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Algebraic Properties of Reduced Biquaternions
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Abstract In this paper, we study the algebraic properties of reduced biquaternions. With the
aid of the real and complex matrix representations of reduced biquaternions, we introduce the
concept of the Moore-Penrose inverse in reduced biquaternions. As applications, we solve the
linear equations az = d and the quadratic equation az?+ bz +¢ = 0. By complex representation,
we find the nth roots, the nth powers of a reduced biquaternion and obtain some properties of
the matrix exponential of reduced biquaternion matrices.

Keywords reduced biquaternion; Moore-Penrose inverse; power function; root; exponential

function

MR (2020) Subject Classification 15A06; 15A24

1. Introduction

In 1843, Hamilton [1] discovered quaternions, which is a noncommutative algebra H =
{0 + q1i + @2j + 3k, ¢; € R,i = 0,1,2,3}, where iZ = j2 = k? = ijk = —1. There are many
studies on geometric, algebraic physical meaning of Hamilton quaternions. In 1849, James Cock-
le [2] introduced the split quaternions Hy = {go + ¢11 + ¢2j + gsk,q; € R,i = 0,1,2,3}, where
i = —j2 = —k? = —1,ij = k = —ji. The split quaternions are recently developing topic as they
play an important role in a modern understanding of four dimensional physics [3,4]. Complex
time-discrete systems offer several advantages as realizing two complementary transfer functions
with one system [5,6]. The treatment of complex discrete-time signals needs some complex num-
ber systems of high order. Such number systems are also referred to as hypercomplex numbers.
Hamilton quaternions and split quaternions are two examples of hypercomplex numbers. Howev-
er, quaternions turned out not to be well suited for the purpose of digital signal processing. Due
to this situation, in 1990 Hans-Dieter Schutte and Jorg Wenzel introduced a new hypercomplex
number, the reduced biquaternion [7], in digital signal processing.

There are many studies in the mathematical properties of hypercomplex number systems.
For example, Huang and Cao [8,9] obtained the quadratic formulas for quaternions and split

quaternions. Ozdemir etc. [3,4] investigated the root, power and exponential functions of split
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quaternion or split quaternion matrix. After the first foundation of the theory of reduced bi-
quaternions [7], there are numerous applications of reduced biquaternions in both mathematics
and physics [10-13].

In this paper we mainly concentrate on algebraic properties of reduced biquaternions. In
Section 2, by using the real and complex matrix representations of reduced biquaternions, we
introduce the concept of the Moore-Penrose inverse. We will obtain some properties of the
Moore-Penrose inverse and solve the linear equation ax = d. In Section 3, we find the nth roots
and the nth powers of a reduced biquaternion. In Section 4, we solve the quadratic equation
ax? 4+ bx + ¢ = 0. In Section 5, we obtain some properties of the matrix exponential of reduced

biquaternion matrices.

2. The Moore-Penrose inverse of elements in H,

We recall that the reduced biquaternions [7] are elements of a 4-dimensional associative

algebra which can be represented as
Hr ={¢g=qo+qi+ej+aek, ¢eR,i=0123}
where 1,1, j, k are basis of H, with the following multiplication rules:
iZ=—j?=k*’=—-1,ij=ji=k, jk=kj=1i, ki=ik=—j. (2.1)

Hence the reduced biquaternions is a commutative algebra.
Let R and C be the field of real numbers and complex numbers, respectively. We can view
R = span{1} and C = span{1,i}. According to the multiplication rules, a reduced biquaternion

can be written as
q= (g0 +@i) + (g2 + gzi)j = c1 + 2, c1,c2 € C.
Hence H,. = C + Cj.
For ¢ = (qo + q1i) + (g2 + g3i)j = c1 + c2j, c1,¢c2 € C, let ¢* = qo + q1i — q2j — g3k be the

conjugate of ¢ and
N(g) = qq" = 45 — ai — 63 + a3 + 2(q0¢1 — ¢243)i; (2:2)
let § = gqo — q11 4+ g2j — g3k be the complex conjugate of ¢ and

I(q) =q0=q + ¢ + ¢ + a3 + 2(q0a2 + q143)J- (2.3)

For a complex number ¢; = g9 + ¢11, the conventional conjugate ¢; = qo — ¢1i is the same as its

complex conjugate in H,.. Using the complex representation, we have
q"=c1—c2j, §=c1+Gj. (2.4)

Unlike the Hamilton quaternion algebra, the reduced biquaternions contain nontrivial ze-
ro divisors. For example, (1 4 j)(1 —j) = 0. In such an algebra, it is interesting to search
for its pseudo-inverse for zero divisions. This motivates us to the real and complex matrices

representations of reduced biquaternions.
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Using the multiplication rules, we have the following formulas:

qx =(qoxo — 171 + @272 — q3x3) + (120 + qoT1 + q3T2 + g23)i+
(q220 — @31 + Qo2 — 123)j + (q3%0 + G221 + 122 + qo3)K.

Denote @ = (20,1, T2, 23)T for x = xg 4+ 21i + 22j + 23k € H,., where T denotes the transpose

of a matrix. Then the above equation can be reformulated as
gt = R(q) 7,

where
qgo —q1 Q42 —q3
q1 qo q3 q2
R(q) = . (2.5)
42 —43 qo —q1

qs3 q2 q1 q0

An alternative way is to consider its complex matrix representation. With a little abuse of
notation, we also denote 7 = (t1,%2)7 as complex vector for # = (zg + x1i) + (22 + x3i)j =
t1 +taj € H,.. Let ¢ = (qo + q11) + (g2 + g3i)j = c1 + c2j,¢1,¢2 € C. Using the multiplication
rules, gr = c1t1 + cata + (cat1 + c1t2)j. Hence

7t =C(q)7,

C(q) = ( oo ) (2.6)
Ca2 C1

Proposition 2.1 The two mappings of R : H, — R** C : H, — C2*2 given by (2.5) and

(2.6) are isomorphic.

where

Proof It is obvious that Ker(R) = Ker(C) = 1. Since pgz = (pq)z = p(qx), we have that gt =
R(pq)@ = R(p)qt = R(p)R(q)Z. The arbitrary of x implies R(pq) = R(p)R(q). Similarly, we
have C(pq) = C(p)C(q). O

We can verify the following proposition directly.

Proposition 2.2 Let ¢ = qo + q1i+ g2j + g3k and R(q), C(q) be given by (2.5) and (2.6). Then
(i) The eigenvalues of C(q) are (qo—qz2)+(q1—g3)i, (qo+¢2)+(g1+¢3)i and det(C(q)) = N(q).
(ii)) The eigenvalues of R(q) are (go — q2) = (g3 — q1)i, (g0 + ¢2) £ (¢3 + ¢1)i and
det(R(q)) = (g5 — ai — a3 +43)° + (20001 — 24243)°
= (5 + i + & +¢3)* — (20002 + 2q143)*
= N(I(q)) = I(N(q))
We recall that the Moore-Penrose inverse of a complex matrix A is the unique complex matrix

X satisfying the following equations:

AXA=A, XAX = X, (AX)" = AX, (XA)* = XA,
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where * is the conjugate of a matrix. We denote the Moore-Penrose inverse of A by Af. The

following lemma is well known.

Lemma 2.3 Let E,, be the identity matrix of order n and A € R™*™ b € R™. Then the linear

equation Az = b has a solution if and only if AATb = b, furthermore the general solution is
x=ATb+ (E, — ATA)y, YyecR™

2q2q3)? # 0, then N(q) # 0 and pg = gp = 1 for p = 1\;1(2). That is, p is the inverse of ¢ and
denoted by

*

-1_ 4

The above formula implies that the set of zero divisions of reduced biquaternions is
Z(H,) ={q € H, : N(q) = 0}. (2.8)
Proposition 2.4 By definition, we have Z(H,) = {g € H, : ¢ = ¢1 £ c1j,¢1 = qo + 11 € C}.
Proof Let ¢ = qo + ¢11 + q2j + gsk € Z(H,.). Then
G- —d+3 =0, q@qn —qgags=0.

Solving the above equations with unknowns g2 and g3, we get two solutions g3 = qp, g3 = g1 or
42 = —qo, g3 = —¢q1- Hence we have ¢ = qo + qii+ qoj + a1k or ¢ = qo + q1i — qoj — k. O
By the definition of Moore-Penrose inverse in matrix algebra, we can verify the following

proposition.
Proposition 2.5 For ¢ =qo + q1i+ qoj + g1k = ¢1 + ¢1j € Z(H,.), we have

Q9 91 4q0 q1

1 -1 9 —¢1 4o
 Agg +ai) 9 G 9 qQ
—q1 490 —q1 4o

1 (& & 1 (11
(@ 4|612<C1 q) 4cl<1 1)

for ¢ = qo + q1i — qoj — a1k € Z(H,) = ¢1 — c1j, we have

and

q0 a  —q0 —q1

1 -1 9 @ —q
 4(qg +ai) —q —¢1 G0 q
g1 —q0 —q1 9o

and
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The above two propositions, together with (2.7), give rise to the following definition.

Definition 2.6 The Moore-Penrose inverse of ¢ = c¢1 + ¢2j € H,. with cq,cy € C is defined to
be
0, if q=0;
¢ = > if ¢ ¢ #0;

e if cy+ca=0o0rcy —cy=0.

The essence of the above definition is to realize the following proposition.

Proposition 2.7 Let ¢ € H,. Then R(¢") = R(q)t, C(¢") = C(g)t.
By the above proposition and the fact that R and C' are isomorphisms, we have the following
identities:

Proposition 2.8 Let ¢ € H,. Then
C(9)C(¢")Cla) = C(a), Cl¢"C(a9)C(q") = C(a");
C(g9)C(q") = (C(9)C(d")*, C(g")C(q) = (C(¢"C(a))*;
R(q)R(¢")R(q) = R(q), R(¢")R(a)R(¢") = R(q");
R(q)R(q") = (R(9)R(¢"))*, R(¢"R(q) = (R(¢")R(q))".
By Definition 2.6, we have the following identities:
a'a=q, d'aq" = q', 9¢" = q'q = %(1+j)7 Vg=ca(l+]) € Z(H,) - {0} (29
and
ad'a=q, d'aq" = q', aq' = qlq = %(1 —j), Yg=ca(1-j) € Z(H,)—{0}. (2.10)

It is obvious that z = a~'d is the unique solution of ax = d. For a is not invertible, we have

the following theorem.

Theorem 2.9 Let a = ¢; + ¢coj € Z(H,) — {0}. Then the equation ax = d is solvable if and

only if
1 ciea + e

-+ —————j)d=d 2.11
(2 4‘Cl|2 -]) ’ ( )
in which case all solutions are given by
1 + & 1 Cci1C2 + cacy .
= d+ (= — ————j)y, Yy e H,. 2.12
4‘01‘2 + (2 4|Cl|2 J)y y T ( )

Proof It is obvious that ax = d is equivalent to R(a)? = 7 By Lemma 2.3, ax = d is solvable

if and only if
a)Tj ~-d.

Returning to reduced biquaternion form by Proposition 2.8, we have aa'd = d. By Definition

2.6, we can rewrite aa’d = d as (2.11). By Lemma 2.3, the general solution is

7 =R()'d + (B — R(a)'R(a)) ¥, VyeH,.
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Hence the general solution can be expressed as
x:a‘Ld—i—(l—aT)y7 Yy € H,.

That is (2.12). This concludes the proof. O

In fact, since a € Z(H,) — {0} has only two types a = ¢; + ¢1j or a = ¢; — ¢1j. Thus we

only need to consider (14 j)z = & or (1 — j)z = L. Obviously, (1 + j)z = il is solvable if

C1 c1 c
and only if (1 + j)d = 2d and the general solution is z = %(1 +3)+ 31 —j)y, Yy € H,.

Similarly, (1 — j)z = g is solvable if and only if (1 — j)d = 2d and the general solution is

r=L(1-j+ %(1 +j)y, Yy € H,.. Theorem 2.9 contains both cases in one formula.

= 461

3. The nth power and root functions in H,

By j? = 1, we can express an nth power of reduced biquaternion g = ¢; + cj as follows:

(i) If nis an even number,

n/2 n/2-1
n n _ n _ok— .

k=0 k=0
(ii) If nis an odd number,

n—1 n—1

n - n n— - n n—2k— .
> < oh )Cl [ ( 2% +1 )Cl s

k=0 k=0

The above two formulas seem very complicated. This motivate us to focus the following two
elements in Z(H,.) to investigate the algebraic properties of reduced biquaternions. Let
B R et |

27 2
The two numbers are very important in reduced biquaternions. We list some algebraic properties
of them:

(751 (5 (31)

uf =uf ==, uf =ul T = = (3-2)
Urue =0, up +ug =1; (33)
u1q = (c1 + c2)ur, uzq = (c1 — c2)uz, Vq=ci+ caj. (3.4)

It is obvious that

ZMH,)={¢eH, :g=wyor ¢g=uy, VyecH,}

By Theorem 2.9, the solution set of uyz = 0 is { = uoy,Vy € H,} and the solution set of
usx = 0 is {x = wyy,Vy € H,.}.

For q = ¢1 + ¢2j, by (3.4) we can decompose it by two elements in Z(H,) as follows:
q= (c1 + e2j)(ur + uz) = (e1 + e2)ug + (¢1 — c2)us. (3.5)

The above decomposition is crucial in what follows.
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Theorem 3.1 Let ¢ = c¢; + ¢aj, ¢1,¢2 € C. Then

- (c14c2)" 4 (e1 — c2)" N (14 )" — (c1 — )™,
2 2

Proof By (3.3) and (3.4), we have

q" = [(e1 + e2)ur + (c1 — c2)ua]™ = (e1 + ¢2)"ur + (c1 — ¢2)"uo
c1+c)"+(c1 — )™ c1+c)" —(cg —co)™,
_atartaza) el @zl | 56

We recall that when z € C — {0}, the nth roots of z = rel’ with 0 < 0 < 27, r > 0 in complex

number field are
(V/2)k = r'/™(cos

We mainly relay on the above formulas to treat the equations over H,..

0+ 2km 0+ 2kw
+ sin
n

), k=0,1,...,n—1. (3.7)

Definition 3.2 Let a € H,.. A reduced biquaternion q satisfying the equation ¢" = a is called
an nth root of a.

We will use the formula (3.7) to represent the nth root of reduced biquaternions.

Theorem 3.3 Let a = z1 + 29§ € H,. with 21,29 € C. Then the equation q" = a has roots as
follows:

(i) If a =0, then q = 0;

(ii) Ifa =z + 21§, 21 # 0, then ¢ = 275" (3/Z0)k(1+§), k= 0,1,...,n — 1;

(iii) Ifa =z — 21, 21 #0, then ¢ = 25" (/z0)k(1 —§), k=0,1,...,n — 1;

(iv) If a = z1 + 22§ € H,, — Z(H,.), then

‘= ({’/z1+z2)j‘12‘((‘/21—22)k . (m)j;(m>kj7 k=01, n—1

Proof Let g = c¢1 + caj, ¢1,c0 € C and g™ = a. It follows from Theorem 3.1 that

(Cl + CQ)” = z1 + 292, (Cl — 02)n = Z1 — 29. (38)

If a = 2z + 20§ € Z(H,), then there are three cases: a = 0,a = z1 + 21j or a = 21 — z1],
z1 # 0. Obviously, if a = 0, then ¢ = 0. If a = 21 + 21j, then

o = c1 andq:Q%({b/Z)k, k=0,1,...,n—1.
If a = z; — 1], then
czz—clandq:Ql_Tn({l/Z)k, k=0,1,...,n—1.
If a =z + 20§ € H, — Z(H,), then by (3.8) we have
(Vo1 +22)5 + (Vo — )k (€/21+22)j—(<”/21—32)k7

1= 2 , €2 = 2

These facts conclude the proof. O

75, k=0,1,...,n—1.

4. Quadratic equation ax? + bz +c¢ =0
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In this section we consider the quadratic equation az? + bx + ¢ = 0 with a # 0.

Theorem 4.1 Let a = a1 + asj € H, — Z(H,.), b = by + baj, ¢ = ¢1 + 2], a3, b;, ¢, € C, i =1,2.
Then the equation ax? + bz 4+ ¢ = 0 has roots as follows:
(i) Ifb?> —dac =0, then v = —;

(ii) If b? — dac = 2, + 21j, 0 # 2, € C, then

(Yz0)r(1+j) b
= WAL 2 k=0,
. 2\/§a 2a

(iii) Ifb* —4ac =z — 21j, 0 # 21 € C, then

2 1—13
RN S
2\/§a 2a
(iv) Ifb? —dac = z; + zj € H, — Z(H,), 21, 22 € C, then
i i[(\Z/Zl + 22); + (Y21 — 22)k " (V21 + 22) — (21 — 22)k -
2a 2 2 V5
Proof If a € H, — Z(H,), then az® + bz + ¢ = 0 is equivalent to [2a(z + £)]* = b* — dac. By

Theorem 3.3, we obtain the solution(s) of the above equation. O

j.k=0,1.

Theorem 4.2 Let a = a; +a1j # 0, b = by + baj, ¢ = ¢1 + 2], bj,c; € C,i=1,2, a1 € C.
Consider the equation
az® 4 bx + ¢ = 0. (4.1)

(i) If b= by + b1j, then (4.1) is solvable if and only if ¢ = ¢1 + ¢1j. In this case

_ : o/ (b1 +02)* — 8ay(c1 + c2) by +b27,
x—xl(l—.])-i'[(\/ 1602 )k— Ta; }37 k=0,1, Vx, € C.

(ii) If b = by + baj with by # by, then (4.1) is solvable and the solutions are x = x1 + xaj,

where

2 (b1 + b2)2 — 804(61 + CQ) b1 + bs Co — C
= - 2
1 ((\/ 16a2 )k 4da, +b1—b2)/ ’

(b1 + b2)2 — 8(11(01 + 02) b1 + bs Co — C
— 2 _ _
2= ((¢ 1642 )k day bl—bQ)/z

Proof Let x = x1 + 23j, x; € C. Since a = a; + a1j # 0, (4.1) can be reformulated as
(1+j)2® +aytbe+a;'c=0.

Hence, by complex representation and (3.1), (4.1) is equivalent to

b b

(.Tl + .1'2)2 + 711‘1 + il’g + a =0, (42)
aq ay aq
b b c

(1 + 22)% + 221 + —20 + —= =0. (4.3)
a1 al a1

By addition and subtraction of the above equations, we get

9  b1+0b2

c1 + ¢
2z + a2)? + LI

(1 +22) +
ai ay

=0, (4.4)
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(b1 —bo)(z1 —x2)+c1 —ca =0. (4.5)

By (4.4) we have

R (bl + b2)2 — 8&1(01 + CQ) b1 + be
— —_ = 1. 4.
T1t T (\/ 16a2 )k day 0 B0 (4.6)

If b = by 4 b1j then (4.5) is consistent if and only if ¢; = ¢5. In this case, by (4.6), the general

solutions can be formulated as

: : by + b2)? — 8as (c1 + ¢ bt a1,
xr =21 +$2J:$1(1_J)+|:(§/(1 2) 16@21( - 2))k_ 14(11 2:|J
1

In this case we have infinity solutions. This proves Case 1.
If b = by + byj with by # by then
Cy — C1

. (4.7)

X1 — T2 =
(4.6) and (4.7) conclude the proof of Case 2. O

Theorem 4.3 Let a =ay —a1j # 0, b =01 + baj, c = ¢1 + ¢aj, b;,¢; € C, i =1,2. Consider the
equation
ar® +bxr+c=0. (4.8)

(i) If b= by — b1j, then (4.8) is solvable if and only if ¢ = ¢ — ¢1j. In this case

_ . 2 (bl_b2)2_8a1(01—02) by —ba7. .
v =z (1+]) — [(\/ 62 )k— o ]J, k=01, Vay € C.

(i) If b = by + byj with by # —by, (4.8) is solvable and the solutions are
T =1 + 23],

where

(bl — b2)2 — 80,1(61 — CQ) b1 — b2 c1 + co

2

= - - 2
1 ((\/ 16a2 )k 4a; by + bg)/ ’

(b1 — b2)2 — 8@1(61 - 62) b1 - bg C1 + C2

2

= (- + — 2.
2 ( (\/ 16a? )k day b + b2>/

Proof Let z = x1 + x2j, 1,22 € C. By complex representation and (3.4), (4.8) is equivalent to

b b

(21— 22)? + —@1 + — ) + a4 0, (4.9)
a1 al aq
b b

7(.%1 — .%2)2 + ilL'l + *1«'52 + Ci =0. (410)
aq aq aq

By addition and subtraction of the above equations, we get

by — b C1 — C2

_ =0 411
o (1 —x2) + o ; (4.11)

(bl + bg)(a)’l + 1‘2) +c14+co=0. (4.12)

2(131 — 132)2 +
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By (4.11) we have

2 (bl — b2)2 — 8&1(01 — 02) b1 — b2
_ — - k=0,1. 4.1
1= T2 (\/ 16a2 )k daq 0, (4.13)

If b = by — b1j, then (4.12) is consistent if and only if co = —c¢;1. In this case, by (4.13), the

general solutions can be formulated as

=z +20j =211 +j) — [(i/(bl —b9)2 — 8ay(cy —Cz))k _ b1 —b2:|j.

16a2 da,

In this case we have infinity solutions. This proves Case 1.
If b = by + byj with by # —by then

co +C1

b + by

By (4.13) and (4.14), we conclude the proof of Case 2. O

(4.14)

I’1+l‘2:7

5. The exponential function of reduced biquaternionic matrices

We denote the set of n x n reduced biquaternion matrices with M, (H,). It is a ring with
unity with ordinary matrix addition and multiplication. We define the exponential function of

reduced biquaternionic matrices as
A _
=B, +A+- +—+ Zk|, VA e M,(H,).

Any matrix A € M, (H,) can be decomposed by

A= Ao+ A1i+ Asj+ Ask = Cy + Csj, A; € M, (R),

5.1
Cy = Ao + A4, 02:A2+A3i€Mn(C). ( )

As results of the above decompositions, we define

Ay A1 Ay —Aj

A Ay Az Ay

Xr(A) = € Mun(R), vo(A) = ( G G

Ay A3 Ay —A; Cy 4

As Ay A Ao
Proposition 5.1 Let A, B € M, (H,). Then

> S MQn((C)

Xr(A+ B) = xr(A) + xr(B), xc(A+ B)=xc(4) +xc(B);
Xr(AB) = xr(A)xr(B), xc(AB) = xc(A)xc(B).
Proof Let A= Ay+ Aji+ Asj+ Ask and B = By + B1i+ Bsj + Bsk. Obviously,
Xr(A+ B) = xr(4) + Xr(B), xc(A+ B) = xc(A) + xc(B).
Since

AB =(AoBy — A1By + A2 By — A3B3) + (A1 By + AoB1 + A3Bs + A3 Bs)i+
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(A2By — A3By + AgBy — A1 B3)j + (AsBy + A2 By + A1 By + AgB3)k,
we have xr(AB) = xr(A)xr(B). Similarly, we have xc¢(AB) = xc(A)xc(B). O
Proposition 5.2 Let A € M, (H,). Then
X = xp(et), X = xo(e?).

Proof By Proposition 5.1, we get

A)* A¥
XR](d) +"':XR(En+A+"'+ﬂ+"')'

eXr(A) = g, +xr(A) + -+
Hence eX2(4) = y p(e?). Similarly, we have eXc(4) = yo(e?). O
Proposition 5.3 For A, B € M,,(H,), if AB = BA, then we have eAT8 = e4eB.
Proof Noting that xc(AB) = xc(BA), we have

eXo(AF+B) — gxo(A)txe(B) — gxe(A)exe(B) — y;(e4)y o (eP).
Hence we have xo(eAT8) = xc(eeP). This implies that eAT8 = edeB. O
Let A =C; + Csj,C4,Cy € M, (C). By (3.4) and (3.5) we have
urA = (C1 + Co)uy, usA=(Cy —Ca)us

and

A= (C1+ Coj)(u1 +uz) = (C1 + Co)uq + (C1 — Ca)us.

Proposition 5.4 Let A = C + Csj, C1,Cy € M,(C). Then

C1 + Cz)n + (Cl — CQ)” n (Cl + 02)n - (Cl — Cg)nj

n_ (
AT = 2 2

Proof By (5.3), we have

A" :[(Cl + Cg)ul =+ (Cl — Cg)’u,g]n = (Cl + C’g)"ul + (Cl — CQ)”UQ
(C1+Co)" +(C1 = Cy)"  (Cr1+C)" = (Cy — Co)",
= + J. O
2 2

Theorem 5.5 Let A= C4 + Csj, C1,Co € M,(C). Then
B e(C1+C2) + 6(01—02) N 6(01+C2) _ 6(01_02) .
- 2 2 I
Proof It follows from A = (Cy + C3)uy + (C1 — C3)ug and Proposition 5.4 that

ed = e(C1+C2)y, 4 (C1=C2)yy,

[(Cl + CQ)Ul + (01 — Cg)ﬂ,g]k T

e =B, (u1 + u2) + [(C1 + Co)us + (C1 — Co)ua] + -+ + .

(Cl + Cg)kul + (C1 - Cg)kUQ n

=E,(u1 +u2) + [(C1 + C2)ur + (C1 — Co)ug] + -+ - + o

e(C1+C2) + e(C1—Cs) e(C1+C2) _ o(C1—-C32) .
B + 5 j. O

:e(cl-i-cz)ul + 6(01—02)u2 _

We provide several examples as follows.
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Let
1+i+2j—k 0 _ _ _
A= . ! . . :A0+A11+A2,]+A3k101+02.].
j 2+i+j—-k
Then
1 0 1 0 2 0 -1 0
Ay = , A= , Ay = , Az = ,
141 0 2 — 0
o= "' Oy = !
0 241 1 1—1i
Obviously,
1+i 0 2—1 0
0 241 1 1-1
A =
xe(4) 2-i 0 1+i 0
1 1—-1 0 241
and
1 0O -1 0 2 0 1 0
0 2 0o -1 1 1 0 1
1 0 1 0O -1 0 2 0
0 1 0 2 0o -1 1 1
A) =
x(4) 2 0 1 0 1 0 -1 0
1 1 0 1 0 2 0 -1
-1 0 2 0 1 0 1 0
0o -1 1 1 0 1 0 2
Let

3 0 —1+2i 0
T =C14+Cy = , Th=0C1—Cy = A . .
1 3 -1 142

Then A = Tyu; + Toug and A™ = (T{L;T;) + (TlngT;)j. Especially,

9 3-—2i 0 6 + 2i 0 .
A° = + j
3—-2i 3+2i 3421 6—2i

et = eTiug + eT2uy
[ 9.9662 + 0.1673i 1 n 10.1193 — 0.1673i 0 )
1.5431 9.4772 4 1.23591 1.1752 10.6084 — 1.2359i
[ 9.9662 + 0.1673i + 10.1193j — 0.1673k 1
1.5431 4 1.1752j 9.4772 4+ 1.2359i + 10.6084j — 1.2359k .
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