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Abstract In this paper, we consider the global well-posedness of smooth solutions for the
Cauchy problem of a sixth order convective Cahn-Hilliard equation with small initial data. We
first construct a local smooth solution, then by combining some a priori estimates, continuity
argument, the local smooth solution is extended step by step to all ¢t > 0 provided that the L'
norm of initial data is suitably small and the smooth nonlinear functions f(u) and g(u) satisfy
certain local growth conditions at some fixed point u € R.
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1. Introduction

Consider the Cauchy problem of the sixth order convective Cahn-Hilliard equation [1-4]

{ % §g(u)y — (tgr — [(U))geze =0, zER, >0,

u(z,0) = ugp(x), z €R, (1.1)

where u(t,x) = h,(t,z) is the slope of a 1 + 1D (one dimension in space, one in time) surface
h(t,x), 0 is proportional to the deposition strength of an atomic flux and the overall convective
term dg(u), stems from the normal impingement of the deposited atoms [2]. Moreover, the sixth
order linear term results from a curvature dependent regularization, and all other terms represent
the anisotropy of the surface energy under surface diffusion. In this paper, for convenience, we
set d = 1.

The sixth order convective Cahn-Hilliard equation can be used to describe the faceting of a
growing surface with small slopes. There are many papers devoted to the well-posedness theory
of the initial boundary value problem for it. In [5], by an extension of the method of matched
asymptotic expansions that retains exponentially small terms, Korzec, Evans, Miinch and Wagner

derived new types of stationary solutions for the sixth order convective Cahn-Hilliard equation.
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Moreover, by using Galerkin techniques, Korzec and Rybka [2] investigated the existence and
uniqueness of weak solutions of the sixth order convective Cahn-Hilliard equation with periodic
boundary conditions. The authors also used numerical methods to study how the long-time
behavior of solutions depends on the parameter ¢, and they presented numerical evidence that
typical solutions stop coarsening before reaching a trivial state. Latterly, Korzec, Nayar and
Rybka [1] established the existence of global-in-time weak solutions and exponential-in-time a
priori estimates on the H2 norm of solutions for the 2D sixth order convective Cahn-Hilliard
equation together with periodic boundary conditions. Very recently, the long time behavior of
solutions for the 1D and 2D sixth order convective Cahn-Hilliard equation was studied by Korzec,
Nayar and Rybka [3]. Applying the ideas from the theory of infinite dimensional dynamical
systems combined with the available results on convective Cahn-Hilliard equation, the authors
proved the existence of global attractor for such equations with periodic boundary conditions.
The goal of this paper is to investigate the global well-posedness for the Cauchy problem
of one-dimensional sixth order convective Cahn-Hilliard equation. We prove the existence and
uniqueness of global smooth solutions for problem (1.1) by using Hoff and Smoller’s method [6-9]

with a slight modification. More precisely, the result can be stated as follows.

Theorem 1.1 Let r > 0 be any given constant. Suppose that u € R is some fixed constant.
Assume that ug(z) — 4 € LY(R,R) with ||ug(z) — ]|~ < 7 and ||ug(z) — |1 sufficiently
small and the nonlinear functions f(u), g(u) € C7(B(u,2r),R) satisfy f(u) = O(1)lu — u|®> and
g(u) = O(1)|u —i|® as u — 4. Then, there exists a unique global smooth solution u(t, x) for the
Cauchy problem (1.1) such that

lu(t, ) — a||pe <27, t>0. (1.2)

We remark that the proof of Theorem 1.1 is greatly inspired from the work of Liu, Wang
and Zhao [10] for the fourth order Cahn-Hilliard equaton. In [10], the authors used the Hoff and
Smoller’s method with a slight modification to prove the existence of global smooth solutions
for the Cauchy problem of Cahn-Hilliard equation. Comparing with Liu, Wang and Zhao [10],
our main difficulty is how to deal with the relation between the convective term g(u), and the
term f(u)z,. In this paper, under the assumptions g(u) = O(1)ub and f(u) = O(1)u?, we prove
the local existence of smooth solution, establish the L!-norm estimate for the problem (1.1), and
extend up the local solution to all ¢ > 0 by induction. In fact, a simple calculation shows that

the relation between the dimension NV and the orders of f(u) and g(u) are:
g(u) = O()u*F and f(u) = O(L)u' ¥,

In other words, Theorem 1.1 can be generalized to the N-dimensional case if f(u) and g(u)
satisfy the above equalities. However, because of the physically relevant (the equation we consider
models behavior of a crystal surface, thus even three dimensional model does not have any

physical content), we only consider one-dimensional in this paper.

Remark 1.2 On the basis of Lemma 2.4, for problem (1.1), we can easily obtain ||u—a| 1 < C
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and |lu — @ s < Ct~ 3. By using Sobolev’s embedding theorem, we easily obtain
2 -
lu — a2 < flu—allyflu —all Lo,

hence ||lu—1| 2 < Ct~12. Comparing with Miao, Yuan and Zhang [11]’s result on the generalized
heat equations, we found that this decay rate is optimal.
The rest of this paper is organized as follows. In the next section, we introduce some prelim-

inary results. The proof of Theorem 1.1 is postponed in the final section of this paper.
2. Preliminaries
The following three lemmas will be used in this section.
Lemma 2.1 ([12]) If 1 <p<r <q<oo and u € LP(RVN)(LY(RY), then u € L"(RY) with

_ 1 a 1—«
ullr < llullgollullp*, where e

Lemma 2.2 ([8]) Suppose that M (t) is a nonnegative continuous function of t. M(t) satisfies
M(t) <djy 4+ daM(t)"

in some interval containing 0, where di and dy are positive constants and r > 1. If M(0) < d;

and
dldg < (1 — T_l)’l"_(r_l)il,

then in the same interval

dy
M) < ———.
() = 1—rt

Lemma 2.3 ([10]) Assume that g(t) is a nonnegative continuous function defined on [s,T] and

satisfies .

o) < Nt =Dt =) + Mot 0) [ (1 5)gl5)ds,
where s, a, a and b are positive constants satisfying
0<a<l, s>max{a,b},
and N;(t —b) (i = 1,2) are continuous increasing functions of t. Then,

gt) < (t—a)"*N(t—a,t—b) <oo, s<t<T

with

N(t—a,t —b) = Ni(t —b)q1 +
i { ;r

'l —a)
G+ -a)

x [D(1 — a)Na(t — b)(t — a)l—a]ﬂ}.

It is easy to see that N(t — a,t — b) is a continuous increasing function of t.
In order to prove Theorem 1.1, we give the LP(RY R)-estimate on the fundamental solution

to the sixth order convective Cahn-Hilliard equations.

Lemma 2.4 Suppose that c, and c, , are positive constants with c; = 0 and F~! is the inverse
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Fourier transformation with respect to . Assume that k(t,z) = .7-'_1(6_‘5‘6'5), where £,z € R
and t > 0, then
-§0a-3)
[E®)]lLr < cpt™ o8, (2.1)

ID°k(t)||pr < copt e 7978 s=1,2,.... (2.2)
Proof We set £ = nt‘é. Hence

it z) = / e_|£|6teix'fd§ =t % / e_|n|6ei:c‘nt‘%d
) - — ,rl.
R3 -

Let G(y) = Jzs e~In®eiwndy. Clearly, G(y) is a rapidly decreasing function. Then

1

(/]R |k(t,x)|pdx>; :t—%(/RS |G(xt—é|de)
:t’%t%(/ |G(z)|pdz)% = O, T3,
o

We complete the proof of (2.1). Moreover, the following equality holds:

S

D*k(t,z) =t~ DEG(at™ ).

By simple calculations, we obtain (2.2). The proof is completed. O

3. Proof of Theorem 1.1

In this section, we consider the global existence of smooth solutions for the Cauchy problem
of the sixth order convective Cahn-Hilliard equation.

We first give the local existence result.

Lemma 3.1 Suppose that max,cp(g 2 Zzzl(|Dkf(u)\ + |D*g(u)|) = b and the conditions
listed in Theorem 1.1 are satisfied. Then, there exists a unique smooth solution u(t,x) on the
strip Iy, = {(t,z) : 0 <t < t1,x € R} which satisfies

Ju(t, ) —allpe <2r, 0<t<ty, (3.1)

where t; = min{1, m, (ﬁ)%} Moreover, for each 0 < s] < sh < -+ < sh <t <1y, we
have
1D u(t, @) | o < (t—s4) "6 Cr(r,sh — st t—sp), k=1,2,....7, (3.2)

where Cj, is a continuous increasing function of t — sj..

Proof Since u(t, z) is a smooth solution of problem (1.1), it should satisfy
t
ut.o) = [ Kt~ guody — [ ds [ DhGe— it = 9)fu(s.p)dy+
0
t
| s [ Dite— it = ig(uts, ) (3.3)
0

In order to prove Lemma 3.1, we first prove that there is a sufficiently small ¢; > 0 such that

there exists a unique continuous solution u(t, ) for (3.3) on the strip II;,. Then, if we can show
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that the solution obtained above is a smooth solution, such a u(t,z) is indeed a local smooth

solution to problem (1.1). Suppose that T'(t)u = k(t,x) * u(t, z). Hence, (3.3) is equivalent to

w(t, z) = T()uo — / DAT(t — 5) f(u(s))ds + /O DT(t — s)g(u(s))ds. (3.4)

0
Since T'(t)1 = 1, to prove that there exists a local smooth solution for (3.3), we also need to show

that there exists a local smooth solution
t t
w(t, z) — G = T(t)(uo — @) — / DMT(¢ — 5) f(uls))ds + / DT(t — s)glu(s))ds.  (3.5)
0 0

By using the standard method of successive approximations [9,10]: Set u(®)(t,z) = uo(z) and
forn>1,

u™(t,z)—u = T(t)(u —a)— /0 DAT(t—s) f(u™ Y (s))ds+ /0 DT (t—s)g(uY(s))ds. (3.6)

It is easy to see that u(™ (¢, z) is well defined on [0,00) x R for each n > 0. Set v(")(t,z) =

u(™(t,z) — @ and

™= sup [x(t,2)
(t,x)€Elly,

By induction, we prove that if #; = min{1, g5, (ﬁ)g}, then
1,4 ’
g <2r (3.7)

For the case n = 0, (3.7) holds from the assumption we imposed on the initial data. As to the
case n = 1, applying Hausdorff-Young’s inequality and the assumptions on the initial data, we
derive that

| [ ke = p)woty) = @ey| < o~ al < (39
It then follows from (3.6) and (3.8) that
t t
oM (t, )| <r + bc1’4/ (t— s)_%ﬁ]v(o)ﬂds +ber g / (t— s)_%ﬂ[v(o)ﬂds
0 0

12
<r+ 6rb0174(t1)% + grbclyl(tl)% < 2r. (3.9)

Hence, (3.7) is right for n = 1. In addition, assume that (3.7) holds for n < m — 1, where m > 1
is a positive integer. We now show that (3.7) also holds for n = m. Applying Hausdorff-Young’s
inequality and (3.6), we deduce that

t t
Jo(™)| §r+b/ ||D4k(t—s)||L111@<m—1>11ds+b/ | DE(t — 5)|| 1 Jo ™ Vqds
0 0
t t
<r4+ bcl74ﬂv(m71)1]/ (t— s)fgds + bcl,lﬂv(mfl)ﬂ/ (t— s)féds
0 0

12 5
<r+ 6rbey4(t1)3 + S rbera(h)® < 2r. (3.10)

Therefore, (3.7) holds for n = m and by induction, we show that (3.7) is true for any n > 0. In
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the following, we prove that v(")(t,z) satisfies

(Cy(t)3)" (Ca(t1)8)" 1

ol — o < M,

My +

L2t +3) reest+ 1)
n—1 n—1
M M.
_Cl 1_J1r 621 2 on>1, (3.11)
L("5=+3)

where My = 3rbcy 4/, C1 = bey a/7, Mo = grbcmﬁ and Cy = bey 1+/m. We show the estimate
(3.11) by induction. For n = 1, we can obtain from (3.6) that

D (¢, z) — 0O (L, z)|

< / ID*k(t = 5[l 9.f (' — f(@)9ds + / IDk(t = )] 199 (u'”) — g(a)9ds
0 0

t t
é rbcl74/ (t - S)_%ds =+ Tbcl,l / (t — S)_éds
0 0
Mo + My
VT
which implies that the estimate (3.11) is right for n = 1. Suppose that (3.11) holds for n < m—1,

where m > 2 is a positive integer. Then, we can get from (3.6) that

1 6 5
< 4b01’4(t1)§ + grbcl,l(tl)g <

o™ (t, ) — ™D (¢, )]

< / ID*E(t — 8)[| 1 Of (u™ V) — f(um=D)qds+
0

t
/0 1DE(t — 8)]|11 o (u™ D) — g(ul™=2)qds

t 1ym—2 t 5\m—2
_2 (C159) _s (Cas9)
< 66174 / (t — S) g _7M1d5 + bCl,l (t — S) 6 — MQdS
0 L(=3% +3) 0 L(=3% +3)
(22 4+1)  ma (C)™2M, D22 4+ 1) sy (Co)™ %M,
< beyu/T——2 (t1) 5 2 +beiVT == (t1) prow
D(752 +3) D232+ 3) D(™32 +3) D(™32 +3)
- (Cl)m_lMl + (Cg)m_lMg
B L(752 +5)

which implies that (3.11) is true for n = m. Then, by induction again, we derive that the estimate
(3.11) holds for any n > 1. It is easy to see that > (Cl)m?@(ff?ilM2
by (3.11), we obtain v(™ (¢, ) converges uniformly to v(t,z) = Z(t, Zx) — @ on the strip II;,. It is
clear that the unique limit u(¢, z) is a continuous solution of (3.3) on II;,. In order to show that

such a u(t, z) obtained above is indeed a smooth solution of problem (1.1) on II;,, we also need

is convergent. Then,

to obtain the regularity of u(t,x). To do so, we need to derive the following estimates: For each

1<k <7,n>1, there exists a Cy which is a continuous increasing function of ¢ — s}, such that
| DR (8] e < (t— 4) 78 Crl(r, sh — si,t — sh), sk <t <ty. (3.12)

By (3.6) and the semigroup property of T'(t), we derive that

u™(t,z) —a =T(t — 1) (u™(f,2) — @) — /t_t D*T(t — s)f(u™ Y (s))ds+
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/t_ DTt — 8)g(u™)(s)ds. (3.13)

For k =1, we have

Du™ (t,2) =DT(t — s4)(u™ (s}, z) — ) — // DOT(t — ) f(u™V(s))ds+

/ / DT (t — s)g(u™"1)(s)ds.

On the basis of the Hausdorff-Young’s inequality, we deduce that
t

D™ (1) 1 chl(t—gg)*%Hbcm/ (t — 5) oD qdst
t N '
bcl’g/ (t—s) 3qun~Vqds

S1

<(t—8) 750y (r,t — 8)).
For k = 2, note that

D> (t, ) =D*T(t — sb)(ul" (s}, x) — ) - / DPT(t— 8)D (" (5))ds

t
D2T(t — s)Dg(u™ V) ds.
55
Then, applying Hausdorfl-Young’s inequality and (3.12) with k = 1 that
t
| D2u™ || oo Scl,g(t—s;)_%ﬂv(")ﬂ—i—bclﬁ/ (t—s5)"%(s—s})"5C(r,s — s})ds+

’
S2

t
bch/ (t—s)"3(s— ) 5Cy(r,s — s,)ds
sh
<(t-— 5’2)_%02(7“, 55— 81,1 — 85),
which implies that (3.12) holds for K = 2 and n > 1. Now, suppose that (3.12) holds for k < m—1

for some 3 <m <7, ie.,
| D*u™ || e < (£ — 5;)726%(7", sy —st—sy), k=1,2,...,m—1 (3.14)

Therefore, combining (3.7), (3.12) and (3.14) together, applying Hausdorff-Young’s inequality,

we derive that

1D ™| o
t
< et —57,) " F g+ bcl*”/ (t=s)"% > D"V (9) 7 redst

s/ m g
m L iBi=m

t
bc“/ (t—s)72 > HE(DuCD(s) 5 1 ds

’
m

ieq iBi=m

t
< 2rey pm(t — S;n)*% +bec1 s / (t— s)fgcl(r, s—81) Cr1(r,s,_1 — 81,8 —sh,_1)ds+
S

’
m
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¢
_1
bch/ (t—s)"5C(r,s—8})  Crm1(r,s,_1 — s),s — s, _1)ds

m

< (t—s,) ¢ Cup(rs, —s\,t—s),

r m m

which implies that (3.12) is true for £ = m and n > 1. Consequently, by induction, we know that
(3.12) holds for 1 < k <7, n > 1. Since (3.12) is obtained, it is a routine matter to verify that
for each ¢ > 0, D*u(™(t, ) converges uniformly to D*u(t,z) on [s,#;] x R for k = 1,2,...,6.
Hence, we obtain u(t, ) € C15([s,t1] x R) and since ¢ > 0 can be chosen sufficiently small, we get
u(t,z) € CH9((0,¢] x R). Applying the above regularity result, we can show that the solution
u(t, z) is indeed a smooth solution to problem (1.1) on II;, and (3.2) is the direct consequence
of (3.13). Therefore, we complete the proof. O

In the following, we establish the certain L'(R,R) estimates on u(t,x) on the time interval

on which the smooth solutions exist.

Lemma 3.2 Suppose that the solution u(t, z) obtained in Lemma 3.1 has been extended up to
time T (T > t; > 0) and the smooth properties and the a priori estimate (3.1) (and hence (3.2))
are kept unchanged. Then, for any 0 < s] < §) <t < T, we have

| Dul|z: < (t—5,)75 sup |ju— || g1 My (r,t — &), (3.15)
[Ovtl]

where My, Is a continuous increasing function of t — 5.

Proof Note that

<!
S1

u(t,x)—ﬂ:T(t—§’1)(u(§’1,x)—ﬂ)—/ D4T(t—s)f(u(s))ds+[/ DT(t— s)g(u(s))ds. (3.16)
Then,
1Du(t) [z <Cya(t = 57) 7 u(s), 2) — | r + bea g / (t = )75 [ Du(s)| 11 ds+

!
S1

t
bcm/ (t — )=} | Du(s)| 1 ds.
51
On the basis of the singular Gronwall’s inequality, we can easily derive that the estimate
(3.15) holds. Then, the proof is completed. O

We also have the following lemma, which is concerned with the time-independent L'(R, R)-a
priori estimate on the solution w(¢,x). This estimate is very important in extending the local

solution step by step to a global one.

Lemma 3.3 Suppose that the assumptions listed in Lemma 3.2 are satisfied, then there exists

a positive constant C1(r) depending only on r such that
[l — @l —I-t%Hu — s < CiL(r)||up — @llpr, 0<t<T, (3.17)

where the constant Cy(r) is independent of T'.
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Proof Let
X = {u(t,z) : u(t,z) — € C(0,T; L"(R,R), 3 (u(t,z) — &) € C(0,T; L°(R,R))},
with its norm defined by
el x = sup{lull Lt + 35 ul| o }.
[0,7]

Then, it follows from (3.5) that

t t
Ju=allx <IT@ @ - a)lx + | [ DT -]+ | [ DT~ gtutsnas]
0 0
=h+L+1s.
On the basis of the Hausdorff-Young’s inequality, we have

I = [Sup]{IIT(t)(uo — @) g2+ 36| T(t) (uo — @)l e }
0,T

_ =N _
< [Sup]{llk(t)llu luo = ullLr + 3¢ [ K(t)|| Lo [[uo — w1}
0,7

< sup{(1+ ¢t % 50" |lug — a1}
[0,7]

S(l + CZ)HU'O — ﬂHLl.

For I3, by employing a similar argument, we deduce that

I < s { | 1PT (= s)gtu(s) s+ o [T = gute)1sds)

t
<Cy sup (/ (t—s)’é|\u(s)—a||ia+t%/
0 0

[0,7]

t

(t = 5) 7807 D7F Ju(s) — allfeds)

t t
<0y sup(/ (t—s)*%s*%dsﬁ%/ (t_s)*%<17%>*%s*%ds)\|u(s)_a||§(
[0,7] *Jo 0

<Cslu —ull%.

As to I, we have

¢ ot
< sup { [ IDT@ = 1 uelnas + % [ 10T )£ (0 )
t 5 t 1 1 2
<Cusup ([ (=97 uts) = allfs+ 63 [ (0= 80HFu(s) — i)

(0,7
k _2 _ 2 2
<Cusup ([ (¢ Huts) ~ allfuuts) ~ al o+
(0,77 NJo

1

t 3 2
1 / (t =) 5D u(s) — al 7. Juls) - al fods)

t 2 1 5 t 11 1 3 12
<Cy sup(/ (t—s)ﬁs*zdsﬂﬁ/ (t—s)"s *a%as*@ds)uu(s)_auzlnu(s)_a||;5
[0,71 *Jo 0

t t
<Cy Sup(/ (tfs)*%s*%dsﬂ%/ (tfs)*%<1*%>*%s*%ds)||u(s)fm@(
0,77 *Jo 0
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<Cslu —al%.
Summing up, we immediately conclude
lu—allx < (1+ e)llu— @l + Csllu — iy + Callu — all.

Note that

—_

Csllu—allx < Sllu—alx + Collu—al%-

2
Combining the above two inequalities together gives

lu—alx <21+ e)|u—allz +2(Cs + Co)llu —all%-

If we suppose that ||ug — @|/: is sufficiently small, then we can get (3.17), immediately. The
proof is completed. O

With the above preparations in hand, we now prove Theorem 1.1.

Proof of Theorem 1.1 Let 3 be a sufficiently small positive constant. Choose 0 < s1 < s17 <T

sufficiently small such that 57 < ¢; and
tl — §1 = 51 — 81 = ﬂ (318)
It then follows form (3.15) and (3.17) that

{ [u(t) = all s < Ci(F)|luo — @llps, 0<t<t,

_ . (3.19)
[u(tr) = tllwrr < Cr(B, 7, t1) supp 4, [lu(t) — |1

Assume that € is the constant in Sobolev’s embedding ||u(t) — @z < €|lu(t) — @llwr.1, if we
choose [|ug — @||1: sufficiently small such that

¢cCh (T)C7(ﬂ, T, t1)||u0 — aHLl < Huo — ’U,”Loo. (320)
Therefore,

[ut) = allre <Cllu(ts) —allwia < €C7(B,7,11) sup [u(t) —all s
0,t1

S@C](T’)C7(ﬂ77', t1)||u0 — ﬁ||L1 < ||U0 — ﬂHLOC <r.

On the basis of Lemmas 3.1 and 3.3, the solution wu(¢,z) can be extended up to 2¢; and

satisfies
t) —ul|lpe <2 0<t<2t
) ~all~ <20 0<t<on, o
[lu(®) = a|lr < Ci(r)||ug — @llpr, 0 <t < 2.
Taking t = 2t1, s§ = s1 +t; and 5] = 51 + ¢1 in (3.15) and (3.17), we derive that
lw(2t1) — @llwra < C7 (8,7, 1) [sup] lu(t) — @l g1 (3.22)
0,2t
Now, assume that u(¢,z) has been defined up to kt; for some k € Z, such that
t) — il <2 0<t<ktp,
) ~alle <2 0<t<hn o)
[lu(t) = gl < Ci(r)||ug — @llpr, 0 <t < kty.
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Taking t = kt1, s} = s1 4+ (k— 1)t; and 3} = 51 + (k — 1)¢1 in (3.15) and (3.17), we get

lu(ktr) — a||wra < Cr(B,7,t1) [sup] lu(t) — @l L. (3.24)
0,kt1

It then follows from (3.20), (3.23) and (3.24) that

[lu(ktr) — || g <C||lu(kty) — allwra < €C7(B,7,t1) sup ||u(t) — 4|z

0,1

<€Cy(r)C7(B, 7, t1)|luo — ull 1 < flug — |z <7

By using Lemmas 3.1 and 3.3 again, the solution u(¢,z) can be extended up to (k + 1)¢; and

satisfies

t) —al|lpe <2 0<
lut) ~ o~ < 2 0 )

[u(t) — a1 < Cr(r)lluo — all L1,

Proceeding inductively, we thus establish the existence of solution w(z,t) in all ¢ > 0. The

proof is completed. O
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