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Abstract The alternating direction method of multipliers (ADMM) is a widely used method
for solving many convex minimization models arising in signal and image processing. In this
paper, we propose an inertial ADMM for solving a two-block separable convex minimization
problem with linear equality constraints. This algorithm is obtained by making use of the iner-
tial Douglas-Rachford splitting algorithm to the corresponding dual of the primal problem. We
study the convergence analysis of the proposed algorithm in infinite-dimensional Hilbert spaces.
Furthermore, we apply the proposed algorithm on the robust principal component analysis prob-
lem and also compare it with other state-of-the-art algorithms. Numerical results demonstrate
the advantage of the proposed algorithm.
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1. Introduction

In this paper, we consider the convex optimization problem of two-block separable objective
functions with linear equality constraints:

i F
we B e, (W) +G(v) (1.1)

s.t. Mu+ Nv = b,

where b€ H, M : Hy — H and N : Hy — H are bounded linear operators, F : H; — (—00, 4]
and G : Hy — (—00, +00] are proper, convex and lower semi-continuous functions (not necessarily
smooth), H, H; and Hs are real Hilbert spaces. Specifically, H = RP, H; = R", Hy = R™.
Then M € RP*™ and N € RP*™. We use the notations of Hilbert spaces for generality. Many
problems in signal and image processing, medical image reconstruction, machine learning, and

many other areas are special case of (1.1). When N = —I and b = 0, then (1.1) degenerates into
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an important special case of it as follows,

min F(u)+ G(v)

u€EH,vEH> (].2)
s.t. Mu = v,
which is equivalent to
min F(u) + G(Mu). (1.3)
ueH,

The alternating direction method of multipliers (ADMM) is a popular way to solve (1.1) and
(1.2). Tt has been attracted much attention because of its simplicity and efficiency. The ADMM
can be dated back to the work of Glowinski and Marroco [1], and Gabay and Mercier [2]. The
classical formulation of the ADMM for solving (1.1), which could be presented below:

WM = argmin{F(u) + (¥, Mu) + 3| Mu -+ No* —b|°},
oFt = argmin{G(v) + (y*, Nv) + | MuFt! + Nv — b}, (1.4)
Yt = yF 4y (MuFT + NoFT — b)),

where v > 0. It is well-known that the ADMM can be interpreted as an application of the
Douglas-Rachford splitting algorithm to the dual of the problem (1.1). See, for instance [3]. It is
worth mentioning that the famous split Bregman method [4] is also equivalent to the ADMM. See,
e.g., [5]. A comprehensive review of the ADMM with applications in various convex optimization
problems can be found in [6]. For the convergence and convergence rate analysis of ADMM for
solving (1.1) and (1.3), we refer interested readers to [7—10] for more details. Also, many efforts
have been tried to extend the ADMM for solving multi-block separable convex minimization
problems, see for instance [11-13]. In this paper, we focus on the general case of the two-block
separable convex minimization problem (1.1).

The generalized ADMM (GADMM) proposed by Eckstein and Bertsekas [3] is an efficient
and simple acceleration scheme of the classical ADMM (1.4) for solving (1.3). It is easy to extend
the GADMM to solve (1.1), and the iterative scheme of the GADMM reads as

uPt! = argmin{F(u) + (y*, Mu) + Z||[Mu + Nv* — b||},
" = argmin{G(v) + (y*, Nv) + Z[|N (v — v*) + A\ (MuF+ + Nok —b) |2}, (1.5)
YRt = gk 4 (N (0P — 0F) + A\ (MuF+ + Nok — b)),

where v > 0 and Ay € (0,2). Let Ay = 1. Then the GADMM (1.5) reduces to the classical
ADMM (1.4). There are many works demonstrating that the GADMM (1.5) can numerically
accelerate the classical ADMM (1.4) with A belonging to (1,2). See, for example [9,14].

In recent years, the inertial method becomes more and more popular. It can be used to
accelerate the first-order method for solving nonsmooth convex optimization problems. It is
closely related to the famous Nesterov’s accelerated method, which utilizes the current iteration
information and the previous iteration information to update the new iteration. Many inertial
algorithms have been proposed and studied, such as inertial proximal point algorithm [15,16],
inertial forward-backward splitting algorithm [17, 18], inertial forward-backward-forward split-
ting algorithm [19], inertial three-operator splitting algorithm [20], etc. There are also several
attempts to introduce the inertial method to the ADMM. In particular, Chen et al. [21] proposed
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an inertial proximal ADMM by combining the proximal ADMM [22] and the inertial proximal
point algorithm [15]. The detail of the inertial proximal ADMM is presented below.
(’Ek,’f)k,yk) — ( k,'[}k7yk) + ak(uk _ ukflﬂjk _ Uk717yk _ ykfl)7
uPt! = arg ml}n{F(u) + (g, Mu) + 2| Mu+ No* —b||? + 3|lu —a*|%},
yk+1 _ gk 4 ’y(M’U,k—H + N,Dk _ b),
v = argmin{G(v) + (y*, No) + [ M+ + No = b|]* + 5]l — o*[3},

(1.6)

where {ay} are usually called inertial parameters, S and T are symmetric and positive semidef-
inite matrices, and v > 0 is a penalty parameter. Let the matrices S =T = 0 and a; = 0,
then the inertial proximal ADMM (1.6) recovers the following ADMM type algorithm, which is
studied in [14].

uFtl = arg muln{F(u) + (y*, Mu) + Z||Mu + Nv* — b||?},

YRt = oF 4y (MuFt 4 NoF —b), (1.7)

vPHl = arg mvin{G(v) + (y**, Nv) + 3[|Murt + No — b||*}.

The difference between (1.4) and (1.7) is that the update order of the former is u**! — v*+1 —
y**1, but the update order of the later is u*+! — yk+1 — v*+1 In contrast, Bot and Csetnek [23]
proposed an inertial ADMM for solving the convex optimization problem (1.3), which was based
on the inertial Douglas-Rachford splitting algorithm [24]. It takes the form of
w1 = argmin{ F(u) + (5 — an(y* — 1) — yau(o* — oh1), Mu)+
3 Mu =%},
TRl — ak+1)\k(MUk+1 _ vk) + (1_>\k)’§"k0¢k+1 (yk o ykq + ,y(vk _ v}cﬂ))’
v = argmin{G(v + 7°) + (—y* — (1= A)aw(y® =y + (08 =0t ) o)+ (18)
v = ApMuktt — (1 — Ap)o*|23,
YR = gF Ly (AN MuF 4 (1 — AP — oF )+
(1= M) (y® —y* =1 + (0 =0 ).

Let ar = 0 and A; = 1, then (1.8) becomes the classical ADMM for solving the convex opti-

mization problem (1.3). Bot and Csetnek analyzed the convergence of the sequences generated
by the inertial ADMM (1.8) under mild conditions on the parameters ay and Ag.

The inertial proximal ADMM (1.6) and the inertial ADMM (1.8) are two different algorithms.
Since the inertial proximal ADMM (1.6) is derived from the inertial proximal point algorithm with
a special precondition matrix, which is applied to the KKT condition of the convex minimization
problem (1.1). While the inertial ADMM (1.8) is obtained by applying the inertial Douglas-
Rachford splitting algorithm to the dual of the problem (1.3).

The purpose of this paper is to introduce an inertial ADMM for solving the general two-
block separable convex optimization problem (1.1). We prove the convergence of the sequences
generated by the proposed inertial ADMM. It is worth mentioning that the convex minimization
problem (1.1) can also be rewritten as (1.3), then we can apply the inertial ADMM (1.8) to
solve it. Compared with the inertial ADMM (1.8), the iteration scheme of the proposed algo-

rithm is more simple. In particular, we present the relationship between the proposed algorithm
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(Algorithm 1) and the inertial ADMM (1.8) (See Remark 3.3). Finally, we conduct numerical
experiments on robust principal component analysis (RPCA) problem and compare the proposed
algorithm with the classical ADMM (1.4), the GADMM (1.5), and the inertial proximal ADMM
(1.6) to demonstrate the advantage of the proposed algorithm.

We would like to highlight the contributions of this paper. (i) An inertial ADMM is developed
to solve the convex minimization problem (1.1); (ii) The convergence of the proposed inertial
ADMM is studied in infinite-dimensional Hilbert space; (iii) The effectiveness and efficiency of
the proposed inertial ADMM are demonstrated by applying to the RPCA problem.

The structure of this paper is as follows. In the next section, we summarize some nota-
tions and definitions that will be used in the following sections. We also recall the inertial
Douglas-Rachford splitting algorithm. In Section 3, we introduce an inertial ADMM and study
its convergence results in detail. In Section 4, some numerical experiments for solving the RPCA
problem (4.2) are conducted to demonstrate the efficiency of the proposed algorithm. Finally,

we give some conclusions.

2. Preliminaries

In this section, we recall some concepts of monotone operator theory and convex analysis
in Hilbert spaces. Most of them can be found in [25]. Let H; and Ha be real Hilbert spaces
with inner product (-,-) and associated norm | - || = \/(, ). xx — x stands for {z}} converging
weakly to x, and xp — x stands for {zj} converging strongly to . Let A : Hy — Hs be a
linear continuous operator and its adjoint operator be A* : Hy — H; is the unique operator that
satisfies (A*y, x) = (y, Az) for all x € Hy; and y € Ho.

Let A: H — 25 be a set-valued operator. We denote by zer A = {z € H : 0 € Ax} its set
of zeros, by GraA = {(x,u) € H x H : u € Az} its graph and by A~! : H — 2 its inverse
operator, where (u,x) € GraA~! if and only if (z,u) € GraA. We say that A is monotone if
(x —y,u—wv) >0, for all (z,u),(y,v) € GraA. A is said to be maximally monotone if its graph
is not contained in the graph of any other monotone operator. Letting v > 0, the resolvent of
~vA is defined by

Jya = (I +7A)"" (2.1)

Moreover, if A is maximally monotone, then J,4 : H — H is single-valued and maximally
monotone.
The operator A is uniformly monotone with modulus ¢4 : Ry — [0, 400), if ¢4 is increasing,

¢4 vanishes only at 0, and
(x —y,u—v) > da(llz —yl), (2.2)

for all (z,u), (y,v) € Gra A. Moreover, if ¢4 = ~(-)? (v > 0), then A is y-strongly monotone.
For a function f : H — R, where R := R|J{+00}, We define dom f = {z € H : f(z) < +o0}

as its effective domain and say that f is proper if dom f # 0 and f(x) # —oc for all z € H.

Let f : H — R. The conjugate of f is f* : H — R : u + sup,cy{(z,u) — f()}. We

denote by I'g(H) the family of proper, convex and lower semi-continuous extended real-valued
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functions defined on H. Let f € I'g(H). The subdifferential of f is the set-valued operator
Of(z) ={ve H: fly) > f(z) + (v,y — x)Vy € H}. Moreover, df is a maximally monotone
operator and it holds (0f)~! = f*. For every x € H and arbitrary v > 0, we have

Prow, () = argmin{7f(y) + 51y — «/*} (2.3)

Here Prox, () is the proximal point of parameter v of f at z. And the proximal point operator
of f satisfies Prox,¢(z) = (I +70f) 'z = Jyo2.
Let f € T'g(H). Then f is uniformly convex with modulus ¢ : Ry — [0, 400) if ¢ is increasing,

¢ vanishes only at 0, and

flaz+ (1 =a)y) +a(l —a)é(llz —yl) < af(z)+ (1 —a)f(y), (2.4)
for all 2,y € dom f, Vo € (0,1). If (2.4) holds with ¢ = g()2 for some 8 € (0,400), then f is

B-strongly convex. This also means that df is S-strongly monotone (if f is uniformly convex,
then 9f is uniformly monotone).
At the end of this section, we recall the main results of the inertial Douglas-Rachford splitting

algorithm in [24].

Theorem 2.1 ([24]) Let A, B : H — 2" be maximally monotone operators. Assume zer(A +

0

B) # (). For any given w®, w! € H, define the iterative sequences as follows:

y* = Jyp(wk + ag(wh — whh)),
ok = T 420% — wb — ag(wk — wkt)

W = wF o (wF — w1+ (et - ),

(2.5)

)

where v > 0, {ay }k>1 Is nondecreasing with aq = 0 and 0 < o, < a < 1 for every k > 1 and

A, 0,0 > 0 are such that

a?(1+a) + ao
1—a? ’

0 —ala(l+a) + ad + o]
l+a(l+a)+ad+o]’
Then there exists x € H such that the following statements are true:

(1) J,px € zer(A + B);

(2) Sken W™ —w|? < +oo;

(3) {w*}r>o converges weakly to x;

(4) y* — 2% =0 ask — +oo;

(5) {y*}r>1 converges weakly to J,pz;

6> and 0 < A< )\ <2 Vk > 1. (2.6)

(6) {a*}r>1 converges weakly to Jypx = Jya(2J,px — x);
(7) If A or B is uniformly monotone, then {y*}>1 and {2*}1>1 converges strongly to unique
point in zer(A + B).

Remark 2.2 According to [24], the condition a; = 0 in the above theorem can be replaced by

the assumption w® = w!.

3. Inertial ADMM for solving the two-block separable convex mini-
mization problem
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In this section, we present the main results of this paper. Let H, H; and Hy be real Hilbert
spaces, F' € I'g(Hy), G € Tg(Hs2), b€ H, M : HH — H and N : Hy — H are linear continuous
operators. The dual problem of (1.1) is

max —F* (—M"y) - G*(=N"y) - (5.b), (3.1)
where F* and G* are the Fenchel-conjugate functions of F' and G, respectively. We consider
solving the convex optimization problems (1.1) and its dual problem (3.1). Let v(P) and v(D) be
the optimal objective values of the above two problems respectively, the situation v(P) > v(D),
called in the literature weak duality, always holds. We introduce the Attouch-Brézies condition,

that is
0 € sqri(M (dom F) — N(dom G7)). (3.2)

For arbitrary convex set C' C H, we define its strong quasi-relative interior as
sqriC :={z € C' : Ux>oA(C — ) is a closed linear subspace of H}. (3.3)

If (3.2) holds, then we have strong duality, which means that v(P) = v(D) and (3.1) has an
optimal solution.

Next, we introduce the main algorithm in this paper.

Algorithm 1 An inertial alternating direction method of multipliers (iIADMM)

Input: For arbitrary y' € H, v' € Hy, p' =0, choose v, oy and \y.
For k=1,2,3,..., compute
1 uFt = argmin{F(uv) + (y*, Mu) + 3||Mu + No* — b||?};
u

2. pktl = argrrgn{G(v)+<yk+ak+1pk,Nv)—i—%HN(v—vk)+(1+ak+1))\k(Muk+1+va—b)||2};

8 y" = yP +app? AN = o) + (1 + e A (Mub T+ NoF - )]s
4 pk+1 — ﬁéﬁ[pk + (yk?+1 _ yk) _ ’YN('Uk+1 _ Uk)];
Stop when a given stopping criterion is met.

Output: u*+1 v**+1 and yF+1.

In order to analyze the convergence of Algorithm 1, we define the Lagrangian function of

problem (1.1) as follows:
L(u,v,y) = F(u) + G(v) + (y, Mu+ Nv — b), (3.4)

where y is a Lagrange multiplier. Assuming (u*,v*) is an optimal solution of the optimization

problem (1.1), there exits a vector y*, according to KKT condition, we have

0€dF(u*) + M*y*,

0 € 9G(v*) + N*y*,

Mu* + Nv* —b=0. (3.5)
Moreover, point pairs (u*,v*,y*) are saddle points of Lagrange function, that is

L(u*,v*,y) < L(u*,v*,y") < L(u,v,y"), Y(u,v,y) € Hy x Hy x H. (3.6)
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In order to analyze the convergence of the proposed Algorithm 1 in Hilbert spaces, we show
that the iterative sequences generated by Algorithm 1 are instances of the inertial Douglas-
Rachford splitting algorithm (2.5) applied to the dual problem (3.1). In detail, we show that
Algorithm 1 could be derived from the inertial Douglas-Rachford splitting algorithm (2.5). Then
we use Theorem 2.1 to obtain the convergence of the proposed Algorithm 1. Now, we are ready

to present the main convergence theorem of Algorithm 1.

Theorem 3.1 Assuming (1.1) has an optimal solution and the condition (3.2) is satisfied.
Let the bounded linear operators M and N satisfy the condition that 30, > 0,60, > 0 such that
[Mz| > 601]|x|| and ||Nx| > Oz2||x||, for all x € H. Consider the sequence generated by Algorithm
1. Let v > 0, {ay }x>1 nondecreasing with 0 < oy, < o < 1, {\g}x>1 and A, 0,8 > 0 such that

a?(1+a) +ao

o § —ala(l+ a) + ad + o] VES 1

)
- Sl+a(l+a)+ad+oa]’ -

and 0 < A < )\ <2

Then there exists a point pair (u*,v*,y*), which is the saddle point of Lagrange function, where
(u*,v*) is the optimal solution of (1.1), y* is the optimal solution of (3.1), and v(P) = v(D).
The following statements are true:

(i) (u¥,v*)>1 converges weakly to (u*,v*);

(i) (Mu*+! + Nvk)i>; converges strongly to b;

(iii) (y*)x>1 converges weakly to y*;

(iv) If F* or G* is uniformly convex, then (y*),>1 converges strongly to the unique optimal
solution of (D);

(v) limp_s 400 F(uF1) 4+ G(0F) = v(P) = v(D) = limg_s 4 oo (—F* (= M*2F) — G* (= N*y*) —
(y*,b)), where the sequence (x*);>1 is defined by

= y" MUt £y NoE -,

and (z%)>1 converges weakly to y*.

Proof Let
A=0(F"o(—=M")), and B=0(G"o(—=N"))+b. (3.7
From the first step of iteration scheme (2.5), we have

yk _ 'yB(wk —|—ak(wk _ wk—l))

k _ wkfl))

= Proxv(g*(_N*)H,,b))(wk + ag(w
= argmin{y(G"(~N") + (1) + Sl — 0 —awlw —w HPL (@8)
By the first-order optimality condition, we obtain from (3.8) that
0 € —yNIG*(—=N*y*) + vb + y* —w" — ap(w® — w"h). (3.9)
We introduce the sequence {v*};>1 by

P € G (—=N*y"), (3.10)
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then, we have
0= —yNv" + b+ 4" —w* — ap(w® —wF1) and — N*y* € G (v").
From the second step of iteration scheme (2.5), we have

,’Ek — 7A(2yk o wk o ak(wk _ wk—l))

= Proxvp*(,M*)(Zyk —wk — ag(w® — wh1))
— argmin{yF*(~M"a) + 3 o — 25° + ¥ + anwt — w1 P},
According to the first-order optimality condition, there are also
0 € —yMOF*(—M*z*) + 2 — 2% + w* 4+ ap (w® — w*=1).
Again we introduce a new sequence {u**1};>; by
bt € OF* (—M* k),

we can get

0= —yMuF* + 2% — 20% + w* + g (w* — w*1) and — M*2* € OF (u*1).

From the first formula of (3.11) and (3.15), we obtain
a2 — yF = y MU 4 YNk — 0.
Combining the second formula of (3.15) and (3.16), we have
0 € OF (uF 1) 4 M*a*
&0 € IF (Y + M* (y* + yMuFt + yNok — ~b).
Therefore, it is clear that
uktt = argmuin{F(u) + (y*, Mu) + gHMU + No* — )%},

This is the first step of Algorithm 1.
Let p* = ap(w* — w*~1), then the first formula of (3.11) can be rewritten as

wh = y* 4 yb — pF — YN,
Furthermore, we have

k+1 __
P =g (w

= a1 (YT + b — PP — ANOR T — gF — b 4 pF + yNOF),

k+1 wk)

hence

pk+1 _ ak+1(wk+1 _ ’LUk) _ Og41 (pk + (yk+1 _ yk) _ ’)/N(’UkJrl _ Uk)).

1+ Q41
This is the fourth step of Algorithm 1.

211

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

From the third step of iteration scheme (2.5), the first formula of (3.11), (3.16) and (3.19),

we get

Y = yF b appt F AN = 08) + (14 apg) M (MFT + NP - D)),

(3.20)



212 Yang YANG and Yuchao TANG

This is the third step of Algorithm 1.

Combining the second formula of (3.15) and (3.20), we obtain

0 € OG (VL) 4+ NPt

0 € IG(W") + N*(y* + appap” + 7 (N (0" = 0%) + (1 + app) M (M + NP —b))).

Therefore, it is clear that

o —argmin{G(v) + (y* + axsap®, Nv) + 2 [N (v = v¥)+
(1 4+ a1 Mo (MuFtt + NoF — b))%} (3.21)

This is the second step of Algorithm 1.

Therefore, Algorithm 1 is equivalent to the inertial Douglas-Rachford splitting algorithm for
the dual problem of the original problem (1.1).

Next, we prove the convergence of Theorem 3.1. According to Theorem 2.1, there exists
w € H such that

wh — 1w as k — 400, (3.22)

wht —wk = 0 as k — 400, (3.23)

yk — J,pw as k — +o0, (3.24)

a¥ = J g0 = J,a(2J, 50 — W) as k — 400, (3.25)
Yy —aF = 0as k — +oo. (3.26)

(i) From the first formula of (3.15), we have
AMuFH = 2% 2gk 4wk 4 (w® — wh ),

and from (3.22), (3.23), (3.24) and (3.26), we can get
1
MuFTt —~ = (@ — J,pw) as k — +oo. (3.27)
Y
Moreover, by the first formula of (3.11), we have

k k k

YNV =4 + % — w* — oy (w* — w*1),

and then through (3.22), (3.23) and (3.24), we derive that
1

Nok — ;(Jva — W) +bask — +oo. (3.28)
Let
1 1
Mu* = ;(w — Jypw) and Nv* = 5((]73@ —w) + b. (3.29)

Since the operators M and N satisfy the conditions ||Mz| > 61||z| and ||Nz|| > 63]|z|| for all
x € H, according to (3.27) and (3.28), there exist u*, v* such that

uf = u* and v* — v* as k — 400, (3.30)
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and
Mu* 4+ Nv* =b.

(ii) It follows from (3.16) and (3.26) that

Mu**t + No¥ = b as k — 4.

(iii) Let
y* = Jypw
From (3.24), we have
Y=y
(iv) According to (3.33), we have
w ey +yBy’,

thus
1

1
Nv* = ;(nguv—uv)+b: ;(y* —w)+be —By" +b.

Substituting B = 9(G* o (—N*)) + b to (3.36), we have
Nv* € NOG*(—N*y*) & 0 € dG(v*) + N*y*.
Further, by (3.25) and (3.33), we obtain
y*—w € yAY",

that is ) )
Mu* = ;(u’) — JypW) = ;(w —y*) e —Ay™.

Substituting A = 9(F* o (—M*)) to (3.39), we have

Mu* € MOF*(—M*y*) & 0 € OF (u*) + M*y*.

213

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

According to (3.31), (3.37) and (3.40), we prove that the point pair (u*,v*,y*) satisfies the
optimality condition (3.5). Theorem 3.1 (iv) can be obtained directly from Theorem 2.1 (7).

(v) We know that F' and G are weakly lower semi-continuous (since F' and G are convex)

and therefore, from (i), we have

lim inf (F(u**1) + G(v*)) > liminf F(u* ) 4 lkim inf G (v")

k—4o00 k—4o00 —+o00

> F(u*) + Gw*) =v(P).
We deduce from the second formula of (3.11) and (3.15) that
G(v*) = G(W*) + (" =", =N*y*);
F(u*) > F(uFh) + (u* —uP - M 2b).

Summing up (3.42) and (3.43), we obtain

v(P) > F(uF*h) + G(oF) + (u* — o M) + (v* — o, —N*y"),

(3.41)

(3.42)

(3.43)

(3.44)
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that is

v(P) >F(uf ™) + G*) + (Mu* — MuFt % — 2P+
(Mu* + Nv* — MuMt — Nok| —yF). (3.45)

From (i), (ii), (iii), (3.26) and (3.31), we have

lim sup(F(u**1) + G(v*)) < v(P). (3.46)

k—4oc0

Combining (3.41) and (3.46), we prove the first part of Theorem 3.1 (v).
Again from the second formula of (3.11) and (3.15), we get

G(F) + G*(=N*y*) = (=N*y* %), (3.47)
Fuf Yy  F*(=M*zF) = (= M* 2k ™). (3.48)
Summing up (3.47) and (3.48), we have
P) + Gb) = —F* (-M*2¥) = GH(=N"g) + (¥, M) 4 (g, Nok)
— P (M 2P) — GF(—N*y*) + (yF — 2%, MRt 4 (—yF, Mt No).
Finally, taking into account (i), (ii), (3.26) and the first part of Theorem 3.1 (v), we obtain

lim (—F*(=M*z") — G*(=N*y*) — (y*,b)) = v(P) = v(D). (3.49)

k—+o00

This completes the proof. O

Remark 3.2 Notice that, in finite-dimensional case, the assumption on M and N in Theorem

3.1 means that M and N are matrices with full column rank.

Remark 3.3 As we can see, when oy = 0, the iterative sequences of Algorithm 1 reduces to
the GADMM (1.5).

Suppose that the matrix N is full column rank, let b — Nv = z, then Mu = z and v =
(N*N)"IN*(b—2). Let H(2) = G((N*N)~IN*(b—z)) = G(v), then problem (1.1) is equivalent
to problem (1.3), i.e., grelgll F(u)+ H(Mu). Therefore, we can directly apply the algorithm (1.8)
and obtain the following iteration scheme:
utt = argmin{F(u) + (y* — ax(y* — 9"~ = YN (" = 0" 1)), Mu)+

JIMu+ Nok — b2},
okl = —SLLL(N*N) IV [y A (Mub ! 4+ Nk — b)+
(1= Ar)an(y® —y* 1 =N (v —oF 1)),
v = argmin{G (v + ") + (F + (1= Ao (v —y" 1 =N (v —0"71), Nv)+
FIN(v = oF) + N (Mu+ + No* = b)||?},
Y = gk L [N (0F T — oF) + A (MuFFt + Nok — b)]+
(1= M)ag(y® ="t =N (" —ov*h)).

(3.50)
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In the following, we prove that Algorithm 1 is equivalent to (3.50). In fact, according to (3.7)
and (3.11), we have YNv* = 4b + y* — w* — ap(w® — w*~1) and YNv* = % + vb — wk — p*,
respectively. Let yNt* = vb + y* — w* and yNt* = —ay,(w* — w*~1), we obtain

YNv* = yNt* + yNt*, p¥" = —yNt* and YNt* = —ap(y* — y* 1 —yN(@* —t"71)). (3.51)
Substituting the first formula of (3.51) into step 1 of Algorithm 1, we obtain
ukbtl = argrrhin{F(u) + (y*, Mu) + %HMu + N(t* + ) —b)°}, (3.52)
and then substitute the last formula of (3.51) into (3.52), we get
W = argmin{F(u) + (0 -y g N~ ), M+ LM N b)), (359
Substituting the (3.51) into step 4 of Algorithm 1, it is easy to get
FeH f%(N*N)*lN*pkH
- _%(N*N)*N*(_wfk A (MuFtt 4+ N(#F + %) — b))
_ _%(N*N)*N* Y Ae(Mubtt + NtF — b)+
(1= A)ar(y” =y =N (" = ")) (3.54)
Similarly, substituting the (3.51) into step 2 of Algorithm 1, we have
th+l —arg mtin{G(t + ) 4 (4% — yag  NTF, N+
%HN(t F L R ) (1 4 g ) A (MuF + N8+ ) — b))%}, (3.55)
which implies that
thtl :argmtin{G(t Y W (= M)kt =y = AN — ) N+
%HN(t—tk) + Ae(Mubt 4+ Ntk — b)|2}. (3.56)
Finally, combining steps 3 of Algorithm 1 and (3.51), we obtain
YT =yF A [N —tF) N (MM N - b))+
(1= Xp)ar(y® —yF =t —AN(@F —tF71)). (3.57)

Compared with (3.50), it is obvious that the iteration scheme of Algorithm 1 is more concise.

4. Numerical experiments

In this section, we carry out simulation experiments and compare the proposed algorithm
(Algorithm 1) with other state-of-the-art algorithms including the classical ADMM [26], GAD-
MM (3], the inertial ADMM of Chen et al. [21] (TADMM_CCMY). All the experiments are
conducted on 64-bit Windows 10 operating system with an Inter Core(TM) i5-6500 CPU and
8GB memory. All the codes are tested in MATLAB R2016a.

4.1. Robust principal component analysis (RPCA) problem
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The robust principal component analysis (RPCA) problem was first introduced by Candes
et al. [27], which can be formulated as the following optimization model:
min - rank(u) + plvfjo (1)

st. u+v=0,
where b € R™*™ is a given matrix, rank(u) denotes the rank of matrix u, ||v||o is the number
of the nonzeros of matrix v, and g > 0 is the penalty parameter balancing the low rank and
sparsity. The objective function in (4.1) includes the rank of the matrix v and the ¢y-norm of
matrix v, whose value is the number of nonzero elements in matrix v. The RPCA (4.1) seeks
to decompose a matrix b into two parts: one is low-rank and the other is sparse. It has wide
applications in image and video processing and many other fields. We refer interested readers
to [28,29] for a comprehensive review of RPCA and its variants. It is known that the original
RPCA (4.1) is NP-hard. By using the convex relaxation technique, the rank function of the
matrix is usually replaced by the nuclear norm of the matrix, and the fp-norm of the matrix is
replaced by the £1-norm of the matrix. Therefore, we can get the following convex optimization

model:

min ullsx + pl|v
win - full. + el s
s.t. u4+wv=0>,

where ||ul, = Y} _; ox(u) is the nuclear norm of the matrix and o (u) represents the k singular
value of the matrix, and [[v[[s = 3_,; [vi;|. Under certain conditions, problem (4.2) is equivalent
o (4.1). See for example [27,30]. In fact, let F'(u) = |Jul|«, G(v) = pljv]|s and M = N = I. Then
the RPCA (4.2) is a special case of the general problem (1.1). Therefore, the classical ADMM
algorithm, GADMM algorithm and inertial ADMM algorithms (includes IADMM_CCMY and
Algorithm 1) can be used to solve the convex optimization problem (4.2).

We follow [27] to generate the simulation data. In the experiment, a low rank matrix is
randomly generated by the following method. Firstly, two long strip matrices L = randn (m, )
and R = randn (m,r) are randomly generated, and then u* = LRT is calculated, where m and
r are the order and rank of matrix u*, respectively. At the same time, a sparse matrix v* with
uniform distribution of non-zero elements and uniform distribution of values between [—500, 500]

is generated. Finally, the target matrix is generated by b = u* + v*.
4.2. Parameters setting

In this part, we show how to choose parameters for the studied algorithms. Firstly, for the
common parameters g and v of classical ADMM, GADMM, TADMM_CCMY and Algorithm 1,
we take their values as 1/y/m and 0.01, respectively. Secondly, for the private parameters of the
Algorithm 1, we fix o = 0.01, § and relaxation parameter \j are
a?(1+a)+ac §—afa(l+ a) + ad + o]

1— a2 14+ a(l+a)+ad+o]’

where « takes four different values 0.05, 0.1, 0.2 and 0.3, respectively, and let inertial parameter

=1+ and A\ =2

(4.3)

ap = a. The relaxation parameter A\ of GADMM is constant 1.6 and the inertial parameter oy
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of IADMM_CCMY are the same as that of Algorithm 1.

For the convenience of subsequent experiments, we need to find the optimal inertial parameter
ay, of the two inertial algorithms of IADMM_CCMY and Algorithm 1. The different selection of
inertial parameters are listed in Table 1. In the experiment, the order of objective matrix b is
m = 1000, the rank of low rank matrix u* is r = 0.1m, and the sparsity of sparse matrix v* is
lv*]lo = 0.05m?2, respectively.

Methods ¥ o Inertial parameter a | Relaxation parameter Ay
Algorithm 1-1 0.05 1.7874
Algorithm 1-2 0.01 0.1 1.6019
Algorithm 1-3 0.2 1.2496
Algorithm 1-4 0.01 0.3 0.9243

TADMM_CCMY-1 0.05 None
TADMM_CCMY-2 None 0.1 None
TADMM_CCMY-3 0.2 None
TADMM_CCMY-4 0.3 None

Table 1 Parameters selection of the IADMM_CCMY and Algorithm 1

We define the relative error relu, relv and relb as the stopping criterion, i.e.,

”uk+1 k” B Hvk+1 o kaF B ku+1 o bk

13

—uF|| g
relu := 7||u’“||p , relv = o r , relb := 7||bk||p ,
max(rel u, rel v, relb) < g,
where ¢ is a given small constant.
Methods e=1le—5 e=1le—"7

k relu* rel v* rank(u*) k rel u* rel v* rank(u*)
Algorithm 1-1 70  5.3242e-6  1.2665e-6 100 101  1.7586e-6  6.0458e-7 100
Algorithm 1-2 56  6.8826e-6  1.8277e-6 100 96 1.7588e-6  6.0457e-7 100
Algorithm 1-3 49  1.3062e-5 4.1950e-6 100 69 4.8588e-6  1.7194e-6 100
Algorithm 1-4 53 1.7610e-5 5.6121e-6 100 T 4.8727e-6  1.7199e-6 100
IADMM_CCMY-1 | 55 3.1465e-5 9.6907e-6 100 91 4.8607e-6  1.7197e-6 100
IADMM_CCMY-2 | 53 2.9038e-5 9.6133e-6 100 87 4.8698e-6  1.7199e-6 100
TADMM_CCMY-3 | 49 2.8558e-5  9.1194e-6 100 78 4.8658e-6  1.7196e-6 100
IADMM_CCMY-4 | 50 1.7318e-5 5.6383e-6 100 72 4.8530e-6  1.7192e-6 100

Table 2 Numerical experimental results of IADMM_CCMY and Algorithm 1 under different inertial

k_ 1l

k_
parameters ay (relu” and relv* are defined as ““Hu:ﬁFHF and HUH"-’*HF

£ | respectively)

From Table 2, we can see that when the inertial parameters «; of JADMM_CCMY and
Algorithm 1 are 0.3 and 0.2, respectively, the experimental results are the best. In the following
experiments, we fixed the inertial parameters o) of IADMM_CCMY and Algorithm 1 to 0.3 and

0.2, respectively.
4.3. Results and discussions

In the experiment, the order of objective matrix b is m = 500, m = 800 and m = 1000, the
rank of low rank matrix u* is 7 = 0.05m and r = 0.1m, and the sparsity of sparse matrix v* is

[lv*]lo = 0.05m2 and |[v*|o = 0.1m?, respectively.
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m Methods k relu* relv* rank(u®)
ADMM 58  1.6323e-5  3.6376e-6 25
500 GADMM 45  1.6199e-5 3.6358¢-6 25
IADMM.CCMY 46  1.6150e-5 3.635le-6 25
Algorithm 1 48  1.6153e-5  3.635le-6 25
rank(u*) = 0.05m ADMM 89  5.3299¢-6  1.5083e-6 40
lo*lo = 0.05m2 800 GADMM 76 2.3394e-6  6.5742e-7 40
e le—T IADMM_.CCMY 68  5.3209¢-6  1.5081e-6 40
Algorithm 1 63  5.3177e-6  1.5081e-6 40
ADMM 76 6.3916e-6  2.0164e-6 50
1000 GADMM 57 6.3510e-6  2.0155¢-6 50
IADMM_.CCMY 57  6.3514e-6  2.0155e-6 50
Algorithm 1 55  6.3540e-6  2.0156e-6 50
ADMM 89  1.7912e-5  2.8058¢-6 25
500 GADMM 62  1.766le-5 2.8031e-6 25
IADMM.CCMY 68  1.7626e-5 2.8027e-6 25
Algorithm 1 64  1.7658e-5  2.8031e-6 25
rank(u*) = 0.05m ADMM 118 8.9767e-6  1.7795¢-6 40
[o*]lo = 0.1m2 800 GADMM 90  4.9539-6  9.9398e-7 40
e=le_7 IADMM_.CCMY 94  4.9658¢-6  9.9416e-7 40
Algorithm 1 92 4.953%¢-6  9.9398e-7 40
ADMM 127 5.6708e-6  1.1938e-6 50
1000 GADMM 109  3.4869e-6  7.5976e-7 50
IADMM_CCMY 101 4.4912e-6  9.8826e-7 50
Algorithm 1 98  4.4909e-6  9.8826e-7 50
ADMM 68  7.895le-6 1.7185e-6 50
500 GADMM 49 7.8838c-6 1.718le-6 50
IADMM_.CCMY 54  7.8842¢-6 1.7182¢-6 50
Algorithm 1 51  7.8840e-6 1.7181e-6 50
rank(u*) = 0.1m ADMM 78 7.4927e-6  2.1961e-6 80
o*]lo = 0.05m2 800 GADMM 60  4.3186e-6  1.2655e-6 80
cmle—7 IADMM_.CCMY 68  4.3188¢-6  1.2655e-6 80
Algorithm 1 64  4.3262e-6 1.2657e-6 80
ADMM 95  5.4043e-6  1.8768¢-6 100
1000 GADMM 69  4.882le-6  1.7201e-6 100
IADMM_.CCMY 72  4.8530e-6 1.7192e-6 100
Algorithm 1 69  4.8588e-6  1.7194e-6 100
ADMM 104 8.1931e-6  1.2617e-6 50
500 GADMM 84  6.3919e-6  9.9343e-7 50
IADMM_.CCMY 86  6.3780e-6  9.9311e-7 50
Algorithm 1 83  6.3918e-6  9.9343e-7 50
rank(u*) = 0.1m ADMM 138 7.3081e-6  1.4414e-6 80
"o = 0.1m? 800 GADMM 103 2.1651le-6  4.6292e-7 80
c—le—T IADMM.CCMY 113 2.1650e-6  4.6292e-7 80
Algorithm 1 107 2.1652e-6  4.6292e-7 80
ADMM 140 5.0963e-6  1.1111e-6 100
1000 GADMM 103 1.8990e-6  4.3722e-7 100
IADMM_.CCMY 99  5.0276e-6  1.1086e-6 100
Algorithm 1 104  1.9001e-6  4.3725e-7 100

Table 3 Comparison of numerical experimental results of ADMM, GADMM, TADMM_CCMY and

k%
and L2721

v*|lp

k_ % .
Algorithm 1 (relu* and rel v* are defined as ”uH —ulr L respectively)

u*[| g
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Table 3 is a comparison of the numerical experimental results of the classical ADMM, GAD-
MM, TADMM_CCMY and Algorithm 1. We conclude from Table 3 that the two inertial ADMMs
(IADMM_CCMY and Algorithm 1) and the GADMM are better than the classical ADMM in
terms of iteration numbers and accuracy. The TADMM_CCMY and Algorithm 1 are similar
in terms of accuracy. The proposed Algorithm 1 is better than IADMM_CCMY in the num-
ber of iterations in most cases. Besides, the proposed Algorithm 1 is also comparable with the
GADMM (1.5). In some cases, the number of iteration of the GADMM is higher than that
of Algorithm 1. For example, when m = 800, rank(u*) = 0.05m and ||v*|[p = 0.05m?, and
m = 1000, rank(u*) = 0.05m and ||v*||o = 0.1m?. But, in most cases, the number of iteration of
the GADMM is less than Algorithm 1.

5. Conclusions

ADMM is a popular method for solving many structural convex optimization problems. In
this paper, we proposed an inertial ADMM for solving the two-block separable convex optimiza-
tion problem with linear equality constraints (1.1), which derived from the inertial Douglas-
Rachford splitting algorithm applied to the dual of (1.1). The obtained algorithm generalized
the inertial ADMM of [23]. Furthermore, we proved the convergence results of the proposed
algorithm under mild conditions on the parameters. Numerical experiments for solving the R-
PCA (4.2) showed the advantage of the proposed algorithm over existing iterative algorithms
including the classical ADMM and the inertial ADMM introduced by Chen et al. [21]. We also
found the proposed algorithm is comparable with the GADMM (1.5).
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