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Operators on Variable Exponent Spaces
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Abstract The main purpose of this paper is to characterize the Lipschitz space by the bound-
edness of commutators on Lebesgue spaces and Triebel-Lizorkin spaces with variable exponent.
Based on this main purpose, we first characterize the Triebel-Lizorkin spaces with variable expo-
nent by two families of operators. Immediately after, applying the characterizations of Triebel-
Lizorkin space with variable exponent, we obtain that b € AB if and only if the commutator of

Calderén-Zygmund singular integral operator is bounded, respectively, from L” (')(R") to £ 521‘;07

from LPO)(R™) to LIO)(R™) with 1/p(-) —1/q(-) = B/n. Moreover, we prove that the commutator
of Riesz potential operator also has corresponding results.

Keywords commutator; Lipschitz space; Triebel-Lizorkin space; variable exponent; singular
integral operator
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1. Introduction and some definitions

In this paper, for 8 > 0 the Lipschits space A,@ is the space of functions f such that

o |f(x+h) — f(2)]
Ifl4, = x’h;@gh#o DB <00

In 1978, Janson [1] proved that b € Ag if and only if the commutator of Calderén-Zygmund
integral operator from LP(R™) to LI(R"), 1 < p < ¢ < oo and § = n(1l/p — 1/q). In 1982,
Chanillo [2] obtained that b € BMO if and only if the commutator of Riesz potential operator I,
from LP(R™) to L4(R"), 1 < p < ¢ < o0 and @« = n(1/p—1/q). In 1995, Paluszynski [3] extended
and generalized the results from [2] and [1], using a complete proof of the result of Chanillo in [2],
showed that b € AB if and only if commutators of Calderén-Zygmund singular integral operator
and Riesz potential operator are bounded from Lebesgue spaces to Lebesgue spaces or Triebel-
Lizorkin spaces. In this article, we prove that the above results still hold in variable exponent.
Namely, we show that b € Ag if and only if commutators of Calderén-Zygmund singular integral
operator and Riesz potential operator are bounded from Lebesgue spaces to Lebesgue spaces or
Triebel-Lizorkin spaces in variable exponent.

Firstly, we give the definition of Lebesgue spaces with variable exponent as follows.
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Definition 1.1 Let p: R — [1,00) be a measurable function. LP()(R™) denotes the set of all

measurable functions f on R™ such that for some A > 0,
oy = {1 [ 1B
LO(R) {f./n|/\\ dat<oo}

and

[fllzee) = inf {)\ >0: /n(&/\x)')p(w)dx < 1}.

Then LP()(R™) is Banach space with the norm || - lLpe) (mny-

Denote by P(R™) the set of all measurable functions p on R™ with range in [1,00) such that
1 < p~ = ess infern p(z), ess sup,cpn p(x) = p* < 0o. Moreover, we define P°(R™) to be the
set of all measurable functions p on R™ with range in (0, co) such that 0 < p~ = ess inf,cr» p(z),
ess Sup,cgn p(z) = p* < oo. Given p(-) € P°(R"), one can define the space LP()(R") as above.
This is equivalent to defining it to be the set of all functions f such that |f|Po € L) (R™), where
0<pyo<p ,andq(-) = I;f—: € P(R™). Then one can define a quasi-norm on this space by

1
£l zecr = I FPe |37

Now, we give some definitions of operators in this article. Meanwhile, some results of the

boundedness of operators are given.

Definition 1.2 Let f € L{ _(R"™). The standard Hardy-Littlewood maximal operator is defined
by

Mjf(z) = supr™™ /B i,

>0

where B,.(z) = B(xz,r) = {y € R" : |x — y| < r}. The key tool we need is the boundedness of
the Hardy-Littlewood maximal operator on variable exponent function spaces. There exist some
sufficient conditions on p(-) such that the maximal operator M is bounded on LP()(R™); see for
example [4,5]. B(R™) is the set of all p(-) € P(R™) such that the Hardy-Littlewood maximal
operator M is bounded on LPC)(R™).

The standard fractional maximal operator is defined by
Maf(@) =supr [ |f(y)ldy,
>0 By (z)

where 0 < o < n. For 1/p(-) — 1/q(-) = a/n, the fractional maximal operator M,, is bounded
from LPC)(R™) to LIC)(R™).

Definition 1.3 (i) A continuous function g : R™ — R is called locally log-Hélder continuous,
abbreviated g € Ci°%(R™), if there exists Clog > 0 such that for all z,y € R",

loc
< Clog )
log(e + 1/]x — yl)

(ii) The function g is called globally log-Hélder continuous, abbreviated g € C'°8(R™), if g is

lg(z) — g(y)]

locally log-Hélder continuous and there exist go € R and Clog > 0 such that for all v € R,

|9(%) = goo| < Tog(e + [2])’
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where goo = lim|; 00 g(x). If ¢ € C°¢(R™), then for every qo < q~ we have q(-)/qo € B(R").
The notation P'°8(R"™) is used for those variable exponents p € PY(R"™) with % eCle. Ifp(-) €
Plg(R"), then we have for every po < p~ that M is bounded on LP()/Po(R™) or, equivalently,
that M, is bounded on LP*)(R™), where t = min(1,pg).

Definition 1.4 Given a locally integrable function K defined on R™\{0}, suppose that the
Fourier transform of K is bounded, and K satisfies

C C
VK@) < i @ #0

[K(2)] <

= W}
Then the singular integral operator T, defined by T f(x) = K x f(x), is bounded on variable
LPO)(R™) if p(-) € B(R™) (see [6]).

Let b € L .. The commutator [b, T] is defined by

loc*
b, T]f(x) = b(x)T'f(x) = T(bf)(x). (1.1)

Definition 1.5 For 0 < a < n, the Riesz potential operator I, is defined by

Iaf(q:):/R Ady. (1.2)

n |z =yl

Further, if 1/q(-) = 1/p(-) — a/n, I, from the space LP()(R™) into the space L) (R™) (see, [7]).
Let b € L . and I, be a Riesz potential operator. The commutator [b, I,,] is defined by

loc
b, 1] f(z) = b(z)Iaf(x) — La(bf)(@).

If b€ Ag and 1/q(-) — 1/p(-) = (o + B)/n, then [b, I,] : LPO)(R™) — LIO)(R™) (see, [8]).
The organization of this paper is as follows. In Section 1, some background material and

definitions are given. In order to prove

behg e bT): IPORY) = FIF & b, 1] : POR") = Fi5°,

we first characterize the Triebel-Lizorkin spaces with variable exponents by two families of op-
erators in Section 2. In Section 3, we characterize the Lipschitz space by the boundedness of
commutators of singular integral operator and Riesz potential operator in variable exponent.
As usual, we denote by R™ the n-dimensional real Euclidean space. Use c as a generic positive
constant, and denote simply by A < B if there exists a constant ¢; > 0 such that A < ¢1B.
Further, A ~ B means that A < B and B < A. For a set A, xa denotes its characteristic
function. The set S denotes the usual Schwartz class of infinitely differentiable rapidly decreasing
complex-valued functions, by &’ we denote its dual space. The Fourier transform of a tempered

distribution f is denoted by f while its inverse transform is denoted by f.

2. Characterizations of Triebel-Lizorkin spaces with variable exponent

To discuss variable exponent Triebel-Lizorkin spaces, we first need to consider the following

sequences function space. Lp(_)(lq) is the space of all sequences {g;} of measurable functions on
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R™ with finite quasi-norms

> 1/q
g3}, = Mg} oo = || (D 90)7)
j=1

7,08

We now recall the Fourier analytical approach to function spaces of Triebel-Lizorkin. Let

o, ¢ € S(R™) with o > 0 and satisfy the following conditions:

() L |zl <1,
xTr) =
o 0, |z|>2.

Set p(z) = ¢o(z) — po(2z) with x € R™ For j € N, let p;(z) = ¢(277x). Then we call

{¢;}jen, a resolution of unity, it follows that
> pi(x) =1,
=0
Definition 2.1 Let {¢;}jen, be a resolution of unity, 0 < 3,q < oo, p(-) € P°(R™). The set

{res®: H(iuﬂﬂ(wmq) oo

is named to be the Triebel-Lizorkin space with variable exponent and denoted by Fpﬂ(’g. The

1/q

quasi-norm of f in this space is denoted by

7200

, —~ < ~ 1/q
1£lse = 12 (o5 5 Dl p00 = || (3127705 ¢ HV19) 7|
§=0

Remark 2.2 By [9, Proposition 6.4], we know that the Sobolev type embedding inequality of
Triebel-Lizorkin spaces with variable exponent as follows.

If
L fo—B

1
fo = P1 and w0 20 -

then

Bo,q n B1,91 (o1
Fpy(y (R™) = Fp 5 (R).

Thus, for g1 =0, gg = oo and ¢; = 2, then Ffoo(’jo(R”) — FEI’?_)(R”) = LP1(), This fact will be
used in the next section.

Below, the characterizations of Triebel-Lizorkin spaces with variable exponent are given.
Namely, we will characterize Triebel-Lizorkin spaces with variable exponent by two families of
operators. To this aim we need the property of Peetre maximal operator on Triebel-Lizorkin
spaces with variable exponent and the boundedness of Hardy-Littlewood maximal operator on
sequences function space. Thus, we give some notations and facts as follows.

Let 19,11 € S(R™), € > 0, integer R > —1 be such that
[o(z)] >0on {z e R": |z| <e}, [¢1(z)]>0o0n {zeR":e/2 < |z| <2} (2.1)
and

DP4(0) =0, for 0 < |B| < R. (2.2)
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Here (2.1) are Tauberian conditions, while (2.2) expresses moment conditions on .

Let us recall the classical Peetre maximal operator, introduced in [10]. In the following we
define the system of maximal functions. Given a sequence of function {¥;}; C S(R"™), a tempered
distribution f € S’ (R™) and a positive number a > 0, the Peetre’s maximal functions are defined

as

\I/A
(¥7)a(z) = sup 75 /W) z €R", j €N.

yern 1+ |29 (z —y)|*’

Now, we give the property of Peetre maximal operator on Triebel-Lizorkin spaces with vari-
able exponent, and the boundedness of Hardy-Littlewood maximal operator on vector-valued

function space as follows.

Lemma 2.3 ([11]) Let 8 < R+ 1,0 < ¢ < oo and p(-) € P°(R") with py < p~ such that
p(-)/po € B(R™). If n/a < po, then for f € S'(R™)

£l ~ 120 Fhall iy ~ 1278 (i )l 0

Lemma 2.4 ([6]) Ifp(-) € B(R") and 1 < ¢ < oo, then there exists a positive constant C such
that for all sequences {f;}32 of locally integrable functions,

{M f5 3520, a0 < CIF Y520l (0)-
To give our characterizations we define by AZ the difference operator. That is
ALf(x) = Anf(z) = fla+h) - f(z),
AL (@) = AR (e +h) = Ajf(2), k>1.

Q(z,t) denotes a cube centered at x, with side length ¢, sides parallel to the axes, we write

Q.(t) = Q(x,t).

Consider the family of operators Sg’r,m, defined by
o 1 a/r dt 1/«
Sient@ = ([ ( g fran) )
o o MQul Joury " ti+pa

For a fixed cube Q = Q,(t), we define the oscillation

/r
oy (1.@) = ose?(.0) = ik (7 [ 170~ Poyran)

where the infimum is taken over all polynomials of degree not exceeding m. Further, we define

the family of operators
e _ dt \ 1/«
D f () = (/0 (osc;” 1(f7$7t))qm)
For ¢ = oo or 7 = oo we have the usual modifications and replace integrations by sup-norms.
Some properties of the above two families of operators can be found in [12] and [13].
In the following we use the above two families of operators to characterize Triebel-Lizorkin

spaces with variable exponent.
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Theorem 2.5 Forp(-) € B(R"),0< qg<oo, m>f/ag, v €R, r>1,if
1 1 1 1
,8 > Up,q,'r‘ = maX{O, V(F — ;),V(& — ;)},

then ||fHF/3 0 ~ 1S5 o fllLecy ~ DS fll Loy . Where ag > 0, v is trace of a matrix [14].

Proof The proof follows the ideas in [14]. The whole proof is divided into three steps, which
together give the proof of the theorem.

Step 1. To prove [|S5 . fllLsc) < ¢ D2, . fllLoc), we choose best approximants P, f in f in
LY(Q4(t)). Since A"P = 0 for all polynomials P of degree less than m, we may split

wf@) = (-1)"(f(z) — Pf(x +Z )"IC(f(x + jh) — Pf(x + jh)).

Thus, we have

1 e\ At \a
Lt @ <( [ (g 110~ Bl an)” )
> 1 N . T N9/ dE \a
(] Gaw fo ZCW(“”*PJ(“J“)\ )" i)
=Io + 1.
To estimate Iy, we use the following facts [13],
. 1
Jim Po-f() = @) 1RS@)I < o | i
If ¢ < 1, we have
1 q/r
x) — P f(x)|"dh
(1o ) 1)~ Pis@ran)
r q/r
< (G / - ZlPQ f(@) = Pruf(@)]) dh)
1 T q/
— Py dy ) dh
(|QO /O(t) ZIQT 21| Q,(Q*lt)‘f(y) 210 (V)] y) )
q
< (g [, 1f0 — Pswla)"

Thus, we obtain
Iy < D}, f(x) < Dy, ().
If ¢ > 1, we apply Minkowski’s inequality to get the same result.
To estimate I, clearly, if j > 1,
I; < ch romd-

Step 2. To prove DS, . fll 100 < C||fHFa,q, by the proof of [14, Theorem 1], we can obtain

||Dq rmf”LT’() < C||,Dq Tmf”LT’(‘)’

where 7 > 0 with 7 < min(1, ¢,p™).
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Now we decompose

f=fos+ fre, for= Z Uy * f.

2kt>1
Then
e dt \1/q o At \1/a
Dt @) < [ ose2 o))+ ([ (s )
=1+1I.

To estimate I, let a > 0. Since osc™ 1(fo 4, z,t) < (M(f&t))l/T and 7 < ¢, we may apply
Lemma 2.4 to get

Il oc <cH</OOO< Z \Ij’“*f)qtl(iit&])l/q‘

2kt>1

1/q
< kaq q) ’
Lr() CH(§2 |\Ijk*f|

7208
To estimate I1, obviously, we can get

osc;”_l(fl,t,;v,t) < c(/

T 1/7
‘ dz) ,
Qa(t) " gry<y

(256)™ 0 (W) f)a(2)

where Q. (t) is a cube with z as its center and ¢ as its side-length.
According to Lemma 2.3, we have

e <d([7] 3 @i,

q dt) 1/q
0 “oke<t t

Lp()

<e|| (o 2teewing)

k
<l

Step 3. By the proof of [14, Theorem 1] and the lines of Triebel [15, pp.82, 103], it is obvious
that ||f||p1§(»_q) <cl|S2, nflleey- O

1210]

Remark 2.6 Through the above theorem, for ¢ = 00, 0 < 8 < 1, p(:) € B(R™), we have

1
SB8,00 2 || SUP %7 — .
gz~ | sup s [ 1 = el

For a cube @, we let

1
fo= 157 /Q f(@)da.

3. Characterizations of the Lipschitz space

In this section, we characterize the Lipschitz space by using the boundedness of Commutators
of Calderén-Zygmund singular integrals and Riesz potential operator. Firstly, we recall some
lemmas, then give the main conclusions in this article (see Theorems 3.5 and 3.6). The proof of

the Lemma 3.1 may be found in [13].
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Lemma 3.1 For0< (g <1,1<q< o0, we have

1 1 1
1f14, %Sgpw/czf_fd %Sng(M/QU_qu)

for ¢ = oo the formula should be interpreted appropriately.

1/q
b

According to the proof in [13, pp.71-72], under the certain conditions we have

1 / Q 1 Q
sup ———— h §0H8up7/ h
e g J, 1491, = €l sup rgemars [, 1

where h? represent the function of defined on the cube Q.

’
p

By the argument same in the proof of the above fact with LP() replaced by L?, obviously,

we can obtain the following lemma.

Lemma 3.2 Let p(-) € B(R"), ¢(-) € P(R™), 1/p(-) —1/q(-) = a/n. Suppose for cach cube Q
we have a function h?, defined on this cube. Then, for v > 0,

1 1
H o [Q[/n /Q |hQ|Hq(.) < CH o [Q[IF/nraln /Q |hQ|Hp(.)’
where the constant C depends only on p, q,« and n.
Very often we have to deal with the norm of characteristic functions on balls (or cubes)
when studying the behavior of various exponents. In classical Lebesgue spaces the norm of such
functions is easily calculated, but this is not the case when we consider variable exponents. The

following lemma takes into account the norm of characteristic functions in the variable exponents.
Lemma 3.3 ([16]) Let p(-) € P°8(R™). Then

Q|77, if|Q| < 2" and x € Q,
el ~ {|Q|vie, if1Q| =1
for every cube (or ball) Q C R™.
For the norm of characteristic functions in the variable exponents we have simple norm

estimates as follows.

Lemma 3.4 Let 29,20 € R", t > 1, and let Q = Q(z0,1), Q° = Q(x0 + 20t,1).
(i) Ifp(-),q'() € PRE(R™), o5 — 715 = £ with & > £, then

n

Ixqollror lIx@ll porcy ~ " TP.

(ii) Ifp(-),r' () € PRE(R™), 5 — o5 = <2 with ko > @2 then

HXQOHLP(') HXQHLT’(-) ~ et

Proof We just need to prove (i), and the proof of (ii) is similar. The case |Q| < 2™ is obvious
by Lemma 3.3.

. 1 _ ﬂ
In the case |Q| > 2", according to 507 T 70 = o we have
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Thus, by Lemma 3.3, we obtain
+L_L
Ix@ollLrer Ix@ll gy ~ 8" 7 T ~ g7 F5.

The proof is completed. [
The following two theorems are the main results of this paper, mainly to characterize the
Lipschitz space by using the boundedness of Commutators of Calderén-Zygmund singular inte-

grals and Riesz potential operator.

Theorem 3.5 Let 0 < B < 1, ¢(-) € P(R") and p(-),q'(-) € PP8(R"). ﬁ - ﬁ = % with
p% > g Then, the following conditions are equivalent:
(a) be A@,‘

(b) [b,T) is a bounded operator from LP()(R™) to FB(C)’O,

(c) [b,T) is a bounded operator from LP()(R™) to LIC)(R™).

Proof Let 0 < B < 1, p( ) ?1) = = with p+ > . Now, we go to prove that the (a) is equivalent

to (b) and (c). Firstly, fix a cube Q Q(zg, ) and z € Q. For f € LP0) and let f° = fxa0,
=1
(a)= (b). According to (1.1), we have

.T1f = [b— bo. T,
e [ 1 71f = (.71l
g b e IS (b= b, TIfal

S e, [0 TV =6~ ba)f)na)

1 1
S o 1= b5+ s [ 170 —ba)s%)
|Q|B/,L sup IT((b=b@) =) (y) = T((b—bo)f*)(zqQ) |+
= D1 + D2 + D3.
First, we estimate Dy, using Lemma 3.1, it follows that
=011 s sup ) bl [ 151
IQIH"/” ~ IQI"/" veQ QI Jo
< [bll, M(TF)(@).

Thus, we obtain D; < ||b||AﬁM(Tf)(x).
To estimate Do, let 0 < t < p~, according to the boundedness of T, we have

1/t
D S g (@ b)) @t
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1/t
sl ([ =)l

1 /
SIQI™/™ sup [b(y) — b 7/ fI*
Q177" sup b(w) = bl (1 | 141°)
SIBll 4, (M () (@),
We now estimate Dj. First, we need the following well-known fact. Let Q* C Q. Then
lbg- — bal S Cllbl5, Q1.
Further, we have
T (y(0 = bQ) f™)(y) = T((b—bq)f*)(xq)
| [ K@= 2) - Ko - 2)06) - bo)<(:)dz

ly — 2q|
< —= = __|b(z) — b d
N/(QQ)C( 716(2) = bal|f(2)[d=

[zQ — 2[)"*
(o)

<y / 212 Q| ([b(2) — byrg| + [barg — bal)|f(2)]dz
QmQ\Qm—lQ

$ 3 22l MU @) + S 2 mpm QP b M) @)

m=2

< llollg, Q™ Z 27 M (f) (x)

m=2

SIbl4, QI M(f)(x).

Thus, we can obtain D3 < ||b||ABM(f)(x)
We finally obtain

1
g [, BT — (BTl
< b, (M TF) (@) + (M F19) (@) + M (@)

We now take the supremum over all Q such that z € Q, and the norm of LP() on both sides.
Since p(-) € P°8(R"), by Remark 2.6 and the boundedness of M, we conclude that

18,11 e S WA, IV CT )y + D0, | TSNl + D83, 1M A
S 1814, 171l

(b)=-(a). We know K (y, z) is a homogeneous kernel of degree —n. Choose zg € R™, Q(yzo,d/n) C

R™ and take |z9| > /n, § < 1 small so that Q ({0} = & is the ball for which we can express

as an absolutely convergent Fourier series of the form

1 > .
— Z et m @) (3.1)
y) =

1
K(z,y)

where above and in what follows, v, € R™ are the specific vectors, and Y °_ |am| < oc.
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Choose z9 € R”, t > 1, and let Q = Q(w0,t), Q° = Q(z0 + 20t,t). For x € Q, y € Q" with
(y—x)/t € Q(z0,0+/n). Take on s(x) = sgn(b(x) — bgo). Applying (3.1), Remark 2.2 and Lemma

3.4 (i), we can obtain

Q|1+ﬁ/"/ b Q)ldz < Q|1+ﬁ/n/ |b(z) — bgo|dx
S W@ /Qs(fv) /Q (wb(a) — b(y))dy ) da
! Kz —y)

~ e ([ (60) = o)) =ty
= tni—ﬁ i am/ 5(93)(/0(3/5(%) —b(y)) K (x - y)e“”m’y/t)dy)e*“”m’x/ﬂdx

Z o] / b, T (yxgoei ™ /0) (@) (xg (@)e™ ¥ /D s(z))da

t"+5

1

S 2 3 I T mane ) o el

m=0
1 < :
N ntB Z lam|[I[0, T](XQ031<Vm"A/t>)Hﬁpﬁ(go||XQ||Lq’(->

1
S v Z lamllIb, TT pocr o iz IxQellzeo lIx@ll o

m=0

S [Ea[ PR

Thus, (b)=-(a) is proved.
(a)=(c). Forbe Ag, 0 < B < 1, p(l) % = f/n. Since K(z — y) is Calderén-Zygmund

kernel, we have

b
[b(z) = b()[[K(z —y)| < u””ﬁ‘}

Using Ig is a bounded operator from LPO) to L) it follows that

BTV <[ [ o) = bl @ = )l

|f(y)]
<I1bll / WL H
120, e 2 —y" = g
SIblAL Ml f lay S N0l 4, 1 lpc-

(¢)=(a). Proceeding in the method as (b)=-(a), if q() + () =1, we can obtain

|Q|1+/3/"/| o)ldz < |Q|1+ﬁ/n/ |b(x) — bgo|dx
S GEE T /Q @) 0) o)y
S g [ @ ([ 0 -0 =)
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1 & ) )
S s 2 an [ s@)( [ (00) =) Ko = gDyl dg
s S [ ([, )

< t”%ﬂ ZO |@m] /Rn([baT](XQ0€i<”m"/t>)(SC))(XQ(ﬂC)e_w/m’xms(x))dm

1 < s
S proewc) Z |aml[|[b, T](xgoe "N s Ix@ll Lo
m=0
1
S o) Z lam [[|[b, T]l| o) = pae [Ix@o | e IxQll Lo
m=0

S, Tl pee) s pac -

[b,T] is a bounded operator from LP()(R™) to L), Thus, (c)=(a) is proved. which completes
the proof of Theorem 3.5. O

Theorem 3.6 Let0< 3 <1,p(-),q(-),r(-) € P(R™) and p(-),7’(-) € P°(R"). % % =2
ﬁ - ?1) = a—zﬁ with p% > QTW Then, the following conditions are equivalent:
(a) be Ag;

(b) [b,1,] is a bounded operator from LPC)(R™) to Fqﬁ(’_‘;o;

(c) [b,1,] is a bounded operator from LPC)(R™) to L") (R™).

Proof Let 0 < 8 < 1, ﬁ — ﬁ =2 ﬁ — % = O‘+B with 1+ > O‘Jrﬁ . Fix to z¢ as the center

of a cube Q, for g € LP() | let ¢° = gx2¢ and g> =g — ¢°.
(a)= (b). By Remark 2.6 and Lemma 3.2, we can obtain

I Ll g 5 50w e / B Za)(a) — (b ZoJ(aDel |

< sup@w/nﬁ ~ b LJ(9) = (b~ bo. L @)el

<[l sw e 10 b Talo) ~ 1al(b~ b))

1
< |Isu 7/ b—bg)la +
up o | 10— b) <g>|H "
sup 1a((b = bo)g

q(+)

sup

1
IQP*“‘/”*W" ‘H p()

PE W sup [1a (0 = b)) () Lo (0 - bcz>g°°><w>‘Hp(‘>

=F1+F2+F3-

Firstly, to estimate [y, for each x € @), we get by Lemma 3.1,

11 . .
B o, 0~ ) 1e(0)] <7 519 10) ~ bl (v | 11at9
Slbll, M(Za(9))(2).
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According to the boundedness of I, we then obtain

Fr S 1Bl 1o @ laey < 10114, Il

To estimate Fy, choose r, 1 < r < p~, and 7 such that (1/r — 1/7) = (a/n). Such 7 exists,
since r < p~ < n/q, it follows that
e | b~ 00)e") S gy a6 — b)) 1@
Q| +(tB)/n [, @ ~ Q|+ (atB)/n "

S1QITH AT (b — bo)g® |l < 1l (M (lg1")) "

Thus, we obtain F2 ,S ”bHAg ||g||p()
We now estimate F3. Analogously to the estimate of D3, we have
1 o0 oo
Wlfa(y(b =0q)g9%)(y) — La((b—bg)g™)(zq)|

1 ly — zql[b(2) — ballg(2)|
/( o dz

<
~ ‘Q|o¢/n+[3/n |(EQ _ z|n+1—a

\cz|a/n+ﬁ/n > /QkQ\zmQ 27K [2AQI /g (2)][b(2) — bold

1
[2£Q/ |2‘“Q\

SZ2 Fkarhs = barqllg(2)|dz+

—k+ka k: B/n
S QI b ||AB|2kQ|/ ldz

< 1bl15, M (9) ().

So, Fi3 < [1bll4, ll9llp(.)- Thus, (a)=-(b) is proved.
(b)=(a). We know W is a homogeneous kernel of degree —n+a. Choose o € R", ¢ >
0, and let Q = Q(zo,t), Q° = Q(zo + 21t,t), for x € Q,y € Q°. According to (3.1), we can get

- (Vi ,x—
EE Z“me §
Like the method of (b)=(a) in Theorem 3.5, by Lemma 3.4 (ii), we have
S s(x / b(x) —b dy )dx
G |QO|/Q @( [ 0 - y)
1 vy
= W/QS(I)(/O(Z)(Q:) _b(y)):m_y:nady>dm

tn+,3+0¢ Z am/ / (z) —b(y))|> — Z/|n7a6i<y'"“y/t>dy>67“””“w/t>d$

m=0

1 OZ5 — i (Vm,, @
S ntBra Z |‘lm|/R ([b, La] (xoe™ ™) (2)) (xq(z)e ™ m*/ D s(2))da
m=0 "
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o
S wrara 2 lamlllb, L) (xqoe™ ™ /) o lIxell Lo
m=0
1 oo
S orrra 2 lamlIb: L) (xqoe /M| po o Ix@l 1o
m=0
1
S ntBta X:O |am|[|[b, Ia]HLp(-pr(ﬁo||XQ0||LP<~> IxellL e
=
SO, Zalll e e

[b, I,,] is a bounded operator from LP()(R") to Fqﬁ(io So, (b)=(a) is proved.

(
(

a)= (c) was proved in [8, Theorem 5].
c):>(a). By the same argument as (b):>(a) in the proof of this theorem, we have

‘Q|1+ﬁ/" / I® Q)ldr S ‘Q|1+ﬁ/n / |b(x) — bgo|dx
s W [ed] /Qs(x) /Q (b(a) — b(y))dy ) da
. [z —y|"

s [, @ ([ 0 o) ) ds
- W% mzoizoam /Q 5($)</Qo(b(l') —b(y))|z — y|"*aei<'fm’y/t>dy)efi<um,x/t>dx

1 > Ay, - —i{VUm,T
S g 2 Lol [ (el @) xa(w)e (o))
m=
1 = (U,
S Bt ZO |aml 116, Ta] (xqoe' ™ /)| L) Ixe| L)
1
S ntBta z:o lam![[[b; La]ll o) Lro Ix@o | oo X £
S b L]l o) 5 oo

The proof of Theorem 3.6 is completed. [
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