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Abstract In this paper, we propose three-way granular approximations (3WGAs) based on

bisimulations. We discover the relationships between 3WGAs based on underlying relations and

3WGAs based on bisimilarity (the largest bisimulation induced by an underlying relation).
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1. Introduction

Yao [1, 2] initiated three-way decision theory as a thinking method and a guiding theory.

Thinking in three is a key idea of the theory. Three-way decision (3WD) originates from rough

set [3], but it has gone beyond rough set now.

3WD has rapidly developed in both theory and application though it is a new theory. For

example, Hu [4] gave the axiomatic definition of three-way decision spaces by analyzing the

commonness of existing three-way decision. Li et al. [5] proposed 3WD based on subset-evaluation

and 3WD matroids. Liu and Liang [6] proposed a new 3WD model in order decision system.

Yao [7] proposed a trisecting-acting-outcome (TAO) model of 3WD and discussed the application

of 3WD in granular computing. Liang et al. [8] proposed a 3WD model with decision-theoretic

rough set under Pythagorean fuzzy information and gave its application. Chen et al. [9] applied

three-way decision to diagnosis of focal liver lesions. Zhang and Miao [10] studied three-way

attribute reducts.

In [11], Zhu et al. pointed out that rough approximations based on an arbitrary binary

relation R are the utility of “one step” (the ordered pair (m,n) are called one step if (m,n) ∈ R)

information which may not be adequate to characterize indiscerniblity. Zhu et al. noticed that
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bisimulation [12–14] can reflect “multi-step” information, then they [11] proposed a method of

approximating unknown concepts by bisimulations which can make up the defect caused by “one

step” information. As continuations of Zhu et al.’s work in [11], Du and Zhu [15, 16] discussed

fuzzy lower and upper approximations of fuzzy relational structures and labeled fuzzy lower and

upper approximations of fuzzy sets by using bisimulations.

It is an interesting topic that one constructs rough set model from the view point of gran-

ule. In general, rough set model based on granule is not equivalent to corresponding rough set

model based on element. Many researchers have done many efforts for the study of rough set

model based on granule [17–19]. Existing granular (variable precision) rough set models based

on arbitrary binary relation only depend on “one step” information of relation. Since bisimula-

tion reflects “multi-step” information, in this paper, by the idea of 3WD, we attempt to study

3WRSAs based on bisimulations from the angle of granule.

This paper is structured as follows. In the next section, some preliminaries are reviewed. In

Section 3, we introduce 3WGAs based on bisimulations and explore the relationships between

the 3WGAs based on underlying relation and 3WGAs based on bisimilarity. In the end, we

summarize the paper and give a few prospects for future research.

2. Preliminaries

We review some notions and results.

2.1. Pawlak rough set and three-way decision

(OB,R) denotes an approximation space (AS), where OB is a finite nonempty set of objects

and R is an equivalence relation on OB. ∀m ∈ OB, [m]R = {n ∈ OB|(m,n) ∈ R} represents

the equivalence class of m. We review two kinds of definitions of Pawlak rough set [3]: element

based definition and granule based definition.

• Element based definition: ∀D ⊆ OB, the lower approximation RE(D) and upper approx-

imation R
E

(D) of D are defined as

RE(D) = {m ∈ OB|[m]R ⊆ D}; R
E

(D) = {m ∈ OB|[m]R ∩D 6= ∅}.

• Granule based definition: ∀D ⊆ OB, the lower approximation RG(D) and upper approxi-

mation R
G

(D) are defined as

RG(D) = ∪{[m]R|m ∈ OB, [m]R ⊆ D}; R
G

(D) = ∪{[m]R|m ∈ OB, [m]R ∩D 6= ∅}.

As we know, the two kinds of definitions above are equivalent. But, the result is not right

when R is not an equivalence relation.

3WD was initiated by Yao [1, 2]. The idea of 3WD is to divide one universe into three pair-

wise disjoint regions according to certain criterion, then take corresponding action strategy w.r.t.

different region.

By lower and upper approximations of Pawlak rough set, we can obtain three regions:

Pos(D) = RE(D) = RG(D), Neg(D) = (R
E

(D))c = (R
G

(D))c,
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Bou(D) = (Pos(D) ∪Neg(D))c,

Pos(D), Neg(D), Bou(D) are called positive region, negative region, and boudary region of D,

respectively.

Conversely, by giving three pair-wise disjoint regions: positive region Pos(D), negative region

Neg(D), and boudary region Bou(D) of D, we can also get lower and upper approximations of

D:

R(D) = Pos(D), R(D) = (Neg(D))c = Pos(D) ∪ Bou(D).

Many theoretic and application-oriented literatures on 3WD published in influential interna-

tional journals have explored the strong strength of 3WD (see [20,21]).

2.2. Bisimulations

Bisimulations take on different forms over different structures [22–25]. This subsection re-

views the concept of bisimulations.

Let (OB,R) be a generalized approximation space (GAS), where R is an arbitrary binary

relation on OB. ∀m ∈ OB, R(m) = {n ∈ OB|(m,n) ∈ R} denotes the successor neighborhood

of m. A relation R is called serial, if ∀m ∈ OB, ∃n ∈ OB, s.t. (m,n) ∈ R. A GAS (OB,R) can

be regarded as a discrete event system, where the objects in OB are viewed as states, the steps

(m,n) (belonging to R) as moves, and R as an underlying relation. We refer to [11–14, 26] for

details.

Based on a GAS, Zhu et al. [11] presented bisimulations as follows.

Definition 2.1 ([11]) Let (OB,R) be a GAS. A binary relation B ⊆ OB × OB is called a

bisimulation if ∀(m,n) ∈ B,

(1) (m,m′) ∈ R =⇒ (n, n′) ∈ R for some n′ ∈ OB satisfying (m′, n′) ∈ B;

(2) (n, n′) ∈ R =⇒ (m,m′) ∈ R for some m′ ∈ OB satisfying (m′, n′) ∈ B.

Figure 1 The GAS (OB1, R1)

The identity relation IdOB = {(o, o) | o ∈ OB} is a bisimulation [11]. For a GAS (OB,R),

its all bisimulations’ union makes up a largest bisimulation, called bisimilarity induced by R,

denoted as ∼R, which is an equivalence relation [11, 12]. ∀o1, o2 ∈ OB, if o1 ∼R o2, then they

are said bisimilar.

Next, we provide an example which comes from [11,27].
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Example 2.2 ([11,27]) Suppose OB1 = {s1, s2, s3, s4, s5, t1, t2, t3, t4, t5} and R1 is displayed by

solid arrows (see Figure 1). Then (OB1, R1) is a GAS. We can verify B1 = {(s1, t1), (s2, t2), (s4, t4),

(s5, t5), (s2, t3), (s3, t4)} (described by dotted arrows in Figure 1) and B2 = {(s4, t4), (s5, t5)}
are two bisimulations.

Furthermore, OB/ ∼R1
= {{s1, t1}, {s5, t5}, {s2, t2, t3}, {s3, s4, t4}}.

3. 3WGAs based on bisimulations

We will raise 3WGAs based on bisimulations, and expatiate the relationships between the

3WGAs based on underlying relation and 3WGAs based on bisimilarity.

3.1. The notion of 3WGAs based on bisimulations

We fist give the notion of 3WGAs based on bisimulations as follows.

Definition 3.1 Let (OB,R) be a GAS and B ⊆ OB × OB be a bisimulation. ∀D ⊆ OB, the

positive region PosGB(D), negative region NegG
B(D) and boundary region BouG

B(D) of D w.r.t. B

are defined as:

PosGB(D) = ∪{B(m)|m ∈ OB,B(m) ⊆ D};

NegG
B(D) = OB − ∪{B(m)|m ∈ OB,B(m) ∩D 6= ∅};

BouG
B(D) = ∪{B(m)|m ∈ OB,B(m) ∩D 6= ∅} − ∪{B(m)|m ∈ OB,B(m) ⊆ D};

PosGB(D), NegG
B(D), and BouG

B(D) are called 3WGAs based on bisimulations of D.

Apparently, PosGB(D) ⊆ (NegG
B(D))c and BouG

B(D) = (PosGB(D) ∪NegG
B(D))c. For the three

regions, any two are disjoint and the three regions’ union is OB.

By using above three regions, we can get the granular lower approximation AppG

B
(D) and

upper approximation App
G

B(D) based on bisimulations of D:

AppG

B
(D) = PosGB(D); App

G

B(D) = (NegG
B(D))c = PosGB(D) ∪ BouG

B(D).

Remark 3.2 In general, a bisimulation may not be an equivalence relation, so the granular

rough approximations above are not equivalent to rough approximations in [11]. Of course, they

are equivalent if B =∼R.

We give an example on 3WGAs.

Example 3.3 For the GAS (OB1, R1) in Example 2.2, D = {s3, s5, t5}.
(1) Take B = {(s1, t1), (s2, t2), (s4, t4), (s5, t5), (s2, t3), (s3, t4)}. We have PosGB(D) = {t5},

NegG
B(D) = {s1, s2, s3, s4, s5, t1, t2, t3, t4}, BouG

B(D) = ∅.
(2) Take B =∼R1

. We have PosG∼R1
(D) = {s5, t5}, NegG

∼R1
(D) = {s1, s2, t1, t2, t3}, BouG

∼R1
(D)

= {s3, s4, t4}.

Proposition 3.4 Let (OB,R) be a GAS. Then ∀D ⊆ OB, PosGIdOB
(D) ∪NegG

IdOB
(D) = OB.

Proof ∀m ∈ OB, IdOB(m) = {m}. Therefore,

PosGIdOB
(D) = ∪{IdOB(m)|m ∈ OB, IdOB(m) ⊆ D}
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= ∪{{m} | m ∈ OB, {m} ⊆ D} = D,

and

NegG
IdOB

(D) =OB − ∪{IdOB(m)|m ∈ OB, IdOB(m) ∩D 6= ∅}

=OB − ∪{{m}|m ∈ OB, {m} ∩D 6= ∅} = OB −D.

So PosGIdOB
(D) ∪NegG

IdOB
(D) = OB. 2

3.2. Relationships between two kinds of 3WGAs

In [11], Zhu et al. discussed the relationships between rough approximations based on un-

derlying relation and rough approximations based on bisimilarity. In Definition 3.1, by replacing

B with R, we can obtain 3WGAs based on underlying relation R. We will reveal relationships

between two kinds of 3WGAs–based on R and based on ∼R.

Example 3.5 Let (OB1, R1) be the GAS in Example 2.2. (OB2, R2) is the GAS of Example

4.1 in [11], where OB2 = {M1,M2, B1, B2, F1, F2, F3, F4, C1, . . . , Ck} (“Mi” stands for “MSAi”

(i = 1, 2), “Bi” stands for “BSAi” (i = 1, 2), “Fi” stands for “FAi” (i = 1, 2, 3, 4)), R2 is

described by solid arrows (see Figure 2).

OB2/ ∼R2
= {{M1,M2}, {B1, B2}, {F1, F2, C1, C2}, {F3, F4}, {C3, . . . , Ck}}.

Figure 2 The GAS (OB2, R2)

(1) Suppose D1 = {s1, t1, s5}, then we have

PosGR1
(D1) = {s5}, PosG∼R1

(D1) = {s1, t1},

which means that PosGR1
(D1) and PosG∼R1

(D1) have no inclusion relation.

(2) Suppose D2 = {s1, s2, t1, t2, t3}, then we have

PosGR1
(D2) = {s2, t2, t3}, PosG∼R1

(D2) = {s1, s2, t1, t2, t3},

which means that PosGR1
(D2) ⊂ PosG∼R1

(D2), where “a ⊂ b” means a ⊆ b but a 6= b.

(3) Suppose D3 = {s2, t2, t3, t4}, then we have

PosGR1
(D3) = {s2, t2, t3, t4}, PosG∼R1

(D3) = {s2, t2, t3},
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which means that PosG∼R1
(D3) ⊂ PosGR1

(D3).

(4) Suppose D4 = {s3, s5, t5}, then we have

NegG
R1

(D4) = {s1, s2, t1, t2, t3, t4}, NegG
∼R1

(D4) = {s1, s2, t1, t2, t3},

which implies that NegG
∼R1

(D4) ⊂ NegG
R1

(D4).

BouG
R1

(D4) = {s3, s4}, BouG
∼R1

(D4) = {s3, s4, t4},

which implies that BouG
R1

(D4) ⊂ BouG
∼R1

(D4).

(5) Suppose D5 = {F1, F2, C1, C2}, then we have

NegG
R2

(D5) = {B1, B2, C3, C4, . . . , Ck},

NegG
∼R2

(D5) = {F3, F4, B1, B2,M2,M1, C3, C4, . . . , Ck}.

Then NegG
R2

(D5) ⊂ NegG
∼R2

(D5).

BouG
R2

(D5) = {M1,M2, F1, F3, F4}, BouG
∼R2

(D5) = ∅.

Then BouG
∼R2

(D5) ⊂ BouG
R2

(D5).

(6) Suppose D6 = {M2, B1, F3}, then we have

NegG
R2

(D6) = {M1, B2, F2, C1, . . . , Ck}, NegG
∼R2

(D6) = {F1, F2, C1, . . . , Ck}.

BouG
R2

(D6) = {M1, F1, F3, F4}, BouG
∼R2

(D6) = {M1,M2, B1, B2, F3, F4}.

Therefore, NegG
R2

(D6) and NegG
∼R2

(D6) have no inclusion relation as well as BouG
R2

(D6) and

BouG
∼R2

(D6).

If does there exist a set D such that PosGR(D) = PosG∼R
(D), NegG

R(D) = NegG
∼R

(D) or

BouG
R(D) = BouG

∼R
(D)? The answer is positive.

Example 3.6 For the GAS (OB3, R3), where OB3 = {s, t} and R3 = {(s, t), (t, t)} (see Figure

3). Obviously, ∼R3= IdOB3 . Take D = {t}, then PosGR3
(D) = PosG∼R3

(D) = D.

Figure 3 The GAS (OB3, R3) Figure 4 The GAS (OB4, R4)

Example 3.7 Consider the GAS (OB4, R4) in [11, Example 5.1 (9)], where OB4 = {t, s, u}, R4 =

{(t, t), (s, u), (s, t)} (see Figure 4) and ∼R4
= IdOB4

. For D = {t, u}, NegG
R4

(D) = NegG
∼R4

(D) =

{s}.

Example 3.8 (Continuation of Example 3.7) For D = {t, u}, BouG
R4

(D) = BouG
∼R4

(D) = ∅.
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From Examples 3.5–3.8, we could see that there is no desired relationships between the

two kinds of 3WGAs. To excavate relationships between the two kinds of 3WGAs for special

underlying relations, we recall the following concepts.

Definition 3.9 ([11, 12]) Let (OB,R) be a GAS. ∀o ∈ OB, o is steady if there does not exist

o′ such that (o, o′) ∈ R. o is unsteady if there does not exist a path o1o2 · · · oi ending up with a

steady state oi, where o1 = o and (oj , oj+1) ∈ R (j = 1, . . . , i− 1).

Based on the concepts of bisimulations and unsteady states, Zhu et al. [11] obtained the

following result.

Lemma 3.10 ([11]) Let (OB,R) be a GAS and T = {(o1, o2)|o1, o2 are unsteady}. Then T is

a bisimulation.

By Lemma 3.10, all unsteady states are bisimilar [11] and we have the following proposition.

Proposition 3.11 Let (OB,R) be a GAS. If R is reflexive, then ∀D ⊆ OB, PosG∼R
(D) ⊆

PosGR(D).

Proof If R is reflexive, then all states in OB are unsteady. Therefore, they are bisimilar, which

means that ∼R= OB × OB. Then [m]∼R
= OB (∀m ∈ OB). According to Definition 3.1,

∀D ⊆ OB,

PosG∼R
(D) = ∪{[m]∼R

|m ∈ OB, [m]∼R
⊆ D} =

{
OB, if D = OB

∅, otherwise

As R is reflexive, ∀m ∈ OB, m ∈ R(m). Then

PosGR(OB) = ∪{R(m)|m ∈ OB,R(m) ⊆ OB} = OB.

Hence, PosG∼R
(D) ⊆ PosGR(D). 2

Proposition 3.12 Let (OB,R) be a GAS. If R is symmetric and transitive, then ∀D ⊆ OB,

NegG
∼R

(D) ⊆ NegG
R(D).

Proof ∀m 6∈ NegG
R(D), then ∃n ∈ OB, s.t. m ∈ R(n) and R(n)∩D 6= ∅. As R is symmetric, n ∈

R(m). By the transitivity of R, R(n) ⊆ R(m). Then R(m)∩D 6= ∅. Suppose z ∈ R(m)∩D. As

R is symmetric, (m, z) ∈ R and (z,m) ∈ R. By Lemma 3.10, m ∼R z. Then z ∈ [m]∼R
∩D 6= ∅.

Therefore, m ∈ [m]∼R
⊆ OB −NegG

∼R
(D). Then m 6∈ NegG

∼R
(D). So NegG

∼R
(D) ⊆ NegG

R(D). 2

Corollary 3.13 Let (OB,R) be an AS. Then ∀D ⊆ OB, PosG∼R
(D) ⊆ PosGR(D), NegG

∼R
(D) ⊆

NegG
R(D), and BouG

R(D) ⊆ BouG
∼R

(D).

Proof It follows from Propositions 3.11 and 3.12. 2

Proposition 3.14 Let (OB,R) be a GAS. If R is serial, then ∀D ⊆ OB, PosGR(D) = PosG∼R
(D),

NegG
R(D) = NegG

∼R
(D) and BouG

R(D) = BouG
∼R

(D) hold iff R = OB ×OB.

Proof “⇐= ”. If R = OB×OB, then all the states are bisimilar, which implies ∼R= OB×OB.
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Thus PosGR(D) = PosG∼R
(D), NegG

R(D) = NegG
∼R

(D) and BouG
R(D) = BouG

∼R
(D) (∀D ⊆ OB).

“ =⇒ ”. Suppose ∀D ⊆ OB, PosGR(D) = PosG∼R
(D), NegG

R(D) = NegG
∼R

(D) and BouG
R(D) =

BouG
∼R

(D). Since R is serial, then all states are unsteady. By Lemma 3.10, ∼R= OB ×OB.

(1) If OB is a single point set {o}, then R = {(o, o)} = OB ×OB.

(2) If OB is not a single point set. Assume that R 6= OB×OB. Then there exists (p, q) 6∈ R.

Take Y = OB − {q}, then ∅ 6= Y ⊂ OB. Note that ∼R= OB ×OB, then

PosGR(Y ) = PosG∼R
(Y ) = ∅.

Since R is serial, R(m) 6= ∅ (∀m ∈ OB). Then ∀m ∈ OB,R(m) 6⊆ Y by PosGR(Y ) = ∅. Especially,

R(p) 6⊆ Y = OB − {q}. It means that q ∈ R(p), i.e., (p, q) ∈ R, which is a contradiction. So

R = OB ×OB. 2

Corollary 3.15 Let (OB,R) be an AS. Then ∀D ⊆ OB, PosGR(D) = PosG∼R
(D), NegG

R(D) =

NegG
∼R

(D) and BouG
R(D) = BouG

∼R
(D) hold iff R = OB ×OB.

Acknowledgements We thank the referees and the editor for their careful reading and helpful

comments.

References
[1] Yiyu YAO. Three-way decisions with probabilistic rough sets. Inform. Sci., 2010, 180(3): 341–353.

[2] Yiyu YAO. An Outline of a Theory of Three-Way Decisions. Springer, Heidelberg, 2012.

[3] Z. PAWLAK. Rough Sets: Theoretical Aspects of Reasoning about Data. Kluwer Academic Publishers,

Boston, 1991.

[4] Baoqing HU. Three-way decision spaces and three-way decisions. Inform. Sci., 2014, 281: 21–52.

[5] Xiaonan LI, Huangjian YI, Yanhong SHE, et al. Generalized three-way models based on subset-evaluation.

Internat. J. Approx. Reason, 2017, 83: 142–159.

[6] Dun LIU, Decui LIANG. Three-way decisions in ordered decision system. Knowl.-Based Syst., 2017, 137:

182–195.

[7] Yiyu YAO. Three-way decision and granular computing. Internat. J. Approx. Reason, 2018, 103: 107–123.

[8] Decui LIANG, Zehui XU, Dun Liu, et al. Method for three-way decisions using ideal TOPSIS solutions at

Pythagorean fuzzy information. Inform. Sci., 2018, 435: 282–295.

[9] Yuefei CHEN, Xiaodong YUE, H. FUJITA, et al. Three-way decision support for diagnosis on focal liver

lesions. Knowl.-Based Syst., 2017, 127: 85–99.

[10] Xianyong ZHANG, Duoqian MIAO. Three-way attribute reducts. Internat. J. Approx. Reason, 2017, 88:

401–434.

[11] Ping ZHU, Huiyang XIE, Qiaoyan WEN. Rough approximations based on bisimulations. Internat. J. Approx.

Reason, 2017, 81: 49–62.

[12] R. MILNER. Communication and Concurrency. Pretice-Hall, Englewood Cliff, New Jersey, 1989.

[13] D. PARK. Concurrency and Automata on Infinite Sequences. Springer, Berlin, 1981.

[14] D. SANGIORIGI. On the origins of bisimulation and coinduction. ACM Trans. Program. Lang. Syst., 2009,

31(4): 1–41.

[15] Yibin DU, Ping ZHU. Fuzzy approximations of fuzzy relational structures. Internat. J. Approx. Reason,

2018, 1: 1–10.

[16] Yibin DU, Ping ZHU. Labled fuzzy approximations based on bisimulations. Internat. J. Approx. Reason,

2018, 94: 43–59.

[17] Jianhua DAI, Hufeng HAN, Xiaohong ZHANG, et al. Catoptrical rough set model on two universes using

granule-based definition and its variable precision extensions. Inform. Sci., 2017, 390: 70–81.

[18] Chunyong WANG, Baoqing HU. Granular variable precision fuzzy rough sets with general fuzzy relations.

Fuzzy Sets and Systems, 2015, 275(15): 39–57.



Three-way granular approximations based on bisimulations 339

[19] Yanqing YAO, Jusheng MI, Zhoujun LI. A novel variable precision (θ, σ)-fuzzy rough set model based on

fuzzy granules. Fuzzy Sets and Systems, 2014, 236: 58–72.

[20] Fan JIA, Peide LIU. A novel three-way decision model under multiple-criteria environment. Inform. Sci.,

2019, 471: 29–51.

[21] Weiwei LI, Xiuyi JIA, Lu WANG, et al. Multi-objective attribute reduction in three-way decision-theoretic

rough set model. Internat. J. Approx. Reason, 2019, 105: 327–341.

[22] Yongzhi CAO, Guoqing CHEN, E. E. KERRE. Bisimulations for fuzzy transition systems. IEEE Trans.

Fuzzy Syst., 2011, 19: 540–552.

[23] M. CIRIC, J. IGNJATOVIC, M. BASIC. Bisimulations for fuzzy automata. Fuzzy Sets and Systems, 2012,

186: 100–309.

[24] Weilin DENG, Daowen QIU. Supervisory control of fuzzy discrete event system for simulation equivalence.

IEEE Trans. Fuzzy Syst., 2015, 23: 178–192.

[25] Tuanfang FAN. Fuzzy bisimulation for Godel logic. IEEE Trans. Fuzzy Syst., 2015, 23: 2387–2396.

[26] D. SANGIORIGI, J. RUTTEN. Advanced Topics in Bisimulation and Coinduction. Cambridge University

Press, Cambridge, 2011.

[27] A. DOVIER, C. PIAZZA. The subgraph bisimulation problem. IEEE Trans. Knowl. Data Eng., 2003, 15(4):

1055–1056.


