
Journal of Mathematical Research with Applications

Sept., 2020, Vol. 40, No. 5, pp. 476–486

DOI:10.3770/j.issn:2095-2651.2020.05.004

Http://jmre.dlut.edu.cn

Double Series Identity and Some Laurent Type
Hypergeometric Generating Relations

Mohammad Idris QURESHI, Mahvish ALI∗, Dilshad AHAMAD
Department of Applied Sciences and Humanities, Faculty of Engineering and Technology,

Jamia Millia Islamia (A Central University), New Delhi-110025, India

Abstract The main aim of this article is to obtain certain Laurent type hypergeometric gen-

erating relations. Using a general double series identity, Laurent type generating functions (in

terms of Kampé de Fériet double hypergeometric function) are derived. Some known results

obtained by the method of Lie groups and Lie algebras, are also modified here as special cases.
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1. Introduction and preliminaries

There has been a great revival of interest in the study of hypergeometric functions in the

last two decades. This newfound interest comes from the connections between hypergeometric

functions and many areas of mathematics such as representation theory, algebraic geometry and

Hodge theory, combinatorics, D-modules, number theory, mirror symmetry, etc. The integral

representations played an important role in the study of the hypergeometric functions. The

celebrated Euler’s integral for the Gauss functions 2F1 was probably the first among them.

The Pochhammer symbol (λ)n is defined as:

(λ)n =
Γ(λ+ n)

Γ(λ)
=


λ(λ+ 1)(λ+ 2) · · · (λ+ n− 1), if n = 1, 2, 3, . . . ,

1, if n = 0,

n!, if λ = 1, n = 0, 1, 2, 3, . . . .

A natural generalization of the Gaussian hypergeometric series 2F1[α, β; γ; z], is accomplished

by introducing any arbitrary number of numerator and denominator parameters. Thus, the

resulting series

pFq

 (αp);

z

(βq);

 = pFq

 α1, α2, . . . , αp;

z

β1, β2, . . . , βq;

 =

∞∑
n=0

(α1)n(α2)n . . . (αp)n
(β1)n(β2)n . . . (βq)n

zn

n!
(1.1)
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is known as the generalized hypergeometric series, or simply, the generalized hypergeometric func-

tion. Here p and q are positive integers or zero and we assume that the variable z, the numerator

parameters α1, α2, . . . , αp and the denominator parameters β1, β2, . . . , βq take on complex values,

provided that

βj ̸= 0,−1,−2, . . . ; j = 1, 2, . . . , q.

In contracted notation, the sequence of p numerator parameters α1, α2, . . . , αp is denoted by

(αp) with similar interpretation for others throughout this paper.

Supposing that none of numerator parameters is zero or a negative integer and for βj ̸=
0,−1,−2, . . .; j = 1, 2, . . . , q, we note that the pFq series defined by Eq. (1.1):

(i) converges for |z| <∞, if p ≤ q,

(ii) converges for |z| < 1, if p = q + 1 and

(iii) diverges for all z, z ̸= 0, if p > q + 1.

Just as the Gaussian 2F1 function was generalized to pFq by increasing the number of the

numerator and denominator parameters, the four Appell functions were unified and generalized

by Kampé de Fériet [1] who defined a general hypergeometric function of two variables [2, p.

423, Eq.(26)].

The notation introduced by Kampé de Fériet for his double hypergeometric function of

superior order was subsequently abbreviated by Burchnall and Chaundy [3, p.112]. We recall

here the definition of a more general double hypergeometric function (than the one defined by

Kampé de Fériet) in a slightly modified notation [4, p.423, Eq.(26)]:

F p: q; kℓ: m; n

 (ap) : (bq) ; (ck) ;

x, y

(αℓ) : (βm) ; (γn) ;

 =

∞∑
r,s=0

p∏
j=1

(aj)r+s
q∏
j=1

(bj)r
k∏
j=1

(cj)s

ℓ∏
j=1

(αj)r+s
m∏
j=1

(βj)r
n∏
j=1

(γj)s

xr

r!

ys

s!
, (1.2)

where, for convergence,

(i) p+ q < ℓ+m+ 1, p+ k < ℓ+ n+ 1, |x| <∞, |y| <∞, or (1.3)

(ii) p+ q = ℓ+m+ 1, p+ k = ℓ+ n+ 1 and (1.4){
|x|1/(p−ℓ) + |y|1/(p−ℓ) < 1, if p > ℓ,

max {|x|, |y|} < 1, if p ≤ ℓ.
(1.5)

Although the double hypergeometric function defined by (1.2) reduces to the Kampé de Fériet

function in the special case: q = k and m = n, yet it is usually referred to in the literature as

the Kampé de Fériet.

A multivariable hypergeometric function provides an interesting and useful unification of the

generalized hypergeometric function pFq of one variable (with p numerator and q denominator

parameters).

The following generalization of the hypergeometric function in several variables has been
given by Srivastava and Daoust [5], which is referred to in the literature as the generalized
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Lauricella function of several variables:

FA:B′;B′′;...;B(n)

C:D′;D′′;...;D(n)


[(a) : θ′, θ′′, ..., θ(n)] : [(b′) : ϕ′]; [(b′′) : ϕ′′]; · · · ; [(b(n)) : ϕ(n)];

z1, z2, · · · , zn
[(c) : ψ′, ψ′′, ..., ψ(n)] : [(d′) : δ′]; [(d′′) : δ′′]; · · · ; [(d(n)) : δ(n)];


=

∞∑
m1,m2,...,mn=0

Ω(m1,m2, ...,mn)
zm1
1

m1!

zm2
2

m2!
· · · z

mn
n

mn!
, (1.6)

where

Ω(m1,m2, . . . ,mn)

:=

∏A
j=1(aj)m1θ′j+m2θ′′j +···+mnθ

(n)
j

∏B′

j=1(b
′
j)m1ϕ′

j

∏B′′

j=1(b
′′
j )m2ϕ′′

j
...

∏B(n)

j=1 (b
(n)
j )

mnϕ
(n)
j∏C

j=1(cj)m1ψ′
j+m2ψ′′

j +···+mnψ
(n)
j

∏D′

j=1(d
′
j)m1δ′j

∏D′′

j=1(d
′′
j )m2δ′′j

...
∏D(n)

j=1 (d
(n)
j )

mnδ
(n)
j

and the coefficients

θ
(k)
j , j = 1, 2, . . . , A; ϕ

(k)
j , j = 1, 2, . . . , B(k); ψ

(k)
j , j = 1, 2, . . . , C; δ

(k)
j , j = 1, 2, . . . , D(k);

for all k ∈ {1, 2, . . . , n} are real and positive, (a) abbreviates the array of A parameters

a1, a2, . . . , aA, (b(k)) abbreviates the array of B(k) parameters b
(k)
j , j = 1, 2, . . . , B(k); for all

k ∈ {1, 2, . . . , n} with similar interpretations for (c) and (d(k)), k = 1, 2, . . . , n; et cetera.

Generating functions play an important role in the investigation of various useful properties

of the sequences which they generate. The Bessel functions Jn(x) have the following generating

function [6]:

exp(
x

2
(t− 1

t
)) =

∞∑
n=−∞

Jn(x)t
n, t ̸= 0; |x| <∞. (1.7)

The Bessel functions Jn(x) are also defined by the series

Jn(x) =
∞∑
k=0

(−1)k(x2 )
n+2k

k! (n+ k)!
, |x| <∞ (1.8)

and

J−n(x) = (−1)nJn(x), (1.9)

where n is a nonnegative integer.

Tricomi functions are Bessel like functions. The Tricomi functions Cn(x) possess the following

generating function [7]:

exp(t− x

t
) =

∞∑
n=−∞

Cn(x)t
n, t ̸= 0; |x| <∞ (1.10)

and have the following series definition:

Cn(x) =
∞∑
k=0

(−1)k xk

k! (n+ k)!
, n = 0, 1, 2, . . . ; |x| <∞ (1.11)

and

C−n(x) = (−1)nxnCn(x). (1.12)
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The Bessel functions Jn(x) and Tricomi functions Cn(x) have the following hypergeometric

representations:

Jn(x) =
(x2 )

n

Γ(n+ 1)
0F1[−;n+ 1;

−x2

4
] (1.13)

and

Cn(x) =
1

Γ(n+ 1)
0F1[−;n+ 1;−x], (1.14)

respectively.

We recall the following Laurent type generating relations which are obtained by Lie algebraic

techniques [8, p-325; Eqs. (9) and (10)]:

(1− xt)−α(1− y

t
)−β =

∞∑
p=−∞

Γ(α+ p)(xt)p

Γ(α)Γ(1 + p)
2F1

 α+ p, β ;

xy

1 + p ;

 , |y| < |t| < |x|−1 (1.15)

and

(1− xt)−β 1F1

 α ;
y
t (1− xt)

1− β ;



=
∞∑

p=−∞

Γ(β + p)(xt)p

Γ(β)Γ(1 + p)
1F1

 α ;

−xy
1 + p ;

 , 0 < |t| < |x|−1. (1.16)

Also, the simplified form of another Laurent type generating relation [8, p-330, Eqs. (27) and

(28)] in terms of other parameters and variables is as follows:

1F0

 −ν ;
−c
βt

− ;

 1F0

 α+ ν + 1 ;
−βγt
1+γc

− ;



=
∞∑

p=−∞

(1 + α+ ν)p
p!

2F1

 −ν, α+ ν + p+ 1 ;
γc

1+γc

1 + p ;

 (
−βγ
1 + γc

)ptp, (1.17)

provided | βγt1+γc | < 1, | cβt | < 1, −π < arg(β), arg( 1+γcβ ) < π.

In this article, the following lemma has been used:

Lemma 1.1 ([9, p.4, Eq (12)]) Let {f(s)}∞s=0 be a bounded sequence of arbitrary real or complex

numbers. Then
∞∑
N=0

f(N)
(x+ y)N

N !
=

∞∑
n,r=0

f(n+ r)
xn

n!

yr

r!
, (1.18)

provided that each of the series involved is absolutely convergent.

Proof of Lemma 1.1 On replacing n by n− r in r.h.s of Eq. (1.18) and then using the result
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n,r=0 Ψ(n, r) =

∑∞
n=0

∑n
r=0 Ψ(n− r, r) (see [8, pp.100]), we get

∞∑
n,r=0

f(n+ r)
xn

n!

yr

r!
=

∞∑
n=0

n∑
r=0

f(n)
xn−r

(n− r)!

yr

r!

=
∞∑
n=0

f(n)
xn

n!

n∑
r=0

(−n)r(− y
x )
r

r!
=

∞∑
n=0

f(n)
xn

n!
1F0

 −n ;

− y
x

− ;

 . (1.19)

Now, applying binomial theorem

1F0

 a ;

z

− ;

 = (1− z)−a; a ∈ C, |z| < 1,

we get
∞∑

n,r=0

f(n+ r)
xn

n!

yr

r!
=

∞∑
n=0

f(n)
xn

n!
(1 +

y

x
)n =

∞∑
n=0

f(n)
(x+ y)n

n!
. (1.20)

Since n is a dummy index, so we can write above equation as follows:

∞∑
n,r=0

f(n+ r)
xn

n!

yr

r!
=

∞∑
N=0

f(N)
(x+ y)N

N !
. (1.21)

This completes the proof. 2

Throughout this article, the meaning of p⋆ is as follows:

p⋆ = max {0,−p} =

{
−p, when p = −1,−2,−3, . . .

0, when p = 0, 1, 2, . . . .
(1.22)

The recent development in the field of hypergeometric functions has been studied by many

authors. The basic properties of the extended τ -Gauss hypergeometric function, including in-

tegral and derivative formulas involving the Mellin transform and the operators of fractional

calculus, are derived in [10]. Also, the introduction of extended Pochhammer symbol by using a

known extension of the gamma function involving the modified Bessel (or Macdonald) function

are recent investigations, see for example, [11, 12].

The purpose of this note is to obtain the Laurent type hypergeometric generating relations.

This paper is organized as follows. In Section 2, a general double series identity is derived.

Section 3 is dedicated to obtain the Laurent type hypergeometric generating relations. In Section

4, some special cases of the obtained results are presented.

We are now in a position to prove the following general double series identity and hypergeo-

metric generating relations, using series rearrangement techniques.

2. General double series identity

Lemma 2.1 Let {Φ(m,n)} be a bounded multiple sequence of arbitrary real or complex num-
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bers. Then
∞∑

m,n=0

Φ(m,n)
ambn

m!n!
tm−n =

∞∑
p=−∞

∞∑
n=0

Φ(n+ p+ p⋆, n+ p⋆)
an+p+p

⋆

bn+p
⋆

(n+ p+ p⋆)!(n+ p⋆)!
tp, (2.1)

provided that each of double series involved is absolutely convergent, for suitable values of a, b

and t(t ̸= 0) and p⋆ is defined by Eq. (1.22).

Proof Suppose the l.h.s. of Eq. (2.1) is denoted by Λ. Then, we have

Λ =
∞∑
m=0

∞∑
n=0

Φ(m,n)
ambn

m!n!
tm−n. (2.2)

On replacing m by n+ p in Eq. (2.2), we get

Λ =
∞∑

p=−∞

∞∑
n=0

Φ(n+ p, n)
an+p bn

(n+ p)!n!
tp

=

−1∑
p=−∞

∞∑
n=0

Φ(n+ p, n)
an+p bn

(n+ p)!n!
tp +

∞∑
p=0

∞∑
n=0

Φ(n+ p, n)
an+p bn

(n+ p)!n!
tp

= · · ·+
∞∑
n=0

Φ(n− 4, n)
an−4 bn

(n− 4)!n!
t−4 +

∞∑
n=0

Φ(n− 3, n)
an−3 bn

(n− 3)!n!
t−3+

∞∑
n=0

Φ(n− 2, n)
an−2 bn

(n− 2)!n!
t−2 +

∞∑
n=0

Φ(n− 1, n)
an−1 bn

(n− 1)!n!
t−1+

∞∑
p=0

∞∑
n=0

Φ(n+ p, n)
an+p bn

(n+ p)!n!
tp

= · · ·+
∞∑
n=4

Φ(n− 4, n)
an−4 bn

(n− 4)!n!
t−4 +

∞∑
n=3

Φ(n− 3, n)
an−3 bn

(n− 3)!n!
t−3+

∞∑
n=2

Φ(n− 2, n)
an−2 bn

(n− 2)!n!
t−2 +

∞∑
n=1

Φ(n− 1, n)
an−1 bn

(n− 1)!n!
t−1+

∞∑
p=0

∞∑
n=0

Φ(n+ p, n)
an+p bn

(n+ p)!n!
tp

=
−1∑

p=−∞

∞∑
n=−p

Φ(n+ p, n)
an+p bn

(n+ p)!n!
tp +

∞∑
p=0

∞∑
n=0

Φ(n+ p, n)
an+p bn

(n+ p)!n!
tp

=
∞∑

p=−∞

∞∑
n=p⋆

Φ(n+ p, n)
an+p bn

(n+ p)!n!
tp, where p⋆ = max {0,−p}. (2.3)

On replacing n by n+ p⋆ in Eq. (2.3), assertion (2.1) follows. 2

In the next section, using the double series identity, we derive the Laurent type generating

relations in terms of Kampé de Fériet double hypergeometric function.

3. Laurent type generating relations

The result is given in the form of the following theorem:
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Theorem 3.1 The following generating function (in terms of Kampé de Fériet double hyper-

geometric function) for Srivastava-Daoust hypergeometric function holds true:

FD:G;K
E:H;L

(dD) : (gG) ; (kK) ;

at, b
t + c

(eE) : (hH) ; (ℓL) ;



=

∞∑
p=−∞

D∏
i=1

(di)p+2p⋆

K∏
i=1

(ki)p⋆
G∏
i=1

(gi)p+p⋆

E∏
i=1

(ei)p+2p⋆

L∏
i=1

(ℓi)p⋆
H∏
i=1

(hi)p+p⋆

ap+p
⋆

bp
⋆

(p+ p⋆)!(p⋆)!
×

FD+K:G+1;0
E+L:H+2;0

 [(dD) + p+ 2p⋆ : 2, 1], [(kK) + p⋆ : 1, 1] :

[(eE) + p+ 2p⋆ : 2, 1], [(lL) + p⋆ : 1, 1] :

[(gG) + p+ p⋆ : 1], [1 : 1] ; ;

ab, c

[(hH) + p+ p⋆ : 1], [1 + p+ p⋆ : 1], [1 + p⋆ : 1] ; ;

 tp, (3.1)

where, for convergence, t ̸= 0,

D +G < E +H + 1, D +K < E + L+ 1, |at| <∞, |b
t
+ c| <∞, or

D +G = E +H + 1, D +K = E + L+ 1 and{
|at|1/(D−E) + | bt + c|1/(D−E) < 1, if D > E

max
{
|at|, | bt + c|

}
< 1, if D ≤ E

and p⋆ is defined by Eq. (1.22).

Proof Suppose the power series form of l.h.s. of Eq. (3.1) is denoted by Ω. Then, we have

Ω =
∞∑
m=0

∞∑
N=0

D∏
i=1

(di)m+N

G∏
i=1

(gi)m
K∏
i=1

(ki)N

E∏
i=1

(ei)m+N

H∏
i=1

(hi)m
L∏
i=1

(ℓi)N

(at)m

m!

( bt + c)N

N !
. (3.2)

Now, using Lemma 1.1 in Eq. (3.2), we get

Ω =

∞∑
m=0

∞∑
n,r=0

D∏
i=1

(di)m+n+r

G∏
i=1

(gi)m
K∏
i=1

(ki)n+r

E∏
i=1

(ei)m+n+r

H∏
i=1

(hi)m
L∏
i=1

(ℓi)n+r

(at)m

m!

( bt )
ncr

n!r!

=

∞∑
r=0

D∏
i=1

(di)r
K∏
i=1

(ki)rc
r

E∏
i=1

(ei)r
L∏
i=1

(ℓi)rr!

∞∑
m,n=0

D∏
i=1

(di + r)m+n

G∏
i=1

(gi)m
K∏
i=1

(ki + r)n

E∏
i=1

(ei + r)m+n

H∏
i=1

(hi)m
L∏
i=1

(ℓi + r)n

am

m!

bn

n!
tm−n. (3.3)
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On applying general double series identity (2.1) in Eq. (3.3), we obtain

Ω =
∞∑
r=0

D∏
i=1

(di)r
K∏
i=1

(ki)rc
r

E∏
i=1

(ei)r
L∏
i=1

(ℓi)rr!

∞∑
p=−∞

∞∑
n=0

D∏
i=1

(di + r)2n+p+2p⋆

K∏
i=1

(ki + r)n+p⋆

E∏
i=1

(ei + r)2n+p+2p⋆

L∏
i=1

(ℓi + r)n+p⋆

G∏
i=1

(gi)n+p+p⋆

H∏
i=1

(hi)n+p+p⋆

×

an+p+p
⋆

(n+ p+ p⋆)!

bn+p
⋆

(n+ p⋆)!
tp

=
∞∑

p=−∞

∞∑
n,r=0

D∏
i=1

(di)2n+r+p+2p⋆

K∏
i=1

(ki)n+r+p⋆

E∏
i=1

(ei)2n+r+p+2p⋆

L∏
i=1

(ℓi)n+r+p⋆

G∏
i=1

(gi)n+p+p⋆

H∏
i=1

(hi)n+p+p⋆

an+p+p
⋆

(n+ p+ p⋆)!

bn+p
⋆

(n+ p⋆)!
tp

=

∞∑
p=−∞

D∏
i=1

(di)p+2p⋆

K∏
i=1

(ki)p⋆
G∏
i=1

(gi)p+p⋆

E∏
i=1

(ei)p+2p⋆

L∏
i=1

(ℓi)p⋆
H∏
i=1

(hi)p+p⋆

ap+p
⋆

bp
⋆

(p+ p⋆)!(p⋆)!
×

∞∑
n,r=0

D∏
i=1

(di + p+ 2p⋆)2n+r
K∏
i=1

(ki + p⋆)n+r
G∏
i=1

(gi + p+ p⋆)n

E∏
i=1

(ei + p+ 2p⋆)2n+r
L∏
i=1

(ℓi + p⋆)n+r
H∏
i=1

(hi + p+ p⋆)n

(1)n
(1 + p+ p⋆)n(1 + p⋆)n

(ab)n

n!

cr

r!
tp.

Now, using the definition of Srivastava-Daoust double hypergeometric function (1.6), we ob-

tain assertion (3.1). 2

Remark 3.2 Taking c = 0 in Eq. (3.1), the following consequence of Theorem 3.1 is deduced:

Corollary 3.3 The following generating function (in terms of Kampé de Fériet double hyper-

geometric function) for generalized hypergeometric function holds true:

FD:G;K
E:H;L

(dD) : (gG) ; (kK) ;

at , b
t

(eE) : (hH) ; (ℓL) ;



=
∞∑

p=−∞

D∏
i=1

(di)p+2p⋆

G∏
i=1

(gi)p+p⋆
K∏
i=1

(ki)p⋆

E∏
i=1

(ei)p+2p⋆

H∏
i=1

(hi)p+p⋆
L∏
i=1

(ℓi)p⋆

ap+p
⋆

bp
⋆

(p+ p⋆)!(p⋆)!
×

2D+G+K+1F2E+H+L+2


d1+p+2p⋆

2 , . . . , dD+p+2p⋆

2 , d1+p+2p⋆+1
2 , . . . , dD+p+2p⋆+1

2 ,

e1+p+2p⋆

2 , . . . , eE+p+2p⋆

2 , e1+p+2p⋆+1
2 , . . . , eE+p+2p⋆+1

2 ,

g1 + p+ p⋆, . . . , gG + p+ p⋆, k1 + p⋆, . . . , kK + p⋆, 1 ;

22(D−E)ab

h1 + p+ p⋆, . . . , hH + p+ p⋆, ℓ1 + p⋆, . . . , ℓL + p⋆, 1 + p+ p⋆, 1 + p⋆ ;

 tp,
(3.4)
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where, for convergence, t ̸= 0,

D +G < E +H + 1, D +K < E + L+ 1, |at| <∞, |b
t
| <∞, or

D +G = E +H + 1, D +K = E + L+ 1 and{
|at|1/(D−E) +

∣∣ b
t

∣∣1/(D−E)
< 1, if D > E

max
{
|at|,

∣∣ b
t

∣∣} < 1, if D ≤ E

and p⋆ is defined by Eq. (1.22).

In the next section, some special cases of the results obtained in Section 3 are discussed.

4. Special cases

(1) Taking D = E = H = L = 0, G = K = 1; g1 = α, k1 = β; a = x, b = y in Eq. (3.4), we

obtain

(1− xt)−α(1− y

t
)−β =

∞∑
p=−∞

(α)p+p⋆(β)p⋆

(p+ p⋆)!(p⋆)!
xp+p

⋆

yp
⋆

3F2

 α+ p+ p⋆, β + p⋆, 1 ;

xy

1 + p+ p⋆, 1 + p⋆ ;

 tp,
(4.1)

provided that |y| < |t| < |x|−1; t ̸= 0, which is the modified form of Eq. (1.15).

(2) Taking D = E = G = H = K = L = 0 in Eq. (3.4), we get

exp(at+
b

t
) =

∞∑
p=−∞

ap+p
⋆

bp
⋆

(p+ p⋆)!(p⋆)!
1F2

 1 ;

ab

1 + p+ p∗ , 1 + p∗ ;

 tp, (4.2)

where t ̸= 0 and ∀ finite values of a, b and t.

(i) Putting a = x
2 , b = −x

2 in Eq. (4.2), we get

exp(
x

2
(t− 1

t
)) =

∞∑
p=−∞

(−1)p
⋆

(x2 )
p+2p⋆

(p+ p⋆)!(p⋆)!
1F2

 1 ;

−x2

4

1 + p+ p⋆, 1 + p∗ ;

 tp, (4.3)

which is the modified form of generating relation (1.7) associated with Bessel function Jn(x) and

t ̸= 0, |x| <∞.

(ii) Putting a = 1, b = −x in Eq. (4.2), we get

exp(t− x

t
) =

∞∑
p=−∞

(−x)p⋆

(p+ p⋆)!(p⋆)!
1F2

 1 ;

−x
1 + p+ p⋆, 1 + p∗ ;

 tp, (4.4)

which is the modified form of generating relation (1.10) associated with Tricomi function Cn(x)

and t ̸= 0, |x| <∞.

(3) Taking D = E = H = L = 0, G = K = 1; g1 = 1+ α+ ν, k1 = −ν, a = −βγ
1+γc , b =

−c
β in
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Eq. (3.4), we obtain

1F0

 −ν ;

− c
βt

−;

 1F0

 α+ ν + 1 ;
−βγt
1+γc

− ;

 =
∞∑

p=−∞

(1 + α+ ν)p+p⋆(−ν)p⋆
(p+ p⋆)!(p⋆)!

×

3F2

 1 + α+ ν + p+ p⋆, −ν + p⋆, 1 ;
γc

1+γc

1 + p+ p⋆, 1 + p⋆ ;

 (
γc

1 + γc
)p

⋆

(
−βγ
1 + γc

)ptp, (4.5)

provided that

| βγt

1 + γc
| < 1, | c

βt
| < 1, −π < arg(β), arg(

1 + γc

β
) < π,

which is the modified form of Eq. (1.17).

(4) Taking D = E = H = 0, G = K = L = 1; g1 = β, k1 = α, l1 = 1− β; a = x, b = y and

c = −xy in Eq. (3.1), we obtain

(1− xt)−β 1F1

 α ;
y(1−xt)

t

1− β ;

 =
∞∑

p=−∞

(α)p⋆(β)p+p⋆

(1− β)p⋆

xp+p
⋆

yp
⋆

(p+ p⋆)!(p⋆)!
×

F 1:2;0
1:2;0

 α+ p⋆ : β + p+ p⋆, 1 ; ;

xy, −xy
1− β + p⋆ : 1 + p+ p⋆, 1 + p⋆ ; ;

 tp, (4.6)

provided that |xy| <∞; t ̸= 0, which is the modified form of Eq. (1.16).

5. Conclusion

We conclude our present investigation by observing that several other Laurent type hyper-

geometric generating relations and its applications can also be deduced in an analogous manner.
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