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A Refined Regularity Criterion for 3D Liquid Crystal
Equations Involving Horizontal Velocity
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Abstract This note investigates the global regularity of 3D liquid crystal equations in terms
of the vertical derivative of u,. More precisely, we prove that if the vertical derivative of the
horizontal velocity component uy, satisfies dsuy, € LP(0,T; R?) with % + % < g, 2 < p < oo, then
the local strong solution (u,d) can be smoothly extended beyond ¢ = T
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1. Introduction

In this paper, we study the three dimensional liquid crystal equations:
Owu+u-Vu+Vr =vAu — AV - (Vd® Vd), (t,z) € RT x R?,
Ord+u - Vd = y(Ad — f(d)), (t,z) € R* x R3,

(1.1)
divu = 0, (t,z) € RT x R3,

ult=0 = Uo, d|t=0 = do,
where u is the velocity field, 7 is the scalar pressure and d represents the macroscopic molecular
orientation field of the liquid crystal materials. The (7, j)-th entry of Vd ® Vd is given by
Vi, d® Vg,d for 1 <i,j < 3. Here we take f(d) to be the gradient of a scale of function F'(d),

£(d) = VF(d).

Here F(d) = 77—12(|cl|2 —1)2. Without loss of generality, we take v = A = n = v = 1, since v, \, 7,7
are positive constants.

It is well-known that Ericksen and Leslie [1,2] established the hydrodynamic theory of liquid
crystal in 1960s. Lin [3] first introduced the above liquid crystal flow (1.1). Later Lin and Liu [4]
obtained the global existence theorem for weak solution and local well-posedness for the strong
solution to the system (1.1). In 2008, Fan and Guo [5] showed that if u satisfies one of the
following conditions:
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or

3

: 2
Vu € L*(0,T; My o(R?)) with =+ = =2, p>=, p>g>1,
S p

N W

then (u,d) can be extended beyond ¢ = T'. Later Liu, Zhao and Cui [6] obtained the regularity
criterion to the system (1.1) under the assumption that dsu € L?(0,T; L%) with %—l—% <1l,a>3.
Recently, Wei, Li and Yao [7] proved that if the weak solution (u,d) satisfies

2 3 3 1 10
de L?(0,T; L“(R? ith = + 2 <24 = =
us, Vd € LF(0,T; L*(R?)), wi ﬂ+a_4+a,a>3,

then (u,b) can be extended beyond ¢ = T. Qian [8] proved that if
T
/ Hu3(7')||§a + lws||%a + [|03un(1)]|Sedr < M, for some M > 0, (1.2)
0

with 2 + % =1,0 € (3,00],3 + % =2,a € (2,3]. Then the local strong solution (u,d) to (1.1)
is regular, here wz = O1uy — Gou;. Later Qian [9] showed that if

3
5 < p < oo, (1.3)

T
3 2
| 19, + 10uvldr < o0, 242 =2,
0

then the local solution (u,d) to (1.1) can be extended smoothly beyond ¢ = T. In 2020, Zhao,
Wang and Wang [10] removed the condition on Vd and proved that if
2 3 1
up, € L*(0,T; LY(R?)), ;—I—a < 2 6 <q< oo, (1.4)
then the local solution (u,d) to (1.1) can be extended smoothly beyond ¢ = T. Recently, Yuan
and Li [11] proved if

2 3
Vuy, € LU0, T; LP(R?)), 5+5§ , 2<p< oo, (1.5)

N W

the local strong solution (u,d) to (1) can be extended smoothly beyond ¢t = T. Motivated
by [7], [10] and [11], the aim of this paper is to get rid of the condition on Vd in (1.3). We
can show the local strong solution (u,d) to the 3D liquid crystal flow (1.1) is regular in terms of

Osuyp,. Our main result is stated as follows.

Theorem 1.1 Let (ug,dy) € H2(R?) x H3(R3) satisfy V - ug = 0. Assume that (u,d) is a local
strong solution (0,T") for some T > 0 to the 3D liquid crystal Eq. (1.1) with the initial value

(up,dp). If u satisfies the following condition

T 3 2 3
/ Osup||f,dr <M, —+=< -, p>2. (1.6)
0 P q = 2

Then (u,d) can be smoothly extended beyond t = T.

Remark 1.2 The condition (1.6) is only part of (1.3), therefore Theorem 1.1 improves the
corresponding one in [9]. Meanwhile our result is partially better than that in [8]. On the other
hand, d3uy, is one component of Vuy, = (01up, daup, d3up). So our condition is weaker than (1.3).
Therefore, Theorem 1.1 also refines the result in [11]. Our condition is also weaker than (1.4),

Theorem 1.1 improves the result in [10].
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Remark 1.3 When d = 0, the equations of the liquid crystal flows become the incompressible
Navier-Stokes equations, Theorem 1.1 improves the result in [12] by getting rid of the assumption
u € L*(0,T; L3).

The rest of this paper is organized as follows. Some crucial lemmas are provided in Section
2. The proof of Theorem 1.1 can be found in Section 3.
2. Some crucial lemmas

We first recall the following Sobolev inequality in R3. The first lemma can be found in [13].
Lemma 2.1 The following inequality

a-2 1 1 a—1 1
| [ fahda] < CllllT Nonal - 1oagl L0712 Wou1 (21)

holds for 2 < ¢ < 3.

Lemma 2.2 Let (u,d) € H*(R?) x H3(R?) be a strong solution to the liquid crystal flow (1.1)
in (0,T) x R3. If u satisfies

dsuy, € LP(0,T; LY(R?)), . p>2, (2.2)

Dl w
+
SN
IN
oo

then
dsd € L=(0,T; L*(R*)), V|0sd|? € L*(0,T; L*(R%)).

Proof Applying 95 to Eq. (1.1)2, and multiplying it by |03d|03d to give rise to
1d 8 3
5 10udls + SIVI0sal 2 = = [ Ouu- Valosdondds — [ oul(|dPd - d)|ondioudds
3dt 9 RS RS
= A1 + As. (2.3)

To estimate A;, we decompose A; into the following two terms.

3
Ay =— 10;d)|03d|03dd
1= = [ S on(wddondiosdds

i=1
3
R =1 R3
3
= / > 05u;0;d|05d|Osdd
R® =1
2
= —/ 283u181d|63d|63ddx — / 63u363d|63d\83ddx
R =1 RS
= A1 + Ana.
Thanks to the Holder and the Young inequality, we deduce
A < / |Osun| |V d||Dsd| ? |0sd|? Az
RS

< |18sun Lo [V Lz (11954 % || 2o [[|93d] 3 || o
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1Osunon |V ] oz [|Dad| 1| V|03 2| .2

IN

A

1 3
15 IV10sd]= 172 + CllOzun|7 o, [Vd||70z 105d] 15, (2.4)

where p% + % + % = 1. We infer from Lemma 2.1 and (3.1)

A12 = / 83U383d|83d|63dd$ = / Za u1\83d|3d:r

=1

_ / Zul (10sd| )dm<0/ lup| D52 |V |5l |dee
R3 1=1

<C [ funliond? Vioualas
R

2(p—1)

) .
< Clluhl\ 5 osunll 2||\33d|2\|3" 2HV|33d| 157 1V 10sd 2

4(p—1)
<15 IIVlasdI ||L2+C||uh||L2 [Osunl 105 12

\ /\

||V|<93d| 122 + Cllosunl 7, Badls- (2.5)
From the proof of Lemma 2.1 in [10], we can get
1 3
Az < G IV10d] |72 + C|0sd[2s,
which along with (2.3)—(2.5) yields
||33d||Ls 191051 22 < OO+ [sun |25l + ClOsunl3on [Vl s, (26)
which implies that
d 2 = 2 2 2
g 10sdlzs < €+ [|05unllz,")I0sdlzs + Cllosunllze: [IValLr.-

The Gronwall inequality guarantees

T 2p T
Joadl}s < Cloudolltsexp{ [ 1+ fomunl 7)ar} + [ 10sunlin IVl dr,  (27)
0 0
where

T
/ 105unl|Zon IVl Zr2 dT < [105unllTrs o IV T pa o (2.8)
0

is true for = + 2 =1.
Pp3 Pa
The inequality (1.6) says
3 2 3
Osup| rrsrr1 < oo, for — + — = —. 2.9
|Bvunl g ~4— =3 (2:9)
Thanks to (3.1), we get

Vd e LPL2 N L2HL.

Interpolation inequality implies
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holds for p% + p% = 3. In terms of (2.7), (2.8)—(2.10), one has d3d € L>(0,T; L?). This along
with

T T 2p
103d]]Z +/ 171932 ||72dr SC/ (1 + 19sunll 2" ) 195l dT+
0 0

T
c / 105 |2, [ V]3| Bsdl 2 dr < C
0

helps us to obtain the desired result. O

3. Proof of Theorem 1.1

In this section, we will present the proof of Theorem 1.1.

Proof Step 1. L?-estimates.
The L2-energy estimate is standard, which can be found in [7] and [10],

lullLos 0, 7L2) + llullL2(0,7;m1) + 1Al Lo 0,7 m0) + |1l 220,712
< C(|luollL2(reys [Idol| 1 (r3))- (3.1)

Step 2. Hl-estimates of (u, Vd). Multiplying (1.1); by —Aw and integrating over R> to get

1d
——||Vul3z + |Aul?: = / (u-V)u-Audzx —l—/ V- (Vd® Vd) - Audx
2dt R3 R3
—I+1I. (3.2)

Taking A on both sides of (1.1)s, multiplying the resulting equation by Ad and integrating
over R? gives

1d

S IAd]3 + [V AdE. = —/ Al(w-V)d)- Addz — | Af(d) - Adda
R3

RS
= IIT+1V. (3.3)

We decompose the first nonlinear term I into

3 2 3
I:/RS Z uzazujﬁkkujdx = /RSZ Z uzazujﬁkkujd:wr

ij k=1 i=1 j k=1
2 3 3
/ Z Z U363’U,jakkuj'dﬂi + / Z uz03u30gpusde
R3 R3
G=1 k=1 k=1
=1 + I, + I5. (3.4)

We infer from the fact divu = 0 and integrating by parts that

2.3 2 3
I :/ ZZUja3akU3akUjd.’L‘+/ Zzujakusagakujdx—i-
R3 R3

j=1k=1 J=1k=1

2 3
R3

i,j=1k=1
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and

3 3
13 = —/ Z 8ku;),83u38ku3dx - / Z u;),akagu;gaku?,dx
R R 1

k=1
1 [ < -
=3 /R3 ;USaS(akUS)zdSIJ - /R3 ;BW:;@BU:&@WBM
. 3 1 2 3
= —3 /R3 283U3(8kU3)2dl‘ = b /R3 Z Z 8juj(aku3)2dx
k=1 j=1k=1
2 3
= — / Z Z Ujajaku?,aku?,dl‘. (36)
R? -1 =1

The other nonlinear terms I1, 11 and IV can be split into the following forms:

3 3
7= / > 9;(0:d0;d)Oguidz = / > 0id0;;dogudz, (3.7)
R3 . R3

6,5, k=1 6,4, k=1

III:—/
RS

M

(Okiu;0;d + 20ku;0k0;d + 1;0;0kid) - Addx

i,k=1
3 3
= / OruiOid - Addz — 2 / > Ohu;0p0;d - Addx, (3.8)
R3 =1 R3 =1
and
IV:/ Vf(d)VAddx:/ V(|d]?d)VAddz + [|Ad||?. (3.9)
R3 R3

From (3.2)—(3.9), one deduces

1d
3 7 IVulie + [AdIZ:) + [IVAd]72 + [|AullZ:

3
= —2/ 3 8kui6k8id-Addx+/ V(|d[2d) - VAddz + || Ad]|2.+
R R3

3 k=1
2 3 2 3
/ Z Z uiaiuj'akku]'d$+/ ZUjagakU3akUjdx+
R3 ; R3 %
i=1 j,k=1 Jj=1k=1
2 3 2 3
/R 3 wlhusdsdhuyd + /R 30 Y widdhosda-
j=1k=1 i,j=1k=1
2 3 8
R3 51 k=1 i=1

Integrating by parts says

2 3 3
=2 10403 - Addx — 2 3003d - Add
Ty /R > Ohuiowo, x / > Ohusdids x

i=1 k=1 Rk

2 3 ) s
:2/ Zzuiakk&'d-Addx+2/ Zzuiakaid'akAdd:z:—l-
R3 s

i=1 k=1 i=1 k=1
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/ Zakkugagd Addz + 2 / Zakugagd Ok Addz
R3 R3

k=1 k=1

< c/ |uh||VAd||Ad|dx+C/ |Au||83d||Ad|dx+C’/ IV u|[0d]||V Ad|dz
R® R® R3
= Ji1 + Jiz + Jis.

Thanks to Lemma 2.1 and (3.1), we get

2(p—1)
Jin < IIUhII T sunl A7 QIIVAdII‘“’ VA

4—1

S Ta HVAd||L2+C||uh||L2 Ha?)uh||LP2”Ad”L2

<% HVAdIILz +C||<93uh|| 21 Ad]3. (3.11)
Applying the Holder inequahty and interpolation inequality with 3 < p <9 yields

Jiz < ||Au||L2||33d||Lv||Ad|| 2

3p—9

< CIIAUIIL2II33dIIL” Hfl‘sdHL?“ I\Adl\Lz”IIAdIILo
9—p _3 _3 3
< CIIAUIIL2||33d||L23p HVlc?sdlfHLz”IIAdIIsz\IVAdII,sz

2-p 3
< 16||AU||L2 + 6||VAd||2L? + C||0sd|| 13° |V |05d| 2 [|7 2| Ad| . (3.12)

Similarly,

J13 < [|VAd|| 2|05l 2o |Vl 20,

-9

< CIIVAdeII@zdIIL” ||33d||L§” IIVUIILz » HVUIILe

< C||VAd||L2||83d”LP IV10sd|¥ | 2 ’ HVUHLz ’ IIAUIILz
< 16HAUIILz + 16 IIVAdIILz +0H33dH 5 [V19sd] (3Tl (3.13)
To estimate Jo, integrating by parts and using the Holder inequality, Sobolev embedding and

the Young inequality, one can verify
Jo = / |d|*Vd - VAddx +/ |d|Vdd - VAddx
R3 R3

< dPlles IVl Lo [V Ad| 2 < Clld]| 26 Vd] Lo [ VAd] 2
< C||Vdl[72 ]| Ad|| 2 || VA 2

1
< 1—6||VAd||iz + C||Ad|%.. (3.14)
Since

|J4|+|J5|+\J6|+|J7|+|Jg\SC/ |uh||Vu||Au|dx+C/ [Vl [V 2]
R3 R3

Thanks to Lemma 2.1 and the Young inequality, we have

2(p—1)
/ lun|[VullAuldz < flupll >~ |0sunl| 57 | Vu ||3p 2|IA ||3p “[lAul| e
R3
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1 2p
< E||AuH%2 + Cl|Osunl| 72" VUl 72 (3.15)
Reasoning in the same methods, we can get

1 _2p_
/RS Jup || V||V uldz < TGIIV%IIiz + Cll05unll 7 [ Vul 22

1 =25
< 1ellAulze + Cllosunl 2* [VullZe, (3.16)
which together with (3.10)—(3.15) gives

d
3 (IVuliz + [AdIIZ:) + [IVAdIIZ: + [[AulfZ:

< C(|10sunll 57 + 14 [|19sd| 757 [IV105d]2 | 72) (| Vull 72 + [|Ad]|72).-

The Gronwall inequality and Lemma 2.2 guarantee

T
IVults + IAdE: + [ (IVAdJE + | Aul3)dr
0
2 2 g = = 32
< C(I[Vuoll}z + | Adoll3) exp { / (1+ |9sunllZa” + 195d] 757 1 V19sd|132)ar }

T 2p_
< C(I ol + |Adolze)exp {C [ (1-+ [OuunllF* + V10?2 )ar
0
which completes the proof of Theorem 1.1. O
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