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Abstract In this paper, we study bounded (linear and anti-linear) weighted composition oper-
ators on the symmetric Fock space over a separable Hilbert space. The unitary and self-adjoint
weighted composition operators are characterized completely. A class of normal weighted com-
position operators is considered.
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1. Introduction

Let H be a complex separable Hilbert space. For each positive integer n, ®7H denotes the

n-fold symmetric tensor product Hilbert space of H. The infinite direct sum Hilbert space
F(H) :=Pern
n=0

is called the symmetric Fock space (also referred to as the Segal-Bargmann space) over H,
where ®S H = C, the complex numbers. In quantum theory, a symmetric Fock space is used to
describe a Hilbert space of state for the system of a Bose field. When H = CV, the N-dimensional
Euclidean space, F(C¥) is the classical Fock space over CV. Let dV be the Lebesgue measure

on CN. It is known that

]'—((CN) = {f is analytic on (CN’HfH — (FLN/ |f(2)|267‘z‘2dV(z))% - oo}
N

Generally, each element f in F(#) can be identified as an entire function on H having a power

expansion of the form

flz) = Z(z",an> forall z € H,
n=0
and -
A2 = nlllan]?,
n=0
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where 2° = 1,09 € C, 2" = 2® --- ® 2z and a, € ®"H for n > 1. Furthermore, F(#) has
reproducing kernels
Ku(z) = exp((z,w)), z,weH.

Therefore, F(#) is identified as an analytic function space on H with reproducing kernels and
the set E = span{K,, | w € H} is dense in F(H) (see [1]).

In the past thirty years, Toeplitz operators, Hankel operators and weighted composition
operators on F(C™) have been studied intensively [2-6]. Since the study of F(H) over a separable
Hilbert space H is related to analysis on infinite dimensional spaces, there is little known about
these operators on F(H). In [7], a few basic properties of Toeplitz operators on F(H) were
discussed. In [1] and [8], bounded and unbounded composition operators on F(#H) were studied
respectively. It seems that characterization of (weighted) composition operators on F(H) mainly
depends on properties of the operators acting on reproducing kernels. Directed by this idea, in
this paper, we will study some classes of bounded (linear and anti-linear) weighted composition
operators on F(H). The results extend the corresponding results in F(CY) (see [9-13]).

Now we present the definitions of (linear and anti-linear) weighted composition operators on
F(H).

Let v € F(H), ¥ # 0, ¢ be a mapping on H and J be a conjugation on H. The weighted
composition operator Cy , and the anti-linear weighted composition operator Ay ,, Ty, on
F(H) are defined as follows. For any f € F(H),

(Cyp o f)(2) = ¥(2)f(#(2)),
(Ap.of)(z) = P(2)f(Jp(2)), z€H,
(Tp.o)(2) = ¥(J2) f(p(J2)).

Recall that a conjugation on a Hilbert space H is an anti-linear mapping which satisfies the
following conditions:
J? =1,
(Jz, Jw) = (w, z) for all z,w € H.

A linear operator A is called J-symmetric if JAJ = A*. J induces a conjugation J on F(H),
that is, for any f € F(H),

(TNz) = f(Jz), ze.

In fact, let J% = @ for a € C and J* = J ® --- ® J for any positive integer n. Then for
f(2) =22(z" an) € F(H),

(THE) = FU2) = ST an) = S T2 an) = S (Than, %) = S (", T"an).

In quantum theory, J is called the Boson I' operator on F(H) for J.

It is easy to verify the following relationship between Ay o, Ty, and Cy .

Lemma 1.1 Let ¢ € F(H), ¥ # 0, and ¢ be a mapping on H. Then

Apo =CpoTs Tpo=ITCpps Tpo=Agp, 10007
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This paper is organized as follows. In Subsection 2.1, some elementary results on weighted
composition operators on F(H) are discussed. In Subsection 2.2, a class of bounded weighted
composition operators on F(H) is characterized. In Subsections 2.3 and 2.4, unitary and self-
adjoint weighted composition operators on F(#) are characterized respectively. In Subsection

2.5, a class of normal weighted composition operators is characterized.

2. Main results and proofs

In this section, the main results and their proofs are presented. Firstly, we study some
properties of bounded (linear or anti-linear) weighted composition operators on F (). Then the

unitary, self-adjoint and a class of normal weighted composition operators are characterized.

2.1. Preliminaries

In this subsection, we consider some elementary results on weighted composition operators
on F(H). The letter I is used for the identity operator on either H or F(H).

Lemma 2.1 Let ¢ € F(H), v # 0, and ¢ be a mapping on H.
(1) Ay,, Is bounded if and only if Cy , is bounded.
(2) Ay,, Is isometric if and only if Cy, , Is isometric.
(3) Ay, Is co-isometric if and only if Cy, , Is co-isometric.
(4) Ay, Is anti-unitary if and only if Cy , is unitary.
(5) Ay, is self-adjoint if and only if Cy , is J-symmetric.
(6) Ty, = Ay, if and only if J1p =1 and JopoJ = ¢.

Proof Since J is a conjugation, J* = J and J2 = I. It follows from Lemma 1.1 that the
statement (1) holds.

Again by Lemma 1.1, we have
AppAve = TCL ,Cp 0,
Aw,soATp,ga = vasajjczz,sa = Cw,q:CiZ,w
App = TC

So Ay, Ay, =1 if and only it CF [Cy o = I; Ay, A7, =1 if and only if Cy ,C7, , = I and
Ay = Ay, ifand only if Cy T = JC7, .

The statements (2)—(5) follow from the reasoning above. (6) follows from Lemma 1.1. O

It follows from Lemmas 1.1 that the properties of 7y, can be obtained by the properties of
Cy,, and Ay . In the following, we only consider bounded weighted composition operator Cy

and anti-linear weighted composition operator Ay .
Lemma 2.2 Let ¢y € F(H) and ¢ be a mapping on H. If Cy ., is bounded on F(H), then

Ch ol = V(W) Ky, Ay o Kuw = V(W) K jp(w)-

The proof of Lemma 2.2 is routine. We omit the proof here.
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For any ¢ € H, let ¢.(z) = z — ¢ and k.(z) = exp((z,¢c) — @) be the normalization of K.
Denote U, = Cy,, . -

Lemma 2.3 U, is a unitary on F(H).

Proof A straightforward computation shows that
2
(U.Ky)(2) =ke(2)Ky(z — ¢) = exp({z,¢) — @) exp((z — ¢, w))
2
—exp(~ 195 (e up)esp((z, e w))

R ) e 2, 1)

which implies that K, is in the domain of U, and U.K,, € E. Hence F is contained in the
domain of U, U, is densely defined in F(H) and U.E C E.

For any f in the domain of U,, we have
(K, Uef) =(Ku, ke f © ) = ke(w) f(pe(w))
:exp(—@ +{c,w) f(w —c)
e (O SRR

2
c
)
which implies that K, is in the domain of U} and
lell?

UK, = exp(fT + {c,w))Ky—c € E. (2.2)

Hence FE is contained in the domain of U} and U} E C E.

Moreover, we have
Uk, = exp(—1E e )0 = exp( L ez, e

:exp(—@ — (c,w)) exp(—@ + (¢, w+ ) Kpte)—c = Ku,
UU: K,y :Uc(exp(—@ + (c,w)) Ky—c)

:exp(—@ + {c, w))exp(—@ —(c,w = ))Kw—cyte = Ku.
So UtU.|p = U.U}|g = I|g. It follows from the density of E in F(H) that

Uu.=0U; =1.

Thus U, is a unitary on F(H). Combining with (2.1) and (2.2), we see that U = U_.. O

2.2. Bounded weighted composition operators

In this subsection, we characterize a class of bounded weighted composition operators Cy

and Ay ., for ¢ being a reproducing kernel in F(H).
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Theorem 2.4 Let ¢ = k. and ¢ be a mapping on ‘H. Then Cy , is bounded on F(H) if and
only if
o(z) =Az+b

for all z € H, where A is a linear operator on H with ||A|| <1 and b € H such that
A*(b+ Ac) e ran(I — A*A)%.

Moreover,

1 1
ICull = expl5 1wl + 5 1o+ Acl),

where v is the unique vector in H of minimum norm satisfying A*(b+ Ac) = (I — A*A)zv.
Proof For f € F(H), we have
(U—cCyp,o f)(2) =k—c(2)(Cy o f(z +¢)) = k—c(2)P(2 + ) (2 + ©))

= exp((z, —¢) — 9 exp((z 4. — 1) sz + )

=fle(z+0) = (Cp, f)(2),

where ¢1(2) = (2 + ¢). Hence U_.Cy , = Cy, .

By Lemma 2.3, we know that Cy , is bounded if and only if Cy, is bounded. It follows
from [1, Theorem 1.3] that C,, is bounded if and only if ¢;(z) = Az + by for all z € H, where
A is a linear operator on # with ||A|| < 1 and by € # such that A*b; € ran(I — A*A)2. Hence
Cy,, is bounded if and only if

o(z)=p1(z—c)=Az+by —Ac=Az+Db
for all z € H, where b =b; — Ac € H, A is a linear operator on H with ||A]| < 1 such that
A*(b+ Ac) = A*by € ran(I — A*A)%.
Again by Lemma 2.3 and [1, Theorem 1.3], we have
Gyl = G = exp(g ol + 5116+ AclP),

where v is the unique vector in A of minimum norm satisfying A*(b+ Ac) = (I — A*A)zv. O
By Lemma 2.1 (1) and Theorem 2.4, we have the corresponding result for anti-linear weighted

composition operators on F(H).

Corollary 2.5 Let ¢ = k. and ¢ be a mapping on H. Then Ay , is bounded on F(H) if
and only if ¢(z) = Az + b for all z € H, where A is a linear operator on H with ||A|| < 1 and
A*(b+ Ac) € ran(I — A*A)3. Moreover, || Ayl = exp(X||v]|> + L[|b + Ac|?), where v is the
unique vector in H of minimum norm satisfying A*(b+ Ac) = (I — A*A)zv.

Let ¢(z) = K.(z) and ¢(z) = Az + b such that Cy ., is bounded on F(#). In the following
subsections, we will see that many important bounded (linear and anti-linear) weighted compo-

sition operators on F(H) have the forms in Theorem 2.4 and Corollary 2.5, and the formulas
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below are used repeatedly.

(Cy o Kuw)(2) =00(2) Ku(0(2)) = Ke(2) Kw(Az + )

) exp((z, ¢ + A"w))
NE awe(2), (2.3)
(Cf o Kw)(2) =(Cy  Kuw, Kz) = (Ku, Cy o Kz)
=Y (w) K (p(w)) = Ke(w) K. (Aw +b)
=exp({c,w)) exp({z, Aw + b))
= exp((c, w)) Kawb(2), (2.4)

(CQZ,¢C¢7<PK )( ) :<Cw wKwanso >
xp((b, w)) Kavwc, exp((b, 2)) K ax24c)
=exp((b,w) + (2, 0)) K g w+c(A" 2z + )
=exp((b,w) + (z,b)) exp((A*z + ¢, A*w + ¢))
=exp({(A*z, A*w) + (2, Ac + b) + (Ac+ b,w) + (¢, c)), (2.5)
<C¢ wKw’ Cl/) ® >

=<Ww) w(w)’m 99(2‘)>

=p(2)P (W) K o) ((2))

=exp({(z,c) + (¢, w)) K aw+p(Az + D)

=exp((z, c) + {(c,w)) exp({Az + b, Aw + b))

=exp((Az, Aw) + (2, A"b+ ¢) + (A"b + c,w) + (b, b)), (2.6)
(Ao Ku)(z) =t(2) Kuw(Jp(2)) = exp((z, ¢) + (w, J(Az + b))

({z,¢) + (Az + b, Jw))
=exp({z, A" Jw + ¢) + (w, Jb))
(w

(Cp,e 0, Kuw)(2)

=K (W) K ax jute(2), (2.7)
(A oK) (2) =(AY o K, K2) = (A o Ko, Ky) = (Ay oK) (w)

=K (2) Ka jze(w)

=K (0)K jawtb(2), (2.8)

Ay oA o Ky =AY (K gp(W) K axjw+e) = Kyp(w)(Ay o Kas jwtc)
=Ky (Jb) K (A" Jw + ¢) K ya(A* Jwtc)+Jb

Kyp(Jb)K (A" Jw + ¢) K g AA* JawtJ Act Tbs (2.9)
Ay o Ay, @Kw =Ay o (Ke(w)K g awssb) = Ke(w)(Ay o K s awtan)

Ky (e)K jp(JAw + Jb) K g+ 1 (J Aw+ Jb) 4

Ky(e)K yp(JAw + Jb)K A+ A+ A bte- (2.10)
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2.3 Unitary weighted composition operators

In this subsection, we completely characterize the unitary (linear and anti-linear) weighted

composition operators on F(H).

Proposition 2.6 Let v(z) = k.(z) and ¢ be a mapping on H such that Cy, ,, is bounded. Then

Cy,, is isometric if and only if there exists a co-isometric operator A on H such that
p(z) = Az — Ac.
Proof It follows from the proof of Theorem 2.4 that
U_.Cyp=Cq,, ¢i(z) =p(z+c).
So, by Lemma 2.3,
C5,Cp, =C UL U_Cy o = Cy, ,Cy .
Hence Cy , is isometric if and only if C,, is isometric. By [1, Proposition 5.1], Cy, is isometric

if and only if there exists a co-isometric operator A on H such that ¢q(z) = Az. Therefore, Cy

is isometric if and only if there exists a co-isometric operator A on H such that
o(z) =¢1(z—c)=Az— Ac. O
By Lemma 2.1 (2) and Proposition 2.6, we have the following result for anti-linear weighted

composition operators.

Corollary 2.7 Let 9(z) = kc(z) and ¢ be a mapping on H such that Ay, is bounded.
Then Ay, is isometric if and only if there exists a co-isometric operator A on H such that
v(z) = Az — Ac.

Theorem 2.8 Let ¢ € F(H) and ¢ be a mapping on H such that Cy , is bounded.
(1) Cy., is co-isometric if and only if there exists an isometric operator A on H and a vector
b € H such that

p(2) = Az +b, ¥(2) = Y(0)K_a-5(2), [¥(0)]* exp(|[p]*) = 1. (2.11)
(2) Cy,, is a unitary if and only if there exists a unitary operator A on H and a vector b € H

such that (2.11) holds.

Proof (1) Suppose that Cy ,, is co-isometric. Then Cy ,Cy, = I. Thus

Ky(2) = (CypCy pKu)(2) = U(w)1(2) K pu) (9(2)). (2.12)
Let w = 0. Then we have
P(0)9(2)Kp(o)(0(2)) = 1.
Let 2 = 0. Then
D(O)P(0)K p(0) (#(0)) = 1.
Hence
[(0)[ exp(ll¢(0)[I*) =1
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and
¥(2) = (0) exp([[(0)]|* = {p(2). (0)))- (2.13)
Taking (2.13) into (2.12), we obtain
exp((z,w)) = [1(0)] exp(2[0(0)[|*) exp(—{(2), ¥(0)) — (#(0), p(w)) + (p(2), p(w)))
= exp((p(2) — #(0), p(w) = ¢(0)))-

Hence

<90(Z) - (p(0)7 @(w) - 90(0)> = <Z’w>

Let Az = ¢(z) — ¢(0). Then (Az, Aw) = (z,w) for all z,w € H. So A is an isometric operator
on H, and
p(z) = Az +b

with b = (0). It follows form (2.13) that
¥(z) = (0)K_a-p(2).
Suppose that A is an isometric operator on H, b € ‘H such that ¢, ¢ satisfy the condition
(2.11). Let ¢ = —A*b. It follows from (2.6) that
(CypoCy o Kuw)(2) = [1(0)|* exp({Az, Aw) + (2, A"b — A™b) + (A"b — A*b,w) + (b,b))
= Ku(2).
Hence Cy ,Cy, , = I and Cy , is co-isometric.
(2) Suppose that Cy ,, is a unitary. Then Cy ,, is isometric and co-isometric. It follows from
(1) that there exists an isometric operator A on H and a vector b € H such that v, p satisfy the
condition (2.11).
Let ¢ = —A*b. Tt follows from (2.5) that
exp((z, w)) = Ku(2) = (C} ,Cy o Kuw)(2)
= |[¢(0)]? exp({A*z, A*w) + (2, —AA*D +b) + (—AA*b + b,w) + (—A*b, —A*D))
= [ (0)[* exp((b, w) + (2, b)) exp((A*(z — b), A" (w — b))
= exp(—(b,b) + (b,w) + (2,b)) exp((A*(z = b), A" (w — b))).
Hence

(z—=b,w—0b)=(A"(z—b), A"(w —1D))

for all z,w € ‘H. So A* is an isometric operator. Therefore, A is a unitary.
Suppose A is a unitary on H, b € H such that 1,  satisfy the condition (2.11). Let ¢ = —A*D.
It follows from (2.5) and (2.6) that

(€0 Cp o Kuw)(2)
= |[9(0)]? exp({A*z, A*w) + (—AA*b 4 b,w) + (2, —AA*b + b) + (—A*b, —A*D))
= W(O)\ZGXP <Z’w> + <b7 b)) = Kw<z),
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(Cp,pCy o Kw)(2)
= |[¢(0)]? exp({Az, Aw) + (z, A*b — A*D) 4+ (A*b — A*b,w) + (b,b)) = K (2).

Hence Cy ,Cy , = Cy ,Cy o =1 and Cy , is a unitary. O

For anti-linear weighted composition operators on F(#), we have the following conclusions.

Corollary 2.9 Let ¢ € F(H) and ¢ be a mapping on H such that Ay, is bounded.

(1) Ay, is co-isometric if and only if there exists an isometric operator A on H and a vector
b € H such that the condition (2.11) holds.

(2) Ay, is an anti-unitary if and only if there exists a unitary operator A on H and a vector

b € H such that the condition (2.11) holds.

2.4. Self-adjoint weighted composition operators

In this subsection, we give a complete characterization of (linear and anti-linear) self-adjoint

weighted composition operators on F(H).

Theorem 2.10 Let ¢ € F(H), ¢ # 0 and ¢ be a mapping on H such that Cy, ,, is bounded on
F(H). Then Cy , is self-adjoint if and only if there exists a self-adjoint operator A on H with
[|A]l <1 and a vector b € H such that

A(I 4+ A)b e ran(I — A?)z,

. (2.14)
w(z) = Az +b, ¥(z) = Y(0)Ky(z), ¥(0) is a nonzero real number.
Proof Suppose that Cy , is a self-adjoint operator. Then Cy , = C7, . So we have
P(2) exp((p(2), w)) =1(2) Kuw(p(2)) = (CppoKuw)(2) = (Cy, o Kuw)(2)
=0 (w) K () (2) = P(w) exp((z, (w))). (2.15)
Let w = 0. We have
¥ (z) = ¥(0) exp((z, 0(0)))- (2.16)

Since 9 # 0, ¢¥(0) # 0. Let z = 0 in (2.16). We have 1(0) = +(0), which implies that ¢(0) is a
real number. Let b = ¢(0). Then 1(z) = ¥ (0)Kp(z).
Taking (2.16) into (2.15), we obtain

$(0) exp((z,0(0)) + (¢(2), w)) = $(0) exp({p(0), w) + (2, p(w)))-
So exp({(z, p(w) — ¢(0))) = exp({p(2) — ¢(0), w)). It follows that
(7, p(w) = ¢(0)) = (p(2) = #(0), w).

Let Az = p(2) — ¢(0). Then (z, Aw) = (Az,w) for all z,w € H. So A is a self-adjoint operator
on H and p(z) = Az + b with b = ¢(0).
Since Cy, is bounded, it follows from Theorem 2.4 that [|A[| < 1 and

A(I+ A)b = A*(b+ Ab) € ran(I — A*A)% = ran(I — A%)3.
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Suppose that A is a self-adjoint operator on H with ||A|| < 1 and b € H such that the
condition (2.14) holds. Let ¢ = b. Then by (2.3) and (2.4), we have

(Cy o Kuw)(2) = ¢(0) exp((b, w)) K a+w5(2),
(Cf,pKw)(2) = ¢(0) exp((b, w)) K aw15(2)-
It follows from A = A* that Cy Ky = C, ,Ky. Hence Cy , is self-adjoint. O

Theorem 2.11 Let ¢ € F(H), ¥ # 0 and ¢ be a mapping on H such that Ay, ,, is bounded
on F(M). Then Ay, is self-adjoint if and only if there exists a J-symmetric operator A on H
with ||A]| < 1 and a vector b € ‘H such that

JA(I + JA)Jb € ran(I — (JA)?)},

(2.17)
¢(z) = Az +b, P(z) = ¥(0) K (2).
Proof Suppose that Ay , is a self-adjoint operator. Then Ay, = Ay . So we have
¥(z) exp((p(2), Jw)) =1(2) exp({w, Jp(2))) = ¥ (2)exp((Jo(z), w))
=Y(2)Ku(Jp(2)) = (Ap,pKu)(2)
=(A} o Kw)(2) = Y(w) K jp(w) (2)
= (w) exp((z, Jo(w))). (2.18)
Let w = 0. We have
¥(2) = ¥(0) exp((z, Jp(0))). (2.19)

Since 1 # 0, 1(0) # 0. Let b = ¢(0). Then
¥(2) = (0) K yp(2).
Taking (2.19) into (2.18), we obtain
$(0) exp((z, J(0)) + (p(2), Jw)) = ¥(0) exp((w, Jp(0)) + (2, Jp(w))).
So exp({z, J(p(w) — ¢(0)))) = exp((w, J(¢(2) — ¢(0)))). It follows that
(2, J(p(w) = ¢(0))) = (w, J(o(2) = ¢(0)))-

Let Bz = J(p(z) — ¢(0)). Then (z, Bw) = (w, Bz). So B is an anti-linear self-adjoint operator
on H. Let A= JB. Then
A*=JAJ, p(z)=Az+Db

with b = ¢(0).
Since Ay, is bounded, it follows from Corollary 2.5 that ||A|| <1 and

JA(I + JA)Jb = A*(b+ AJb) € ran(I — A*A)7 = ran(I — (JA)?)2,

Suppose that A is a J-symmetric operator on H with ||A| < 1 and b € H such that the
condition (2.17) holds. Then we have

(Ap o Kuw)(z) = ¥(2) Ku(Jp(2)) = ¥(0) exp((z, Jb) Jexp((J (Az + b), w))
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= ¢(0) exp((z, Jb)) exp({w, J(Az + b))),
(AL o Kw)(2) = Y(w) K, (Jp(w)) = ¢(0) exp((w, Jb))exp({J(Aw +b), z))
= 1(0) exp((w, Jb)) exp((z, J (Aw + b))).
It follows from A = JA*J that Ay Ky = AT/’;SOK“" Hence Ay, is self-adjoint. O

Remark 2.12 By Lemma 2.1, we know that Ay, is a bounded self-adjoint operator on F(H)
if and only if Cy ,, is bounded on F(#) and

TCyp T =Cy
That is, Ay, is bounded and self-adjoint on F(H) if and only if Cy , is bounded and J-

symmetric on F(#H). Therefore, Theorem 2.11 is also the characterization for bounded weighted
composition operators Cy ,, to be J-symmetric on F(H).
Since an anti-linear operator is a conjugation if and only if the operator is both unitary and

self-adjoint, we obtain the following result by Corollary 2.9 (2) and Theorem 2.11.

Corollary 2.13 Let ¢ € F(H) and ¢ be a mapping on H such that Ay , is bounded on F(H).
Then Ay, is a conjugation if and only if there exists a J-symmetric unitary operator A on ‘H
and a vector b € H such that

(I+JA)Jb =0,

2.5. Normal weighted composition operators

In this subsection, we characterize a class of normal weighted composition operators on F(H).

Theorem 2.14 Let 9)(z) = K.(z) and ¢ be a mapping on H such that Cy ., is bounded on
F(H).
(1) Cy,, is normal if and only if there exists a normal operator A on H with ||A]| <1 and a
vector b € H such that
=Az+b
<P(Z)1 z+b, (2.21)
A*(b+ Ac) e ran(I — A*A)z, (¢, c) = (b,b), Ac+ b= A*b+c.
(2) Ay, is normal if and only if there exists an operator A on H with ||A|| <1, JAA*J =
A*A and a vector b € H such that

¢(z) = Az +b,
A*(b+ Ac) e ran(I — A*A)z, (¢,c) = (b,b), J(Ac+b) = A*b + c.

Proof (1) By Theorem 2.4, we know that

(2.22)

o(z) = Az + b, A*(b+ Ac) € ran(l — A*A)?,

where A is a linear operator on H with ||A]| <1 and b € H.

Cy,, is normal if and only if

(Ch,0Cp.0Kw)(2) = (Cy o O o Ku)(2)
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for all z,w € H. It follows from (2.5) and (2.6) that
(CZ7¢Cw,¢Kw>(Z) = exp((A*z, A*w) + (Ac + b,w) + (z, Ac+ ) + (¢, ¢)),
(CypC o, Kuw)(2) = exp((Az, Aw) + (2, A*b + ¢) + (A*b + c,w) + (b, b)).
So Uy, is normal if and only if
(A%z, A"w) + (Ac + b,w) + (z, Ac + b) + (¢, ¢)
= (Az, Aw) + (2, A"b+c) + (A"b + c,w) + (b, b). (2.23)

Let z = w = 0 in (2.23). We have (c,c¢) = (b,b). Taking this equation into (2.23) and let
w = 0, we have
(z,Ac+b) = (2, A*b + ¢)

for all z € H, which implies that
Ac+b=A"b+ec.
Taking these equations into (2.23), we obtain
(A%z, A"w) = (Az, Aw)

for all z,w € H, which implies that A is normal. The necessary conditions are completed.

Let A be a normal operator on H with [[A|| < 1 and b € H such that the condition (2.21)
holds. Then equation (2.23) is true, which implies that Cy , is normal.

(2) By Corollary 2.5, we know that

o(z) = Az + b, A*(b+ Ac) € ran(l — A*A)?,

where A is a linear operator on H with ||A]| <1 and b € H.

Ay, is normal if and only if
(A%, oA o Kw)(2) = (Ap,p Ay o Kuw)(2)
for all z,w € H. It follows from (2.9) and (2.10) that
(A oAy o Kuw)(2) = exp((Jb,w) + (A" Jw + ¢, ¢) + (2, JAA" Jw + J Ac + Jb))
=exp((J(Ac+b),w) + (c,c) + (z, JAA" Jw) + (z, J(Ac + )))),
(Ay oAy o Kuw)(2) = exp((c,w) + (JAw + Jb, Jb) + (2, A" Aw + A*b + ¢))
= exp({A*b + c,w) + (Jb, Jb) + (z, A" Aw) + (2, A*b + ¢)).

So Ay, is normal if and only if

(J(Ac+b),w) + {c,c) + (z, JAA* Jw) + (z, J(Ac + b))
= (A"b+ c,w) + (Jb, Jb) + (2, A" Aw). + (2, A"b + c). (2.24)

Let z =w =0 in (2.24). We have

(c,c) = (Jb, Jb) = (b,b).
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Taking the equation above into (2.24) and then let w = 0, we have

(J(Ac+b),z) = (A"b+ ¢, 2)

for all z € H, which implies that

J(Ac+b) = A*b+c.

Taking these equations into (2.24), we obtain

JAA*J = A*A.

The necessary condition is proved.

Let A be an operator on H with |A|| <1, JAA*J = A*A and b € H such that the condition

(2.22) holds. Then equation (2.24) is true, which implies that Ay, is normal. O
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