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Abstract In this paper, the higher order asymptotic behaviors of boundary blow-up solutions
to the equation Au = uP + |Vu|? in bounded smooth domain @ C R" are systematically
investigated for p and g. The second and third order boundary behaviours of the equation are
derived. The results show the role of the mean curvature of the boundary 092 and its gradient
in the high order asymptotic expansions of the solutions.
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1. Introduction

Consider the boundary blow-up problem

Au=uP £ |Vul?, €
{ v (Ps)

u(zx) = oo, x € 01,

where Q C RY is a bounded smooth domain, N > 2. We are interested in the high order

2p
p+1’

the boundary behavior has been studied in [1]. The aim of this essay is to explore the relationship

asymptotic behavior of the boundary blow-up solutions to (Py). For the special case ¢ =

between higher order (higher than the first order) asymptotic behavior of the boundary blow-
up solutions and the geometry of the domain €2 for more general p, ¢q. Second order estimates
(approximation) of the blow-up solutions to the equation Au = u? have been investigated in

many papers [2-4]. For 1 < p < 3, Bandle [2] obtained the second order estimates:

u(z) = (7V§Ii+12) T ()T (1+ i ;)ff)é(x) +0(3()),

where T € 09 is the point such that §(z) = | — Z| and H(Z) denotes the mean curvature of 9.

High order estimates of the equation Au = uP 4+ u? has been studied in [5]. More results about

behavior of the boundary blow-up solutions can be found in [6-10].
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Recently, researchers have shown an increased interest in large solutions of equations with
gradient term. Second order estimates of the blow-up solutions for the equations with gradient
term are discussed in [1,11-16]. In [11] the equation Au = wP|Vu|? for 0 < p < i% has
been studied. These results show how the gradient term affects the asymptotic behaviour of u.
Giarrusso and Porru [1] studied an equation with a special gradient term Au = u? + )\|Vu|%,
0<A<1, p>1, and derived that

(N = DH@)(p +1)3()
B-p)p+1)+ LP~'p(p— 1)

where L is the solution of the equation

+o(8(x)))

2(p+1)
(p—1)%

This paper considers general case of p and ¢ in (Py). Our estimates also include the critical case

2 2p  p1
e
p—

of the exponent in gradient term, where the factors of logarithmic function rise in the estimates.

Theorem 1.1 Assume p > 0, ¢ > 0, and Q2 € C*. If u(x) is a solution to problem (P ) in .
Then u(x) satisfies the following second order estimates on a sufficiently small neighborhood of
0N} as in the following cases.

(i) 1<p<3and0<gq<1for (Py):

) = (=) o) (14 B2 oo(0))
(i) 1<p<3andq=1 for (Py):
L p=1 2 s (N—1)H()d)
u(2) =(gmg) 7O) (1+ s

__p_
27 p+1

(p+3) (p+1)7

(b= 1) 5(@) + o(3(@))):

(ii)) p > 3 and 1)2% <q< % for (P_):

(=g d(x) - (N-1)H (@) (p—q)d(z) _
w(e) = (F—0m) T (1 P +o(5());

(i) p>3 and ¢ = § for (P_):
u(z) = ﬁ (14+(V —1) H (2)5 () log (z) + o(6(x) log ﬁ));

(iii) 222 <g< 3 and1<p<2for (P):

o= DI ()| (V=) HE)0=23)

u(w) = 2_ ¢ 4q—6

+0(6(x)) );

(iii) ¢=3 and 1 < p <2 for (Py):

6(4@ (1 (V- 1)H(2§:)610g(5(x) —i—o(é(m)logﬁ));

u(zx) =
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(iii)" q = 2”?%1 and 1 < p < 2 for (Py):

u(z) :(m)ﬁ (1+ s, ) - (2%5@”
o(3() )
(iv) ¢ =2 and p > 0 for (Py):

u(z) = 1og3s(x)( L 1)];@5@ +0(3()).

Remark 1.2 The existence theory of (P1) can be found in [17]. Related to the case (iii),

q= 1% and p > 1, the second order estimates (see (1)) have been obtained in [1].

We also get the third order estimates of the (P4 ), where mean curvature H(z) of the surface
{y € Q,0(y) =d(x)} at the x and VH(z) are included in the estimates.
Theorem 1.3 Assume 1 < p < 3,0 < g < p%, and 02 € C°. If u(x) is a solution to the
problem (Py ), then we have the third order estimates as the following cases.

. 2 .
(i) l<p<3and0<q< 75

I R (N — 1) H (2)
u(e) =(Jgmg) 77 (2)(1+ PRGN
(3—p) (N —1) H(x) — 2 VH(2)V5()) (N — 1)

12(p+3)
0(52(96))); (1.1)

62(z)+

(ii)1<p<3andq:1%:
ol (N-DH@)
U(x)—(\/ﬁ) 0 ()(1+ b 13 o(z)+

(3—p) (N —1)H?*(z) —2VH(x)V(xz)) (N —1)
12(p+3)

8% (z)F

_2p+41
27 Pt

3(p+1)7t

This theorem shows how VH (x) appears in the third order estimates. The proof is based on

(b~ V)P 62(@) + 0(6*(2)) ). (1.2)

the construction of upper and lower solutions near the boundary. The construction is inspired
by [1]. The paper is organized as follows. In Section 2, we introduce the first order estimates
in the boundary asymptotic behavior and some notations. In Section 3, the upper and lower
solutions are constructed. In Section 4, we prove Theorem 1.1. Section 5 is devoted to the third

order estimates (see Theorem 1.3).

2. Preliminaries

In this section, we state some first order estimates, which will be used in the proof of our
higher order estimates in the following sections. The first order approximation of the large

solution to Awu = u? + |Vu|? has been obtained in [17]. That is if max{z%7 1} < ¢g<2and
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p > 0, then
1 g2
u(w) = ﬂ[(q— 1)3(@)] 41 (14 o(1)). (2.1)
In Theorem 1.1, p and ¢ are divided into 5 cases. We need some notations. In case (iii)
2”;1 <q<3,1<p<2, we define
1 a=2
Y(6(x)) = 2fq[(q —1)o(z)]r. (2.2)

To simplify notation, we denote d(x) by ¢ and (J) by . We have ¢ — co as 6 — 0 and
¥’ < 0. And we get

! -1 ol o )y — //(q_1)22
V=G0 =g - Db~ = (2.3
Then S50 = (L (¢— 1) )9(g— 1)% (g — 1)t = 1. Set
a(p+1)—=2p
()P _ [(g—1)8] a1
5 = = . 2.4
G( ) w// (2 _ q)P ( )
Define similar functions v, 12, and 14, for case (i)—(iii), respectively, as

_ L. s
Y1 = (L)H(SH’ Wy = <M

q
T p—q =1 6_1_
2p+2 q ) ) ¢4 0og

3. Second order estimates

To derive second order estimates, we need the following lemma, which will be proved in the

section.

Lemma 3.1 Assume 21 < ¢ < 3 and 1 < p < 2. v is defined as (2.2). If u(x) is a solution

to the problem (Py), the]jn there exists a positive constant C' such that for x € €2,
(1-=CHY () <u(x)<(1+C8HW (). (3.1)
Furthermore, for ¢ =3/2, 1 <p <2 and§ <1,
(1-Cslogd ")y () <u(x) < (1+Cslogd™ ) (5). (3.2)
Proof Define ,, = {z € Q;d(x) < n,n > 0}. For z € Q,, we know [1§]
[Vé|=1, Ad=—(N—-1)H(z). (3.3)
First, consider the case 2”;1 <q< %, 1 <p<2. Let
v=(1—ad)y(9). (3.4)
By Taylor expansion, we have
vP < (1 —pad 4 Cy(ad)?)yP, (3.5)

where C; (i > 1,7 € N) is a positive constant independent of o. From (2.3) and (3.4),

Vo=(1- 2qq__23 ad)y' V. (3.6)
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Noticing that 1 — Qqq%zgaé > % > 0, we derive

|Vol? < (1 - @0& + Co(ad)?) 9|9
From (3.3) and (3.5),
(1 _ 2q -3 " ’ . 2¢-3
Av=(1 q_2a5)(1/) + ' AJ) q_2aw.

Consequently,

Av=[1-(q—1)Ad5 + (2¢ — 3)ad + WQ(SQA(?]W’.

165

Consider the domain Q,, = {z € Q: §(x) < p} for p small. Claim v is a lower solution of (P-)

in Q,,ie,
Av > |Vu|T+0P, z € Q.
In order to prove (3.7), we need
[1— (g~ 1)JA6 + (2 — 3)ad + waamcﬂ Q"

q—2
(29 —3)

> (1- . 905+ Cy(ad)?) /|7 + (1 — pas + Cy (ad)2)yP.

Applying (2.4) to the inequality, we can rewrite the inequality as

(2¢-3)(¢—1)

[1— (g —1)Ad6 + (2¢ — 3)ad + 72

a62A5]

29 — 3 - -
> B(1 - (Zﬁ)qaa + C(a6)?) + G(6)(1 — pad + Cy1(ad)?),
which can be simplified as

(g—Dag— 243D Sns

q—2
_ _ _ 5 2 -
SRS T IS AT R
Since g > %, we obtain
a(p+1)—2p
_((g=1)0) =
G(d) = 2=q7 = 0(9).

(3.7)

Thus if A§ < 22222 then (3.6) can be derived straightly. Since ¢ < 3/2, taking g large and

q—2 7

dp small enough, we have (3.6) holds for 0 < § < dyp and « > «g. Then, choosing §; such that

d1 < dg, by (2.1) we have
u > 1(0)(1 — apdp) for § < 4.

Choose o such that agdg = a161. Then we have
u(x) > P(01)(1 — a101) for § = ;.
By (2.1), Ou(z) > ¥(6) (1 — a19) for any 6 > 1 near 9f2, and
AU < (Bu)” + |V (0u)|?.
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Using the comparison principle and (3.7), we obtain 8 u > ¢(5)(1 — o;0) for § < §;. Let  — 1,
u > (5)(1 — a10) for 6 < 6;. Increasing oy, we obtain u > ¢(d)(1 — a10) on . The left side of
inequality (3.1) is proved. The proof of right side is similar and omitted. Thus (3.1) holds. Now
we consider Au = |Vu|?/? 4+ uP, where 1 < p < 2 and § (v) < 1. Let v = (1 — adlogd~1)i(5).
Using the arguments similar to that in the proof of (3.1) gives the desired result (3.2). O

Lemma 3.2 Assume 2”’%1 <g<3and1<p<2 ¢ is defined as (2.2). If u(z) is a solution
to the problem (P, ), then there exists a positive constant C such that for x € (Q,
;}‘g;_ (1+ (N_I)Z(_QC)G(Q_Q)‘S)‘ <o, (3.8)
where G(9) is defined in (2.4) and 1 < o < q(pj;_# is a suitable constant.
Furthermore, for g =3/2,1 <p <2, and 6 < 1.
u(z) (1_ (N—1)H (z)dlogd
¥(9) 2

where 0 < ¢’ < 1 is a constant.

) ] < C8(—Tlog )", (3.9)

Proof To prove (3.8) it suffices to show that
N-1)H —2)4
(LEDLIGIE

- aé”)z/; () < u(z)

49—6
(N-DH(@)(@=2)5
< (1+ 06 +ad )w(a), (3.10)
where « is a positive constant. Consider the left side of (3.10). Let
v=(1+ 40— ad?)P(9), (3.11)
where A = %. From (2.3),
29— 3 qg—1 qg—1 ,
= |[(1 Af— (1 7 ——VA . 12
Vv (+q72 § (+q72a)a5)w+q72v K (3.12)
Taking « large enough and § small enough such that
29 -3 qg—1
1 Ao — (1 7 1
—|—q_2 0—( +q_20)a5 > 0, (3.13)

we obtain

2q — -1 _ _
Vol? < (1+ 2 4q5 = (1+ T 0)qa8° + Cu8? + Ca(ad™ ) /],

where C; (i > 1,7 € N) is a positive constant independent of . Using (3.12) yields
Av=(1+ A5 — ad®) (V" + ' A8) + (VAVSS + A — acd® 12y +
(AAS 4 2VAVS + AAS — ao(o — 1)6772 — acé” L AS).
Consequently, we have
Av>{14+[(8—-29)A—(¢—1)Ad]d — ad® + (¢ — 1)20067 +

—1)2 _ _
(g 12) ao(o —1)07 — Cy6?% — Cyad @+ )",
-
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Choose « and § such that
-1 <A —ad’ <1
By (3.11), we derive
WP < (1+ pAS — pad” + C562 + Cs(ad”)2)yP.
Claim v is a lower solution of (Py) in Q,, i.e.,
Av > |Vo|T+0P, z€Q,.
That is

i 1;2%(0 —1)67+

{14+[3—2¢9)A— (¢—1)Ad]6 — ad? +

2(q — 1)acd? — C26% — Coad 1" > (1 + 2qq__ 23Aq5—

q(1+

-1 _ _

Z —50)ad” + €18 + Cy(ad”)) /| + (1 + pAd—
paé” + 0352 + C’g(a(sg)g)’l/)p.

Applying (2.4) to the inequality, we can rewrite the inequality as

14 [(3 = 29)A — (g — 1)A8)5 — ad” + %ag((f )57+

q-—

2(q — Daod? — Cy8° — Crad D) > (1 + 2;: 23Aq6—
o1+ Z = ;o)a(?” + G162+ C1 (7)) + (1 + pAd—
pad” + C30% + C3(ad”)2)G(6).
Since A = %, we have
(3—29)A— (g —1)AS = Qqq:23A

Hence (3.16) becomes

Cu0% + G(8)(1 + pAS + C36?) <ad?[(g — 1)(1 + 20) + L ;(Uq —o+1)o—

Crad + G(5)p — G(8)C3ad°].

From 1 <o < q(p;r#,we get

a(p+1)—2p a(p+1)—2p
g—1) a1 (§) @1 77 o
e — o).

By a direct calculation, (3.16) can be derived if we have

-1
(qfl)(1+20)+z_2a(aqfo+l)>O.

Since 1 < ¢ < % and 1 <o < Q(p'g#, the inequality holds.

167

(3.14)

(3.15)

(3.16)

(3.17)
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Taking o large and dp small enough, we have (3.13) and (3.14). Decrease dp until (3.15)
holds. Hence, we have inequality (3.15) for 6 < dp and « > . Choose 07 such that d; < dg.
Using (3.1), we obtain u (z) > (1 — C§) ¢ (9) for § < ;. From (3.11),

v(x) —u(x) <y (0) (A+C) —ad?).
Choosing ay such that a1 = apdg, we obtain (A + C)d; — a7 < 0. Then u(z) > v(z) for

d(z) = d1. For any 6 > 1, we have v(z) < Qu(x) for 6(z) = 0;. Hence, by (2.1) we obtain
v(x) < Ou(z) near Q2 and derive

AU < (Bu)” + |V (0u)|?.

Using comparison principle and (3.15), we have proved that v(z) < u(z) for § < 4;.

Let 6 — 1. We get u(xz) > v(x) for § < §;. Increasing ay, we obtain u(x) > v(z) on Q.
Hence, the left side of Eq.(3.10) is proved. The proof of the right side of Eq.(3.10) is similar and
is omitted. Hence, we prove (3.10).

By a direct calculation, (3.9) can be derived if we have

LS 1)112(33) 01080 _ \5(=log )7 ) (8) < u(z)

PG ET) HZ(x) 01080 | (= 1og8)7 )4 (6 (),

where « is a positive constant. Consider the left side of the inequality. Let

v=(1+ Adlogd — ad(—log )7 ) (),

where A = %. Similarly, one can prove (3.10). This completes our proof of the lemma. O

4. Proof of Theorem 1.1
In this section, we give a proof for all the cases in Theorem 1.1.

Proof First, we consider the case (iii)”. By replacing (3.17) in the proof of Lemma 3.2 with

(%),

2 _
(3—2q)A— (g — As = 243
o~
we can prove

u(z) = (7(pf1)5)ﬁ(1+ W 2_”2};(”“”)5— (2_7’;_ - 6+ 0(9)).

Similarly, H (z) can be replaced by H (Z) in the inequality, where Z is the point such that

§(z) = |x — Z|. Ad(zx) has eigenvalues given by

—Kl(.f‘) —KN_l(ji)
1—k1(2)6 1 —ky_1(T)d’
where k1(Z),...,kn—1(Z) are the principal curvatures of 92, N is the dimension of 2. We

know [18]

N— _
Z —nl z) ZHZ (14 Ki(Z)0 + -+ (5:(2)6)™ + o((k:(2)6)™)].
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Let n =1. We get

Hence, replace H(x) by H(Z). For the other cases (i), (ii) and (iv), using the same arguments as
(iil), one can prove the second order estimates. The proof for the cases (i)’ and (ii)’ follow the

ones of (iii)” and (iii)’, respectively. O

5. Proof of Theorem 1.3
In this section, we prove Theorem 1.3.

Proof It suffices to prove that there exists a positive constant C such that

@14 454+ A8%) | < o,

Y1 (9)
where
A= Ad Ay — (—A1A6 —2VA1VH)(3 —p)
1 — p+ 37 2 — 12 9

and 2 < 0 < 3 is a constant. First, consider the case 1 <p <3,0<¢ < p—il for (P;). Let
V= (1 + A0 + A262 — 0550) Y (5) s

where
_ﬂ Ay = (=A1A6 — 2VA1VH)(3 —p)
p+3’ 12 ’
and 2 < ¢ < 3 is a constant. The left part is the same as Lemma 3.2. The proof is left to the
reader. Hence, we have (1.1) and (1.2). O

A =
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