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Abstract This note investigates the global regularity of 3D liquid crystal equations in terms

of the vertical derivative of uh. More precisely, we prove that if the vertical derivative of the

horizontal velocity component uh satisfies ∂3uh ∈ Lp(0, T ; R3) with 2
p
+ 3

q
≤ 3

2
, 2 ≤ p ≤ ∞, then

the local strong solution (u, d) can be smoothly extended beyond t = T .
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1. Introduction

In this paper, we study the three dimensional liquid crystal equations:

∂tu+ u · ∇u+∇π = ν∆u− λ∇ · (∇d⊗∇d), (t, x) ∈ R+ × R3,

∂td+ u · ∇d = γ(∆d− f(d)), (t, x) ∈ R+ × R3,

divu = 0, (t, x) ∈ R+ × R3,

u|t=0 = u0, d|t=0 = d0,

(1.1)

where u is the velocity field, π is the scalar pressure and d represents the macroscopic molecular

orientation field of the liquid crystal materials. The (i, j)-th entry of ∇d ⊗ ∇d is given by

∇xid⊗∇xjd for 1 ≤ i, j ≤ 3. Here we take f(d) to be the gradient of a scale of function F (d),

f(d) = ∇F (d).

Here F (d) = 1
η2 (|d|2− 1)2. Without loss of generality, we take ν = λ = η = γ = 1, since ν, λ, γ, η

are positive constants.

It is well-known that Ericksen and Leslie [1,2] established the hydrodynamic theory of liquid

crystal in 1960s. Lin [3] first introduced the above liquid crystal flow (1.1). Later Lin and Liu [4]

obtained the global existence theorem for weak solution and local well-posedness for the strong

solution to the system (1.1). In 2008, Fan and Guo [5] showed that if u satisfies one of the

following conditions:

u ∈ Ls(0, T ; Ṁp,q(R
3)) with

2

s
+

3

p
= 1, p ≥ 3, p ≥ q ≥ 1,
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or

∇u ∈ Ls(0, T ; Ṁp,q(R
3)) with

2

s
+

3

p
= 2, p ≥ 3

2
, p ≥ q ≥ 1,

then (u, d) can be extended beyond t = T . Later Liu, Zhao and Cui [6] obtained the regularity

criterion to the system (1.1) under the assumption that ∂3u ∈ Lβ(0, T ;Lα) with 2
β+

3
α ≤ 1, α > 3.

Recently, Wei, Li and Yao [7] proved that if the weak solution (u, d) satisfies

u3,∇d ∈ Lβ(0, T ;Lα(R3)), with
2

β
+

3

α
≤ 3

4
+

1

α
, α >

10

3
,

then (u, b) can be extended beyond t = T . Qian [8] proved that if∫ T

0

∥u3(τ)∥βLα + ∥ω3∥bLa + ∥∂3uh(τ)∥bLadτ ≤ M, for some M > 0, (1.2)

with 3
α + 2

β = 1, α ∈ (3,∞], 3
a + 2

b = 2, a ∈ ( 32 , 3]. Then the local strong solution (u, d) to (1.1)

is regular, here ω3 = ∂1u2 − ∂2u1. Later Qian [9] showed that if∫ T

0

∥∇uh(τ)∥qLp + ∥∂3∇d∥qLpdτ ≤ ∞,
3

p
+

2

q
= 2,

3

2
< p ≤ ∞, (1.3)

then the local solution (u, d) to (1.1) can be extended smoothly beyond t = T . In 2020, Zhao,

Wang and Wang [10] removed the condition on ∇d and proved that if

uh ∈ Ls(0, T ;Lq(R3)),
2

s
+

3

q
≤ 1

2
, 6 ≤ q ≤ ∞, (1.4)

then the local solution (u, d) to (1.1) can be extended smoothly beyond t = T . Recently, Yuan

and Li [11] proved if

∇uh ∈ Lq(0, T ;Lp(R3)),
2

q
+

3

p
≤ 3

2
, 2 ≤ p ≤ ∞, (1.5)

the local strong solution (u, d) to (1) can be extended smoothly beyond t = T . Motivated

by [7], [10] and [11], the aim of this paper is to get rid of the condition on ∇d in (1.3). We

can show the local strong solution (u, d) to the 3D liquid crystal flow (1.1) is regular in terms of

∂3uh. Our main result is stated as follows.

Theorem 1.1 Let (u0, d0) ∈ H2(R3)×H3(R3) satisfy ∇ · u0 = 0. Assume that (u, d) is a local

strong solution (0, T ) for some T > 0 to the 3D liquid crystal Eq. (1.1) with the initial value

(u0, d0). If u satisfies the following condition∫ T

0

∥∂3uh∥qLpdτ ≤ M,
3

p
+

2

q
≤ 3

2
, p ≥ 2. (1.6)

Then (u, d) can be smoothly extended beyond t = T .

Remark 1.2 The condition (1.6) is only part of (1.3), therefore Theorem 1.1 improves the

corresponding one in [9]. Meanwhile our result is partially better than that in [8]. On the other

hand, ∂3uh is one component of ∇uh = (∂1uh, ∂2uh, ∂3uh). So our condition is weaker than (1.3).

Therefore, Theorem 1.1 also refines the result in [11]. Our condition is also weaker than (1.4),

Theorem 1.1 improves the result in [10].
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Remark 1.3 When d = 0, the equations of the liquid crystal flows become the incompressible

Navier-Stokes equations, Theorem 1.1 improves the result in [12] by getting rid of the assumption

u ∈ L∞(0, T ;L3).

The rest of this paper is organized as follows. Some crucial lemmas are provided in Section

2. The proof of Theorem 1.1 can be found in Section 3.

2. Some crucial lemmas

We first recall the following Sobolev inequality in R3. The first lemma can be found in [13].

Lemma 2.1 The following inequality∣∣∣ ∫
R3

fghdx
∣∣∣ ≤ C∥g∥

q−2
q

L2 ∥∂1g∥
1
q

L2∥∂2g∥
1
q

L2∥f∥
q−1
q

L2 ∥∂3f∥
1
q

L
2

3−q
∥h∥L2 (2.1)

holds for 2 ≤ q ≤ 3.

Lemma 2.2 Let (u, d) ∈ H2(R3)×H3(R3) be a strong solution to the liquid crystal flow (1.1)

in (0, T )× R3. If u satisfies

∂3uh ∈ Lp(0, T ;Lq(R3)),
3

p
+

2

q
≤ 3

2
, p ≥ 2, (2.2)

then

∂3d ∈ L∞(0, T ;L3(R3)), ∇|∂3d|
3
2 ∈ L2(0, T ;L2(R3)).

Proof Applying ∂3 to Eq. (1.1)2, and multiplying it by |∂3d|∂3d to give rise to

1

3

d

dt
∥∂3d∥3L3 +

8

9
∥∇|∂3d|

3
2 ∥2L2 = −

∫
R3

∂3(u · ∇d)|∂3d|∂3ddx−
∫
R3

∂3[(|d|2d− d)]|∂3d|∂3ddx

= A1 +A2. (2.3)

To estimate A1, we decompose A1 into the following two terms.

A1 = −
∫
R3

3∑
i=1

∂3(ui∂id)|∂3d|∂3ddx

= −
∫
R3

3∑
i=1

∂3ui∂id|∂3d|∂3ddx−
∫
R3

u · ∇∂3d|∂3d|∂3ddx

= −
∫
R3

3∑
i=1

∂3ui∂id|∂3d|∂3ddx

= −
∫
R3

2∑
i=1

∂3ui∂id|∂3d|∂3ddx−
∫
R3

∂3u3∂3d|∂3d|∂3ddx

= A11 +A12.

Thanks to the Hölder and the Young inequality, we deduce

A11 ≤
∫
R3

|∂3uh||∇d||∂3d|
1
2 |∂3d|

3
2 dx

≤ ∥∂3uh∥Lp1∥∇d∥Lp2 ∥|∂3d|
1
2 ∥L6∥|∂3d|

3
2 ∥L6



610 Xiaoli CHEN and Xiujuan ZHA

≤ ∥∂3uh∥Lp1∥∇d∥Lp2 ∥∂3d∥
1
2

L3∥∇|∂3d|
3
2 ∥L2

≤ 1

18
∥∇|∂3d|

3
2 ∥2L2 + C∥∂3uh∥2Lp1 ∥∇d∥2Lp2∥∂3d∥L3 , (2.4)

where 1
p1

+ 1
p2

+ 1
3 = 1. We infer from Lemma 2.1 and (3.1)

A12 = −
∫
R3

∂3u3∂3d|∂3d|∂3ddx =

∫
R3

2∑
i=1

∂iui|∂3d|3dx

= −
∫
R3

2∑
i=1

ui∂i(|∂3d|3)dx ≤ C

∫
R3

|uh||∂3d|2|∇|∂3d||dx

≤ C

∫
R3

|uh||∂3d|
3
2 |∇|∂3d|

3
2 |dx

≤ C∥uh∥
2(p−1)
3p−2

L2 ∥∂3uh∥
p

3p−2

Lp ∥|∂3d|
3
2 ∥

p−2
3p−2

L2 ∥∇|∂3d|
3
2 ∥

2p
3p−2

L2 ∥∇|∂3d|
3
2 ∥L2

≤ 1

18
∥∇|∂3d|

3
2 ∥2L2 + C∥uh∥

4(p−1)
p−2

L2 ∥∂3uh∥
2p

p−2

Lp ∥|∂3d|
3
2 ∥2L2

≤ 1

18
∥∇|∂3d|

3
2 ∥2L2 + C∥∂3uh∥

2p
p−2

Lp ∥∂3d∥3L3 . (2.5)

From the proof of Lemma 2.1 in [10], we can get

A2 ≤ 1

9
∥∇|∂3d|

3
2 ∥2L2 + C∥∂3d∥3L3 ,

which along with (2.3)–(2.5) yields

d

dt
∥∂3d∥3L3 + ∥∇|∂3d|

3
2 ∥2L2 ≤ C(1 + ∥∂3uh∥

2p
p−2

Lp )∥∂3d∥3L3 + C∥∂3uh∥2Lp1 ∥∇d∥2Lp2∥∂3d∥L3 , (2.6)

which implies that

d

dt
∥∂3d∥2L3 ≤ C(1 + ∥∂3uh∥

2p
p−2

Lp )∥∂3d∥2L3 + C∥∂3uh∥2Lp1∥∇d∥2Lp2 .

The Gronwall inequality guarantees

∥∂3d∥3L3 ≤ C∥∂3d0∥3L3 exp
{∫ T

0

(1 + ∥∂3uh∥
2p

p−2

Lp )dτ
}
+

∫ T

0

∥∂3uh∥2Lp1 ∥∇d∥2Lp2dτ, (2.7)

where ∫ T

0

∥∂3uh∥2Lp1∥∇d∥2Lp2dτ ≤ ∥∂3uh∥2Lp3
t L

p1
x
∥∇d∥2

L
p4
t L

p2
x

(2.8)

is true for 2
p3

+ 2
p4

= 1.

The inequality (1.6) says

∥∂3uh∥Lp3
t L

p1
x

< ∞, for
3

p1
+

2

p3
=

3

2
. (2.9)

Thanks to (3.1), we get

∇d ∈ L∞
t L2

x ∩ L2
t Ḣ

1
x.

Interpolation inequality implies

∥∇d∥Lp4
t L

p2
x

< ∞ (2.10)
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holds for 3
p2

+ 2
p4

= 3
2 . In terms of (2.7), (2.8)–(2.10), one has ∂3d ∈ L∞(0, T ;L3). This along

with

∥∂3d∥3L3 +

∫ T

0

∥∇|∂3d|
3
2 ∥2L2dτ ≤C

∫ T

0

(1 + ∥∂3uh∥
2p

p−2

Lp )∥∂3d∥3L3dτ+

C

∫ T

0

∥∂3uh∥2Lp1 ∥∇d∥2Lp2∥∂3d∥L3dτ ≤ C

helps us to obtain the desired result. 2
3. Proof of Theorem 1.1

In this section, we will present the proof of Theorem 1.1.

Proof Step 1. L2-estimates.

The L2-energy estimate is standard, which can be found in [7] and [10],

∥u∥L∞(0,T ;L2) + ∥u∥L2(0,T ;H1) + ∥d∥L∞(0,T ;H1) + ∥d∥L2(0,T ;H2)

≤ C(∥u0∥L2(R3), ∥d0∥H1(R3)). (3.1)

Step 2. H1-estimates of (u,∇d). Multiplying (1.1)1 by −∆u and integrating over R3 to get

1

2

d

dt
∥∇u∥2L2 + ∥∆u∥2L2 =

∫
R3

(u · ∇)u ·∆udx+

∫
R3

∇ · (∇d⊗∇d) ·∆udx

= I + II. (3.2)

Taking ∆ on both sides of (1.1)2, multiplying the resulting equation by ∆d and integrating

over R3 gives

1

2

d

dt
∥∆d∥2L2 + ∥∇∆d∥2L2 = −

∫
R3

∆[(u · ∇)d] ·∆ddx−
∫
R3

∆f(d) ·∆ddx

= III + IV. (3.3)

We decompose the first nonlinear term I into

I =

∫
R3

3∑
i,j,k=1

ui∂iuj∂kkujdx =

∫
R3

2∑
i=1

3∑
j,k=1

ui∂iuj∂kkujdx+

∫
R3

2∑
j=1

3∑
k=1

u3∂3uj∂kkujdx+

∫
R3

3∑
k=1

u3∂3u3∂kku3dx

=I1 + I2 + I3. (3.4)

We infer from the fact divu = 0 and integrating by parts that

I2 =

∫
R3

2∑
j=1

3∑
k=1

uj∂3∂ku3∂kujdx+

∫
R3

2∑
j=1

3∑
k=1

uj∂ku3∂3∂kujdx+

∫
R3

2∑
i,j=1

3∑
k=1

ui∂i∂kuj∂kujdx, (3.5)
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and

I3 = −
∫
R3

3∑
k=1

∂ku3∂3u3∂ku3dx−
∫
R3

3∑
k=1

u3∂k∂3u3∂ku3dx

= −1

2

∫
R3

3∑
k=1

u3∂3(∂ku3)
2dx−

∫
R3

3∑
k=1

∂ku3∂3u3∂ku3dx

= −1

2

∫
R3

3∑
k=1

∂3u3(∂ku3)
2dx =

1

2

∫
R3

2∑
j=1

3∑
k=1

∂juj(∂ku3)
2dx

= −
∫
R3

2∑
j=1

3∑
k=1

uj∂j∂ku3∂ku3dx. (3.6)

The other nonlinear terms II, III and IV can be split into the following forms:

II =

∫
R3

3∑
i,j,k=1

∂j(∂id∂jd)∂kkuidx =

∫
R3

3∑
i,j,k=1

∂id∂jjd∂kkuidx, (3.7)

III = −
∫
R3

3∑
i,k=1

(∂kkui∂id+ 2∂kui∂k∂id+ ui∂i∂kkd) ·∆ddx

= −
∫
R3

3∑
i,k=1

∂kkui∂id ·∆ddx− 2

∫
R3

3∑
i,k=1

∂kui∂k∂id ·∆ddx, (3.8)

and

IV =

∫
R3

∇f(d)∇∆ddx =

∫
R3

∇(|d|2d)∇∆ddx+ ∥∆d∥2L2 . (3.9)

From (3.2)–(3.9), one deduces

1

2

d

dt
(∥∇u∥2L2 + ∥∆d∥2L2) + ∥∇∆d∥2L2 + ∥∆u∥2L2

= −2

∫
R3

3∑
i,k=1

∂kui∂k∂id ·∆ddx+

∫
R3

∇(|d|2d) · ∇∆ddx+ ∥∆d∥2L2+

∫
R3

2∑
i=1

3∑
j,k=1

ui∂iuj∂kkujdx+

∫
R3

2∑
j=1

3∑
k=1

uj∂3∂ku3∂kujdx+

∫
R3

2∑
j=1

3∑
k=1

uj∂ku3∂3∂kujdx+

∫
R3

2∑
i,j=1

3∑
k=1

ui∂i∂kuj∂kujdx−

∫
R3

2∑
j=1

3∑
k=1

uj∂j∂ku3∂ku3dx =

8∑
i=1

Ji. (3.10)

Integrating by parts says

J1 = −2

∫
R3

2∑
i=1

3∑
k=1

∂kui∂k∂id ·∆ddx− 2

∫
R3

3∑
k=1

∂ku3∂k∂3d ·∆ddx

= 2

∫
R3

2∑
i=1

3∑
k=1

ui∂kk∂id ·∆ddx+ 2

∫
R3

2∑
i=1

3∑
k=1

ui∂k∂id · ∂k∆ddx+
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2

∫
R3

3∑
k=1

∂kku3∂3d ·∆ddx+ 2

∫
R3

3∑
k=1

∂ku3∂3d · ∂k∆ddx

≤ C

∫
R3

|uh||∇∆d||∆d|dx+ C

∫
R3

|∆u||∂3d||∆d|dx+ C

∫
R3

|∇u||∂3d||∇∆d|dx

= J11 + J12 + J13.

Thanks to Lemma 2.1 and (3.1), we get

J11 ≤ ∥uh∥
2(p−1)
3p−2

L2 ∥∂3uh∥
p

3p−2

Lp ∥∆d∥
p−2
3p−2

L2 ∥∇∆d∥
2p

3p−2

L2 ∥∇∆d∥L2

≤ 1

16
∥∇∆d∥2L2 + C∥uh∥

4(p−1)
p−2

L2 ∥∂3uh∥
2p

p−2

Lp ∥∆d∥2L2

≤ 1

16
∥∇∆d∥2L2 + C∥∂3uh∥

2p
p−2

Lp ∥∆d∥2L2 . (3.11)

Applying the Hölder inequality and interpolation inequality with 3 < p ≤ 9 yields

J12 ≤ ∥∆u∥L2∥∂3d∥Lp∥∆d∥
L

2p
p−2

≤ C∥∆u∥L2∥∂3d∥
9−p
2p

L3 ∥∂3d∥
3p−9
2p

L9 ∥∆d∥
1− 3

p

L2 ∥∆d∥
3
p

L6

≤ C∥∆u∥L2∥∂3d∥
9−p
2p

L3 ∥∇|∂3d|
3
2 ∥1−

3
p

L2 ∥∆d∥1−
3
p

L2 ∥∇∆d∥
3
p

L2

≤ 1

16
∥∆u∥2L2 +

1

16
∥∇∆d∥2L2 + C∥∂3d∥

9−p
p−3

L3 ∥∇|∂3d|
3
2 ∥2L2∥∆d∥2L2 . (3.12)

Similarly,

J13 ≤ ∥∇∆d∥L2∥∂3d∥Lp∥∇u∥
L

2p
p−2

≤ C∥∇∆d∥L2∥∂3d∥
9−p
2p

L3 ∥∂3d∥
3p−9
2p

L9 ∥∇u∥1−
3
p

L2 ∥∇u∥
3
p

L6

≤ C∥∇∆d∥L2∥∂3d∥
9−p
2p

L3 ∥∇|∂3d|
3
2 ∥1−

3
p

L2 ∥∇u∥1−
3
p

L2 ∥∆u∥
3
p

L2

≤ 1

16
∥∆u∥2L2 +

1

16
∥∇∆d∥2L2 + C∥∂3d∥

9−p
p−3

L3 ∥∇|∂3d|
3
2 ∥2L2∥∇u∥2L2 . (3.13)

To estimate J2, integrating by parts and using the Hölder inequality, Sobolev embedding and

the Young inequality, one can verify

J2 =

∫
R3

|d|2∇d · ∇∆ddx+

∫
R3

|d|∇dd · ∇∆ddx

≤ ∥|d|2∥L3∥∇d∥L6∥∇∆d∥L2 ≤ C∥d∥2L6∥∇d∥L6∥∇∆d∥L2

≤ C∥∇d∥2L2∥∆d∥L2∥∇∆d∥L2

≤ 1

16
∥∇∆d∥2L2 + C∥∆d∥2L2 . (3.14)

Since

|J4|+ |J5|+ |J6|+ |J7|+ |J8| ≤ C

∫
R3

|uh||∇u||∆u|dx+ C

∫
R3

|uh||∇u||∇2u|dx.

Thanks to Lemma 2.1 and the Young inequality, we have∫
R3

|uh||∇u||∆u|dx ≤ ∥uh∥
2(p−1)
3p−2

L2 ∥∂3uh∥
p

3p−2

Lp ∥∇u∥
p−2
3p−2

L2 ∥∆u∥
2p

3p−2

L2 ∥∆u∥L2
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≤ 1

16
∥∆u∥2L2 + C∥∂3uh∥

2p
p−2

Lp ∥∇u∥2L2 . (3.15)

Reasoning in the same methods, we can get∫
R3

|uh||∇u||∇2u|dx ≤ 1

16
∥∇2u∥2L2 + C∥∂3uh∥

2p
p−2

Lp ∥∇u∥2L2

≤ 1

16
∥∆u∥2L2 + C∥∂3uh∥

2p
p−2

Lp ∥∇u∥2L2 , (3.16)

which together with (3.10)–(3.15) gives

d

dt
(∥∇u∥2L2 + ∥∆d∥2L2) + ∥∇∆d∥2L2 + ∥∆u∥2L2

≤ C(∥∂3uh∥
2p

p−2

Lp + 1 + ∥∂3d∥
9−p
p−3

L3 ∥∇|∂3d|
3
2 ∥2L2)(∥∇u∥2L2 + ∥∆d∥2L2).

The Gronwall inequality and Lemma 2.2 guarantee

∥∇u∥2L2 + ∥∆d∥2L2 +

∫ T

0

(∥∇∆d∥2L2 + ∥∆u∥2L2)dτ

≤ C(∥∇u0∥2L2 + ∥∆d0∥2L2) exp
{∫ T

0

(1 + ∥∂3uh∥
2p

p−2

Lp + ∥∂3d∥
9−p
p−3

L3 ∥∇|∂3d|
3
2 ∥2L2)dτ

}
≤ C(∥∇u0∥2L2 + ∥∆d0∥2L2) exp

{
C

∫ T

0

(1 + ∥∂3uh∥
2p

p−2

Lp + ∥∇|∂3d|
3
2 ∥2L2)dτ

}
,

which completes the proof of Theorem 1.1. 2
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