; 5§k)a] = 1327"'3D(k);

for all K € {1,2,...,n} are real and positive, (a) abbreviates the array of A parameters
ai,as,...,aa, (b®) abbreviates the array of B*) parameters b;k),j =1,2,...,B®; for all
ke {1,2,...,n} with similar interpretations for (c) and (d*)), k =1,2,...,n; et cetera.
Generating functions play an important role in the investigation of various useful properties
of the sequences which they generate. The Bessel functions J,(x) have the following generating
function [6]:
eXp( t— = Z Jn(2)t", t#0; |z| < . (1.7)
The Bessel functions J,(x) are also defined by the series
o0 (71)k(%)n+2k
Jn(@) = ) —3
@ =>4 (n+k)!

k=0

2] < o0 (1.8)

and
Jon(x) = (=1)"Jn(2), (1.9)

where n is a nonnegative integer.
Tricomi functions are Bessel like functions. The Tricomi functions C), () possess the following

generating function [7]:

exp( t—f Z Cp(x)t", t #0; |z| < 00 (1.10)

n=-—oo

and have the following series definition:

x)ziﬂ n=0,1,2,...; || < oo (1.11)
kzok! (TL-’-]C)', 9y Ly &y 9

and
C_p(z) = (-1)"2"Ch(x). (1.12)
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The Bessel functions J,(z) and Tricomi functions C,,(x) have the following hypergeometric

representations:

D(@) = 5 oRn+1 ] (113)

n - F(n+1)0 1 ) ) 4 .
and

1

n(T) = 5=——<0oF1[—; 1; —=x|, 1.14

Cula) = g0 il s + 15 2] (1.14)
respectively.

We recall the following Laurent type generating relations which are obtained by Lie algebraic
techniques [8, p-325; Egs. (9) and (10)]:

I(a + p)(at)? a+p, B ;
(a+p)( —1
1—at F. t 1.1
(I—at)™® ne 1+p)21 zy |yl <[t] <lz[~ (1.15)
1+p ;
and
a b
(1—at)™" 1 Fy 4(1 — at)
1-8
¢ “o
Z Fﬂﬂg x)) By —xy |, 0<|t| < |z (1.16)
1+p ;

Also, the simplified form of another Laurent type generating relation [8, p-330, Egs. (27) and

(28)] in terms of other parameters and variables is as follows:

-V at+v+1 ;
—c =Bt
1Fo Ft | 1fo 1_530
—~ (I+a+v) Tratvaral By
_ p ye — PP
- Z p' 2F1 T+~c (1+’YC> t ’ (117)
e I+p ;

provided \1*/‘1“’7tc| <1 |zl <1, -7 <arg(B), arg(l'gyc) <7

In this article, the following lemma has been used:

Lemma 1.1 ([9, p.4, Eq (12)]) Let {f(s)}32, be a bounded sequence of arbitrary real or complex

numbers. Then

Zf xﬂ/ an—i—r :L'% (1.18)

n,r=0

provided that each of the series involved is absolutely convergent.

Proof of Lemma 1.1 On replacing n by n — 7 in r.h.s of Eq. (1.18) and then using the result
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Dm0 Y, r) =370 0 300 W(n —r,7) (see [8, pp.100]), we get

> fnns -3y ) — LA &

n,r=0 n=0r=0

) 2" n )r (e’ " ; '
=> f(n) FZ = f() 5 1 Fo —u | (1.19)
n=0 r=0 n=0 _ .
Now, applying binomial theorem
a b
1Fo z | =1-2)7%acC, |z| <1,
we get
> snnSL Zf By = 3 gy 0" (1.20)
o n! rl B . n! )

Since n is a dummy index, so we can write above equation as follows:

> ST = Zf et (1.21)

n,r=0
This completes the proof. O
Throughout this article, the meaning of p* is as follows:

when p=—-1,-2,-3,...

p* = max {0, —p} = {—p, (1.22)

0, when p=10,1,2,....

The recent development in the field of hypergeometric functions has been studied by many
authors. The basic properties of the extended 7-Gauss hypergeometric function, including in-
tegral and derivative formulas involving the Mellin transform and the operators of fractional
calculus, are derived in [10]. Also, the introduction of extended Pochhammer symbol by using a
known extension of the gamma function involving the modified Bessel (or Macdonald) function
are recent investigations, see for example, [11,12].

The purpose of this note is to obtain the Laurent type hypergeometric generating relations.

This paper is organized as follows. In Section 2, a general double series identity is derived.
Section 3 is dedicated to obtain the Laurent type hypergeometric generating relations. In Section
4, some special cases of the obtained results are presented.

We are now in a position to prove the following general double series identity and hypergeo-

metric generating relations, using series rearrangement techniques.

2. General double series identity

Lemma 2.1 Let {®(m,n)} be a bounded multiple sequence of arbitrary real or complex num-
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bers. Then
0 am™pn 0 0 77+p+1) bﬂ-‘rp
d(m,n tmTn = S(n+p+p-,n+ P 2.1
mzn;o 0 i p_z_:oonz;) Py p)(n+p+p)(n+p) 21)

provided that each of double series involved is absolutely convergent, for suitable values of a, b
and t(t # 0) and p* is defined by Eq. (1.22).

Proof Suppose the Lh.s. of Eq. (2.1) is denoted by A. Then, we have

A= ZZCI)m n) tm " (2.2)
m=0n=0
On replacing m by n + p in Eq. (2.2), we get
n+p bn
A= D — P
S S ae g
p=—o00 n=0

e antp pn avte pr

Y S S5 )
| | In!
p=—o00 n=0 ’I’L p=0n=0 n—i—p)n

(I) an~ 4b ) (I) n—3 pn 5

Y L I R
d(n — 2 ®(n 7%1 LA
S p Y e L
n+p bn
ZZ‘I’”W’ n+p)! ot
p=0n=0 p)n:
an— 4bn 4 n73 pn 5
B e MRS WBEICE LT
> n—2 qn—1 pn
a 2 b —1
Z@ Ht +Z<I> 7_1)%15 +
n+p bn
53wt L
p=0n=0 +p)'n‘

0 amte pn ,
Z > ®ntpn lnl +ZZ¢”+I” +p)ln|t
p=—ocon=—p p=0n=0

n+p bn
Z Z (n+p,n Tt” where p* = max {0, —p}. (2.3)

p=—00 n=p*
On replacing n by n + p* in Eq. (2.3), assertion (2.1) follows. O
In the next section, using the double series identity, we derive the Laurent type generating

relations in terms of Kampé de Fériet double hypergeometric function.

3. Laurent type generating relations

The result is given in the form of the following theorem:
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Theorem 3.1 The following generating function (in terms of Kampé de Fériet double hyper-

geometric function) for Srivastava-Daoust hypergeometric function holds true:
(dp) + (9¢) ; (k) ;
D:G;K
Fg. H;L at, % +c
(eg) : (hm) 5 (L) ;

D G
[eS) H ( ) p+2p* H ( )p* H (gl)p+p ap+p* bP*
— z:l i—1 y
T Hl(el)pﬁp H( i ﬁl( i) ptp* )

[(dp) +p+2p* :2,1), [(kx)+p*: 1,1]
FD+K G+1;0
E+L:H+2;0

[(er) +p+2p*:2,1], [(IL) +p*:1,1]

[(9c) +p+p*:1], [1:1] —
ab, ¢ | t?, (3.1)
[(hu)+p+p 1], L+p+p 1], [L+p*:1] 5 ——

where, for convergence, t # 0,
D+G<E+H+1, D+ K<E+L+1, |at| < oo, |§—|—c|<oo, or
D+G=F+H+1, D+ K=E+L+1 and
{|at|1/(DE) + |4 VP-B) <1, if D>E
max {|at|,|? + |} <1, if DSFE
and p* is defined by Eq. (1.22).

Proof Suppose the power series form of Lh.s. of Eq. (3.1) is denoted by . Then, we have

D

G K
(di)m-l-N zl;ll(gi)m zl;[l( ) (at)m (% + C)N

Il
—

B H L m! N! (3.2)
=080 T (edorey T (i) T ()
Now, using Lemma 1.1 in Eq. (3.2), we get
D G K
o) o) dz m—+n+r i)m kz n+r n.r
Q_Z Z 11;11( bt il;ll(g) 11;[1( oot (at)™ (?) c
- 2 H L m!  nlr!
m=0n,r=0 l:Il(ei)m-i-n-i-T _ljl(hz)m Hl(ei)n-&-r
D K D G K
oo [1(di)r IT(ki)re™ oo TT(di +1)msn I1(g)m [T (ki + 7)oy,
_ i=1 i=1 Z i=1 i=1 i=1 a gm—n (3.3)
Z H m! n! '

ﬁ

I

[}
o[
)
o
e
=
N
3
3

3

I

o
=
o
=
_|_
3

(€i +7)mn [1 (hz)m

i=1

@
Il
-
o
Il
-
-
Il
_
.
Il
-
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On applying general double series identity (2.1) in Eq. (3.3), we obtain

G

_ﬁl(di)r _ﬁl(ki)T ) Hl(d + 7)2n+pt2p* H( T)n+p* _Hl(gi)nﬂﬂrp*
o 2 23 L 7 :

70 [T (en)s 11 (0! 25070 11 (e + Pamspszpe 1L+ Pusge 11 Bimspine

i=1 1=1 =1 =1 i=1
gntrte” prtp”
tp
(n+p+p)!(n+p)!
D K G
i i vnl(di)2n+r+p+2p* 'Hl(ki)nJrrer* 'Hl (gi)n+P+P* n+p+p* bn+p*
— 1= 1= 1= tp
L H

(€5)2n+r+p+2p* 11 'L)n+7"+p* H(hi)n+p+p (n+p+p)! (n+p*)!

i=1 i=1 =1

(d )p+2p H( )p*

3
:lb
::1:3

(gZ)P"FP ap«l»p* bp*

P+l

!
]

:
:mi
i

L

H
_l(ez)p+2p Hl( i)p+ .ljl(hi)p-&-p*
D K G
00 d+p+2p n4+r n4r gz+p+p*n n r
S ,g( )an+ Zl_[l( P )n+ il;ll( ) (D) (ab)" &
E L H 1+p+p)n(l+p), nl 7l
n,r=0 l:[l(eZ + p+ 2p* )2n+r 1:[1(& +p*)n+r ljl(hZ +p+ p*)n n n

Now, using the definition of Srivastava-Daoust double hypergeometric function (1.6), we ob-
tain assertion (3.1). O

Remark 3.2 Taking ¢ = 0 in Eq. (3.1), the following consequence of Theorem 3.1 is deduced:

Corollary 3.3 The following generating function (in terms of Kampé de Fériet double hyper-

geometric function) for generalized hypergeometric function holds true:
(dp) : (9a) ;i (k) ;
Fois at

(ep) : (hm) 5 (L) ;

b
t

9

G

D K
i H (di)p+2p+ H (9i)p+p Z_l;ll(ki)p* aPtr pp”

_ =1 =1

X
P Mo g [0 770

i=1

d1+p+2p* dp+p+2p*  di+p+2p* 41 dp+p+2p 41
2 AR 2 ) 2 Yt 2 )
2D+G+E+1F2ErH 1 L12
e1+p+2p* ep+p+2p* e1+p+2p +1 eg+p+2p*+1
5 ey 5 , 5 e 5 ,

g1+p+p .. .,9c+p+p ki +p*,.. kg +pf, 1 ;
22(D7E)ab tp7

hi+p+p*,....;hg +p+p5, by +p*,.... 0 +p*, 1+p+p*, 1+p*

3
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where, for convergence, t # 0,

b
D+G<E+H+1, D+ K<E+L+1, |at] < oo, |¥|<oo, or
D+G=E+H+1, D+ K=E+L+1 and

{|at|1/<DE> P < i D> B

max {|at|,| 2|} <1, if D<E

and p* is defined by Eq. (1.22).
In the next section, some special cases of the results obtained in Section 3 are discussed.
4. Special cases

(1) Taking D=FE=H=L=0,G=K=1;g1 =, ky =f5;a=z,b=y in Eq. (34), we

obtain

% (a)pin (B) a+p+pt, B+p5, 1
—a Y\-n Q)p+p* \P)p*  pip*, p*
1—at) (11— 2)=F = AVt VIR ot L, zy | P
A Y L] A
b L+p+p* 1+p°
(4.1)
provided that |y| < |t| < |z|~1; ¢t # 0, which is the modified form of Eq. (1.15).
(2) Taking D=FE=G=H =K =L=0in Eq.(3.4), we get
b > p+p* pp* 1 ;
a
explat + o) = Y R bl 7, 49
p( t) ;OO (p+p*)|(p*)' 142 . . a ( )
P L+p+p* , 1+p" ;
where t # 0 and V finite values of a, b and t.
(i) Putting a =3, b= —% in Eq. (4.2), we get
IR = V) ! L
exp(5(t— ) = Z *2, —~ 1f2 -z |t (4.3)
20t —  (+p)()
b l+p+p514p" ;

which is the modified form of generating relation (1.7) associated with Bessel function J,,(z) and
t#0, |z] < oco.
(ii) Putting a =1, b= —x in Eq. (4.2), we get

oo . 1 ;
T (—z)?
exp(t — =) = | F —z |t 4.4
P( t) ;Oo (p+p*)!(p*)! 1142 ) x ( )
g Ltp+ph1+p"

which is the modified form of generating relation (1.10) associated with Tricomi function C,(x)
and t # 0, |z < 0.

(3) TakingD:E:H:L:O,G:K:l;gl:1+a+1/,l<:1:—1/,a:ffjc,b:%in
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Eq. (3.4), we obtain

c — Bt o (1 +a+ V)p+p* (_V)p*
1Fo 1Fo D D Sl AR

p=—00

I+at+v+p+p,, —v+p, 1
3% = ( r )P ( —51 )PP, (4.5)
I4ve 1+~v¢” "1+4+7~c¢
l+p+p*, 1+p* ;

provided that

Byt c 1+~c
<1, |=|l<1, —7< ,
ol <L Il < 1 - < arg(4). are(—

which is the modified form of Eq. (1.17).
(4) Taking D=E=H=0,G=K=L=1Lgi=0,khi=a,li=1-8;a=x,b=yand
¢ = —zy in Eq. (3.1), we obtain

) <m,

a-
7 >0 N . p+p*
(1—at) P F M = Z (@)p+ (B)p4pr *'y —x
5 2 =B o p )]
a+p*  : B4+p+ps 1 S
F11<:22~;00 zy, —xy | t°, (4.6)

)

L=B+p* : 14+p+p", 14p" 5 —
provided that |zy| < oo; t # 0, which is the modified form of Eq. (1.16).

5. Conclusion

We conclude our present investigation by observing that several other Laurent type hyper-

geometric generating relations and its applications can also be deduced in an analogous manner.
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